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PREFACE TO THE FIRST EDITION 

This book has been chiefly designed to meet the require¬ 
ments of the students preparing for the B. A. and B. Sc. 
examinations of the various Indian Universities and for those 
who offer Mathematics in the various competitive examina¬ 
tions. An attempt has been made to cover the entire course 
prescribed for degree classes for which it is meant. 

The following are the main features of the book :— 

(1) It serves the triple purpose of (i) Text book, (ii) Help 
book, (iii) University papers. 

(2) The treatment of the theory which is a special feature 
of the book is in systematic and interesting manner. Even 
an average student shall be able to understand it independ¬ 
ently and without any difficulty. 

(3) The examples have been selected from various stan¬ 
dard books of Indian and foreign authors on the subject. A 
large number of 'questions are such which are set in the 
examinations of different universities. 

(4) The number of the questions is definitely very large, 
but they have been arranged in such a way that after doing 
one question of the type others follow automatically. 

(5) At the end of the book Agra University papers 
(1937-52) have been fully solved.- 

Now it is useless to go into details about the fineness of 
the book, the students will see it for themselves, and if they 
really find it to be useful, I shall feel highly rewarded. 

I am very much thankful to the authors and publishers 
of the various books 1 have freely consulted. My thanks 
are due to the publishers and printers who have made great 
efforts in bringing the book out. 

I have to express my thanks to my worthy students 
Madan Lai Sharma and Vachaspati Sharma who joined me 
right from the start in reading proof-sheets of the book. I 
extend my thanks to my Post-graduate Student Ved Ptakash 
Sharma who joined me in the mid, and gave me valuable 
suggestions to lay emphasis on certain points which the 
students really find difficult. 

Meerut College, T 
October 1952 


M. L. KHANNA 



PREFACE TO THE SECOND EDITION 


(1) The most important change that has been made in 
this edition is that references of various university questions 
have been given along with the questions, so that the stu- 
dents may attach due importance to the questions which are 
more favourite of the examiners. 

(2) Chapters on Binomial Theorem, Exponential Theorem 
and Logarithmic-series have been added. 

(3) All important ‘questions have been marked by a 
star and students should lay more stress upon them. 

(4) At various places foot-notes have been given instruct¬ 
ing the students to leave on 1st reading certain articles and 
questions which are very tough and those which do not have 
much importance from the point of view of examination. 

(5) In the end, in addition to Agra University Papers 
(1940-54), I have solved Rajputana University Papers 
(I948r54). These papers will serve as test papers for the 
students. After they have prepared the subject, they should 
open any paper and attempt it independently within an hour 
and a half and then compare their solutions with those given 
in the book. It will be a good method to know yourself and 
your preparation of the subject. 

(6) Lists of important articles and formulae are given 
which the student should see a day before the examination. 

(7) Certain printing mistakes which had crept in the 
first edition have been as far as possibte. removed. In this 
connection I have to express my thanks to the number of 
students who were kind enough to point out the printing 
mistakes and also gave me some important suggestions. 

Meerut College, 

January 1955 



M. L. KHANNA 



PREFACE TO THE THIRD EDITION 


1 am extremely grateful to the professors and students of 
Mathematics for their kind appreciation of the book received 
off and on. 

I have tried as far as possible to remove printing mis* 
takes which had crept in the last edition. The university 
papers have been added upto date. 


Meerut College, 
January 1956 
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M. L. KHANNA 



V. V. Imp. Note—Fill in the coupon given below and 
cut it with a blade from your book and send the same to me 
at the following address : Prof. M. L Khanna, 315, Chhipi 
Tank, Meerut City. You will thus be entitled to receive 
guess papers for the University examination and other hints 
and guidance to prepare the subject. You will please men¬ 
tion on the blank back of the coupon your division in Inter¬ 
mediate. Let me know in which paper you are most interes¬ 
ted and which appears to you difficult. Also please tick 
mark other books of mine that you are having and after you 

have gone through the book, let me know the misprints 
that you come across and also suggest any improvement that 
you may think fit. 


Pleas* 8end the coupons of all the books together 
along with postage stamps of -/2/-. 


taf........... 

Local Address ....... 

College ... 

Other books—l. Trigonometry, 2. Statics, 3. Integral, 
4. Differential. 5. Diff. Equations, 6. Hydro-Statics, 
7. Coordinate Geometry, 8. Dynamics, 9. Theory of 
Equations 

Class .. Date of put chase ... 

ALGEBRA (1 9 5 7) 
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DON’T READ THIS 


Those students who will simply read this book like a 
novel are bound to fail. You should adopt pen and paper 
as your companions for doing the. subject. Never feel that 
you know a particular question simply by reading its solution 
and understanding it. To create in you the confidence 
the best method is that after you have done one chap¬ 
ter or more chapters, turn to the University papers 
given at the end and do the questions of those chapters 
independently and in case you are able to do them, 
then and only then you should feel confident of doing 
well in the examination. Lists of important formulae 
are given on page (x) for the ready reference of the 
students. As in other books a coupon is attached 
which may be sent with the coupons of other books. 
Students are welcome to correspond with the author 
on any matter regarding the book or their personal 
difficulty in the subject or to seek any advice, or to 
suggest any improvement in the book. 
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PUBLISHER’S NOTE 

We are very much proud in presenting our Mathematics 
aeries written by Prof. M. L. Khanna, who has all through 
his college career been a first class student, a position and 
merit scholarship holder. The present B. Sc. series is the 
result of four years of hard labour put in by the author 
and each book of the series serves the triple purpose of 
(i) Text Book, (ii) Help Book, and (ill) University 
Papers, and is thus much economical. In case you 
want to purchase any new book of Mathematics, you 
ate very sincerely advised in your own interest to look 
to the Author’s book on the subject, borrow it from a 
friend for few days and you will find it for yourself 
that these books really serve the triple purpose and in 
case you are having it you need not supplement it by 
any other book. You are further advised to gain by 
the experience and opinions printed overleaf and 
expressed by various heads of the department and 
lecturers of mathematics from different places. In the 
4j£kl|S gives us immense pleasure to place before you 
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the fact that in various university examinations, most 
of the questions were set from the authors’s books. 
Below is given the percentage of the questions of 
various books set in Agra and Rajputana and Punjab 
Universities. 


1953 

Algebra 

100% 

100% 



Trigonometry 

1U>% 

100% 



Differential Equations 

100% 

100% 


1254 

Algebra 

62*5% 

100% 



Trigonometry 

81% 

100% 



Differential Equations 

100% . 

100% 



Dynamics 

100% 

90% 



Integral Calculus 

87*5% 

100% 



Diffeiential Calculus 

90% 

90% 


19.5 

Algebra 

100% 

100% 



Trigonometry 

100% 

90% 



Coordinate Cenmetrv 

90% 

100% 



Differential Calculus 

100% 

90% 



Integral Calculus 

100% 

100% 



Differential Equations 

90% 

1('0% 



Statics 

100% 

90% 



Dynamics 

100% 

100% 



Hydro-Static** 

100% 

100% 


1956 

Algebra 

60% 

88% 



Trigonometry 

100% 

84% 

100% 


Coordinate Geemetry 

80% 

100% 

75% 


Differential Calculus 

87% 

100% 

88% 


Integral Calculus 

90% 

100% 

100% 


Differential Equations. 

All que9tirns were either 


exactly or 

of the type given in 

the book. 


Statics 

100% 

80% 



Dynamics 

80% 

90% 



Hydro-Statics 

100% 

100% 



The publishers will feel highly obliged for any 
suggestion for improvement of the books. 


K. N. GUPTA 
General Manager 
jfai Prakash Nath & Co. 



LISTS OF IMPORTANT FORMULAE 
List A. Partial Fractions. 

Some fundamental rules of partial fractions P. 2. 

(a) The given fraction should be a poper fraction and 
if it is not then divide the numerator by denominator and 
express as, “quotient4-proper fraction.*’ 

(b) ‘Make as many factors as you can of the denominator. 

3x4-7 


(c) P.F’s of a fraction of the type 
will be of the form. 




ABC 

—-—r [linear non-repeated factors] 

X —O X ~ it X — J. 


(d) P. F’s of a fraction of the type 


will be of the form. 


-3*+7 

(x-2) s (x+3) 


A-+.l_ + <L 

— 2 lx-. (x-'/ 


+ - 


D 


x-2 [x-2)* (x -If x+3 

[linear repeated factors] 

(c) P. F’s of a fraction of the type 
_2x a 4-3 *4-7 

(3x*-h7x+5)(x “2)(x4-'l) 

will be of the form. 

A , B , Cx-pD 

iT r \ TifaT n" 


* x+1 ' 3**+7*+5 

[Non-repeated quadratic factor*J j 

(f) P. F’s of a fraction of the type 

will be of the form, 

Ax+B , (C’x+D) ,K*+F 

(*“—3*+2)' t '(i i - 3*+2 1 

[repeated quadratic factors] 

(g) Method of Suppression. 

3x+7 _ A B C 

(*-3X#-2)~x-l) *-3 *-2 *-f 
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The constant A corresponding to a factor (x — 3) of the 
denominator is obtained by putting x=3 everywhere in the 
given fraction except in x — 3. Similarly other constants 
are found. 


A==rr 


3 . 3+7 


16 


=8 etc. 


(3 — 2)(3 — 1) 1.2 

This method is applied when the denominator has all its 
factors linear and non-repeatcd. 

List B. Continued Fractions 


(a) If ~ be the nth Convergent corresponding to the 

qn 

continued fraction 

1_1_ J. . 1_ 




then 


— — 1 v - w — 2 & each convergent is in its lowest 

q* fl» q n —i+qn-a 

term & hence p n -« n and q n ^a n qn- r +q n -v 

Properties of Convergents 

(i) pn Qn—i qn fin— v~( 1) B (P.55) 

(ii) pn q n -z~qn />n- 9 =(«» (P- 57) 

(iii) The odd convergents form a steadily increasing 
sequence of numbers and even form steadily decreasing. 

(P. 58) 

(iv) Every odd convergent is less than every even 
convergent and eveiy even convergent is greater than every 
odd convergent. (P. 58) 

(v) The convergent9 of odd order are each less than the 
whole continued fraction and the convergents of even order 
are each greater than the whole continued fraction (P. 60) 

(vi) The continued fraction lies between the values of 
any two consecutive convergents (P. 61) 

(vii) Each convergent is a closer approximation to the 

value of the continued fraction than the preceeding conver¬ 
gent- (P. 62) 
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(viii) Limit8 to error made in taking any convergent for 
the continued fraction. 

Error is greater than —* - — x or ---- - (P. 64) 

1 1 1 
1 “ i (P. 65) 


Error is less than 


or 


or 


9n % 


q»qn + 1 qnfin + 1 
List C Inequalities 

1. The sign of an inequality is changed if either we take 
reciprocal of both sides or multiply both sides by a negative 
quantity or transpose.the* quantities on either side to the 
other side. Thus if a>b , l/a<l/£ and — <j<— b and b<Zo. 

(P. 94) 

2. The product of a number of positive* quantities whose 
sum is constant is greatest when the quantities are equal. 

(P. 96) 

3. Arithmetic mean of n -five quantities is greater than 

a-\-b-\-c — 


their geometric mean i. e., [ * 


n 


--'J>(abc - ...)’ ,n . 

(P. 66) 


4. at+b'+c^ab+bc+ca. (P. 97) 


5. The greatest value of a m .b n .cP .when a-f b~\-c is 

constant and where m , n,p are positive integers is 

r«+i±^-r + " +p+ - ( p. 98) 


m n, n n p p . 


\w-f a*f/>-f./ 


. , a m -\~b fn 

6. If a and b are unequal, then — 2 —>( ) except 

when m is a -five proper fraction. (P. 102) 

7. Arithmetic mean of mth powers of n -five quantities 
is greater than the arithmetic mean raised to the power m 
except when m lies between 0 and 1. (P. 104) 

8. If both x and^y are -five proper fractions and 
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then 


(i3T>(rST 


9. If x 19 a -five proper fraction, then 

(l+x) l +*(l-x) l -*>l and (l+x) 1 -^-xy+^cl 

(P. 114) 

10. a»4 

List D. Convergence and Divergency 

1. Convergency. 

A series is said to be convergent if the sum of its first n 
terms is such that it is always less than* or does not exceed 
some finite quantity however great n may be. The above 
statement is equivalent to saying that a series will be con¬ 
vergent if the sunp of its first n terms tends to a finite limit 
as n tends to infinity and is expressed as 

if n _^ t 00 S„=afinite, the series is convergent (P. 153) 

2. Divergency. 

A series is said to be divergent if the sum of first n terms 
is such that it can always be made to exceed any finite quan¬ 
tity whatsoever you can think of by taking n sufficiently 
great. The above statement is equivalent to saying that a 
series will be divergent if the sum of its first n terms tends 
to either plus infinity or minus infinity as n tends to infinity 

and is expressed as 

Lt * 

if S„ — oo or —oo, the series is divergent, 

co 

3. An infinite G.P. is convergent or divergent according 
as its common ratio is less than unity or greater than or 
equal to unity. (P. 155) 

4. Some important limits. =Lt« 


n-v-co 


(1) Lt —=0 
' n 


(2) Lt 
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( 3) o+iyw (4> 


/( V 

(5) Lt*“^=0 or oo according as the degree of numera¬ 
tor/^) is less or greater than the degree of denominator 
^(n). In case their degree be equal then the limit is the 
ratio of the coefficients of highest degree terms of f{n) and 


5. An infinite series in which the terms are alternately 
posiive and negative is cohvergent, if each term is numerical¬ 
ly less than the preceding term, and if the terms decrease in¬ 
definitely. Always certify that Lt U n —0. (P. 162). 

6. A series is Convergent, if from and after certain fixed 
term all its terms are less than the corresponding terms of a 
second series which is known to be convergent. (P. 166) 

7. A series is divergent if ftom and after certain fixed 
term all its terms are greater than the corresponding terms 
of a series which is known to be divergent. (P. 167) 

8. A series in which all the terms are of the same sign 
is divergent if each term is greater than some finite fixed 
quantiiy however small. (P. 169) 


* 1 

9. The infinite series 2 — i. e. 

nP 


Tp + .. i9 conver S ent if P be + ive and 

greater than 1 and divergent if p is less than or equal to 1. 

(P. 170) 

10. If there are two series in each of which all the terms 
are -J-ive and if the ratio of the corresponding terms in the 
two series is always finite, the two series are either both 
convergent or both divergent. (P. 174) 
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xv 


i. e. if Lt ^ is finite, then X U» and X V„ are either both 
*« 

convergent or both divergent. 

11. An infinite seiies of +ive terms is convergent if 
from and after certain fixed term the ratio of each term to 
the preceding term is numerically less than some quantity 
which i9 itself numerically less than unity. (P. 185) 
Practical application. 

Lt ^ >1 C, Lt .Si <1 D 

u n+ x U fl+l 

Lt P---assl. Test fails. 

u n + x 


12. Cauchy's radical teat or root test. (P. 187) 
X is convergent or divergent according as Lt (Un) 1 /* 

is <1 or >1 and in case the limit is 1, test fails. 

13. If U n and V„ are the general terms of two infinite 
series in which all the terms are -f-ive, then U series will be 
convergent when V series is given to be convergent and at 
the same time from and after certain fixed term. 




< 


V*H 

V„ 


(b) U series will be divergent when V series is given to 
be divergent and at the same time from and after certain 

fixed term (P*195) 

'-'it v i t 


14. Rabee’a teat : The series whose general term is 


convergent or divergent acccording as Lt 



>1 or <1. (P. 197) 

15. Logarithmic test: The series whose general term 
is U„ is convergent or divergent according as 

Lt » log - >1 or <1 (P. 200) 

U|»+l 
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Working Rule, 
(a) Lt -H-— >1C 

u »+a 

Now choose either 


(P. 203) 

ar.d < ID & if—1 No result 

>1C and <1 D 
Or 


Un 


(c) Lt nlog tT — >1C and <1 D, 

u «+i 


16. D$ Morgain’s and Bertrand's Test. (P. 2\5) 
The aeries whose general term is U« is convergent or 


> 1 


divergent according as Lt £ j -l) — 1 j log n J 

or <1 [The above test is applied when Rabee’s Test fails 

i. e. when Lt — l) — l & remember that Lt —“0 

and it will be seen that the series comes out to be divergent] 
i. e. A series whose general term is U„ is divergent if 

it * 8 an algebraic function of n which tends to 

the limit 1 when n tends to infinity. (P. 216) 

List E. Determinants 


1. The value of a determinant is not altered hy changing 
rows into columns and columns into rows. (P. 237) 

2. If any two rows or columns of a determinant are 
interchanged, the determinant retains its absolute value but 
changes sign. (P. 239) 

3. If any line of a determinant A be passed over p 
parallel lines the resulting determinant A'-(-l)*A* 

4. If any two rows or two columns of a determinant i re 
identical then the determinant vanishes. (P. 241) 

5* Minor : The determinant that is left by cenceliing 
the row and column intersecting at a particular constituent 



List of Important Formulae xvii 

is called the minor of that constiuent and is denoted by the 
corresponding capital letter. (P. 242) 

6. When the constituents of any row or any column are 
multiplied with their corresponding minors and summed up 
with alternately plus and minus sign, the result is A or 
-A according as the row or column whose minors are 
considered is made the first row, or column by even or odd 
crossing of rows and columns, i.e. a t A x —n a A 8 +n 8 A a -= A 

and a x A a - — A (P. 243) 

7. If the constituents of any rdW or column are multi¬ 
plied with the minors of the constituents of some other rows 
or columns and summed up with alternately plus and 
minus sign the result is zero. 

& a C,+Ct-0 (P. 247) 

8. Co-factor. The determinant that is left by cancel¬ 
ling the row and column intersecting at a particular consti¬ 
tuent when that particular constituent is brought in the 

top left hand corner of a determinant is called its Co- 
factor and is denoted by the corresponding capital letter. 

(P. 244) 

9. Co-factors are equal to minors in magnitude but are 
ofsameorof opposite sign according as the constituent 
whose co-factor is being calculated is brought to top left hand 
corner by even or odd movements of lines. (P. 245) 

10. The expansion of a determinant in terms of minors 
and co-factors differ only in that in the former terms are 
alternately plus and minus while in the later all the terms 
are plus and that the determinant be expanded with any 
row or any column, the result is either zero or -p A (and 
not — A aa in minors. (P. 246) 

11. If each constituent in any row or in any column be 
multiplied by the same factor, then the determinant is multi¬ 
plied by that factor. 
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12. If each constituent in any row or column consists of 
two terms then the determinant can be expressed as the sum 
of two determinants. (P. 247) 

13. In general if the constituents of the three columns 
consist of m, n, f> terms respectively, the determinant can be 
expressed as the sum of two determinants. (P. 248) 

14. If to each constituent of a line of a determinant be 
added or subtracted the equi* multiples of the corresponding 
constitu nts of one or mdre lines, the determinant remains 
unalter« d. (P. 248) 


15. If those constituents of a determinant which involve 
x are polynomials in x and if A vanishes when a be substi¬ 
tuted for x , then (x — a) is a factor of the determinant. 

(P. 251) 


and 


1 1 

• 

1 

=(a~b)(b—cXc —«) 

a 

c 



a' ‘ b 3 

c® 



1 1 


s=(a— £)(£— c)(c— a)(o 

a b 

c 



a 9 b* 

c z 



16. If A* 

Ox 

b t c x 

and A #sss 


0% 

K c , 



a * 

b 3 c 3 



ft 

a* ft y* 

ft ^a 

then A A' 

ja i a l +& 1 ft+Ci' y t fl t2a+^ift+ e i*a <*iCt # +^ift+«t Y 8| 
0 a Gtj + ^2ft“M®7 1 ^a^a+^aft+CaYa aa*a^"^*ft"^ e a^3 
+^sft+^a Y i fl 8Ct 8 +^aft"H c a Y a fl a^»"b'^aft-f _c a^a 
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List F. Binomial Theorem 

1. 


2. T r+l =»c r . x"- r .tf r 

3. The coefficients of terms equidistant from the begin¬ 
ning and the end are equal andthe number of terms is one 
more than the index of binomial. 

4. The successive coefficients in the expansion of (1-f*)" 

— 14- n c 1 x4-%x a + n c s x # 4-. are usually denoted by 

c c (i. c. =1), c t , c a , c 3 . c m and they satisfy the following 

properties :— 

(*) .c*—2 n . 

(ii) fo+rii+C4+..=2"“ l . 

5. (l_,)-«=l +B , + B i^,* + ^5±g' , ±2),. + ... 


<•••*..oo 


and T r+1 < 


1. «= 


n(«+lX«+2).(n+r-l)^ 

■ - -- * 

List G. Exponential Theorem 
Lt 1 \ ft _ , .. Lt 


o + t )“ - Mr 


«-»oo 


X X* X 8 


2. «’- 1 + 1 i+2! + 31 + ' 


X , X* X* 


3. ^-*=l-p+2! _ 3! + . 


4. < “ 1 + 1 i+2! + 3!'*'' 


5> 1 it+2! + 3!‘^. 


ejis irrational and it lies between 2 and 3. 
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List H. Logarithmic aeries 
If x be less than 1, then 

0 

V® «l 

l°g ( 1 +*)=*— 2~ + 3 “4 +. 


^ <>-■>—(■+;■+?+?+ . ) 

ioga+*)-i ug o-*)-*(*+£+£+ 

I4*x ac® *• 

or »ta* I ±,-*+ r +J+. 


•' •• 
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CHAPTER I 

PARTIAL FRACTIONS 


§ 1. We are very well acquainted with the process of 
grouping a number of fractions connected by plus and minus 
signs into a single fraction. But here in this chapter we shall 
deal with the process of decomposing a given fraction into a 
number of fractions connected by plus and minus signs. This 
process is called splitting into partial fractions and the frac- 
tions thus obtained are called the Partial Fractions of the 
given fraction 

2^3 4 _ ** 10*4-13 

®' g ‘ x-1 x—2 x-3 j?-6**+U*-6 


The fractions on the L. H. S. are called the Partial Frac¬ 
tions (P. F.) of the fraction on the R, H. S. 

§ 2. (a) Application:— Suppose we are required to 


expand 


3— 2* 
1 —*— 6 ** 


in powers of *, then it will be possible for 


us to find only the first few terms of the expansion by expand- 
ing (1— * — 6x*) mml binomially and multiplying them by 3—2*. 
If we are further required to find out the general term, the 
above method will fail. But if we replace the above fraction by 


its partial fractions g^+g^) 

--=ftl-3x)- l +i(l+2x)-> 

=i{l-K3x)+(3x)»:-.+(3*y._} 

+i{l-(2x)+(2x)*+.+(-lK2*y. 


or 


•} 
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From above general term can be easily written as 

and from the general term by giving r different values we can 
find the coefficients of x , * 3 , x s , and so on of any power of x we 
like. 

(b) Again sometimes we are required to sum up a series 
whose general term is given. We shall split the general term 
into partial fractions and then find the sum of the series by 
method of differences :— 

e. g. 

T- 1 t 1 _ JL I 

* x(l -x)( 1-f x n+l 1+X n ) 

Give to n the values 1, 2, 3. n. 

T -= J_J 1 __1 } 

1 *(l-*)(l+*« 1+*) 

* *( 1 - *)( 1+* 3 1 +* 8 ) 

t - 1 - -„L l 

n x(l ~x)ll+X n+l l+* n J 

While adding, the terms will cancel diagonally and we shall get 

S_ l..! . 1 _LI 

Proper Fraction 

§ 3. By a proper fraction we mean a fraction of which the 
numerator is of lesser degree than its denominator. 

§ 4. Sonte fundamental rules of Partial fractions. 

(a) Before splitting a fraction into its Partial Fractions, 
it must be seen that the, given fraction is a proper fraction. If it 
‘is not, then divide the numerator by denominator and express 
as “ Quotient -(-Proper fraction” and then the proper fraction 
thus obtained will be broken into PaTtial fractions. 




Partial Fractions 


(b) The denominator shall be decomposed into as many 
factors as possible, e. g., a factor (1—#*) should be written as 

(c) To every linear factor (non-repeated) of the form 
(x - a) in the denominator there will be a P. F. of the form 

-when A is a constant to be determined. 

x-a 

e- g- wiU have its p - F, ’ s of the form 

A , B , 'C • 

^ g i x * 2 * y | • 

(d) To every linear factor repeated k times of the form 
(x —a)* in the denominator, there will be P. F.’s of the form 

4. As _ L _l. i A k 

(x — a) (x — «)»> - n)» '** * (* - a) 4 


e. g. 


3*-f-7 

(x~2)S(*+3) 


will have its P. F.’s of the form 


A B , C . D 
x - 2 + (x-2) 8 ^(x - 2) # ‘ + ‘ (* 4-3)' 

(e) To every quadratic factor (which is non-repeated and 
which cannot be factorized into linear factors) of the form 
(ax 9 -f A*4-c) in the denominator, there will be a P. F. of the 
A*4*B 

f° rra where A and B are constants to be determined. 


e - 8- /o 


2**4-3*4-7 


will have its P. F.’s of the 


e> (3**4-7*4 5)(x—2)(*4-1) “ * * 1 ‘ a w 

f Arm B C* 4- D 

*-2 + *+l + 3* I f7x+5‘ 

(f) To every quadratic factor which is repeated K times 
(but which cannot be factorised into linear factors) of the form 
(<Mf 9 4"Ax4*0*» there will be P. F.’s of the form 
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«l A a x-f-B| i . 

sx a -f-£x-|-fi (ax a -H**H)* *"”(«**+tot+c)* 

§ 5. General method of finding out the constants. 
Express the given fraction into its partial fractions in accord- 
■ ance with the rules written above. Then multiply both sides 
by the denominator of the given fraction and you will get an 
identity which will be holding for all values of x. Equate the 
coefficients of like powers of x occurring ou both sides. In 
this way you will obtain as many equations as the number of 
constants to be determined From these equations we shall 
find the values of these constants. The above method though 
quite general, but is very laborious and hence we shall give 
some simpler methods in some particular cases. However, if 
no simple method is available for certain questions, the above 
general method is to be applied. 


Case I. 

When the denominator has all the factors linear 
Example 1. Resolve into partial fractions ;— 

2x*—3x a —8x—26 
2* a -5x-12 * 

The fraction being not a proper fraction and hence by 
actual division, we obtain 

2x s ~3x a —8x-26 1 9x —14 

2**-5*-12 “* +1+ 2* r ^5*-l2 


where 


9*-14 
2 **- 5*-12 


will be splitted into P. F.’s. 


9x —14 _ A B 

(2x+3X*~4) 2x+3~ t '*~4 

Clearing fractions by multiplying both sides with the 
denominator of the given fraction we obtain an identity 
9* - l4==4(x - 4)-fB(2x+3). 

Equating the coefficients of x and constant term in both 
skies of the above identity, we get 
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• • 


9=A+2B.(I) A=5 

-14=-4A+3B....(II) B=2 

9x-14 5 , 2 

(2x-f3)(x-4) 2x-f3 x—4 


Hence 


2x*~3x 9 -8x—26 
2x*-5x^l2 


=sx+l + 


5 , 2 *, 

2x+3 T x - 4 


Example 2. Resolve into partial fractions ;■ 

6x a -f5x—2* 

2x«-i a -T* 


6a t 3 -}- 5je - 2 __ A B C 
x(x -i)(2x4 i) 7 + jt^I + 2Hi 

6x*4-5x~2=A(x-l)(2x+l)+Bx(2x+l)+Cx(x--l) 

Comparing the coefficients of like powers ofx and constant 
terms on both sides of above, we get 

6-2A-f-2BfC.I Comparing x*. 

5~— A-f-B— C.II Comparing x. 

— 2 — * A.Ill Comparing constant term. 

From above equations, A=2, B=5, C= —4. 


P. F.’s are 


2 , 3 _ 4 
xx-1 2x4-1* 


Simple Method. 

We have solved the above two examples by general method. 
Below is given a simpler method of solving the above type of 
examples. 


Method of Suppression. 

In order to find the constant corresponding to a linear fac¬ 
tor (x - a), suppress the factor (x—a) in the given fraction and 
put x~a everywhere else. The value thus obtained will be 
that of the constant A corresponding to (x —a) in the partial 
fraction. Now we shall solve the above two examples by this 
method. In other words it means that find the values of x ob« 
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tained by equating each linear factor to zero and substitute 
these values of x in both sides,of the identity you obtain after 
clearing off the fractions. 

Example 1. Resolve into partial fractions :—• 

9*—14 __ A . B 

(2x+3X*~4) 2*+3 i "x-4. 

i 

In order to find A put x» — | in the given fraction except 
in the factor (2x4*3) which is to be suppressed. 

—f—4 

Similarly B=^~-^^=2 by putting x=4 


P. F.’s are 


+ 


2 


2r-J*3 x —4 
or (9x—14)sA(x—4)4-B(2x4-3) from (1) 

Puf x—4 and —f in this identity. 
Putting x=4, (9.4—14)=B(2.44-3) 
Putting x= — f, 9(—f) —14—A(—f — 4) 


B—2 
A—5 etc. 


Example 2. Resolve into partial fractions :— 

6x 8 \ 5x— 2 _ A. B , C 
x(x— l)(2x+f) T x 4-1 + 2x4-1 

Put x=0 in the given fraction after suppressing the 
factor x. 

. a 6-04- 5.0-2 —2 « 

•* A " (0-1X04-1) 

« Put x=l in the given fraction after suppressing the factor 

*~3. 

t ' ' 

Similarly C=-4. 




Partial Fractions. 
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• t 


2 3 

Partial Fractions are —h —r 

x x -1 


4 

2x+l 


Case II. When the denominator has linear repeat 
ed factors. 

Example 1. Resolve into partial fractions :— 

x a 4-7x+ll _ A , B . C 
(*+2)*(*+3) (7+2)“ t '(^+2) ai "x-h3 
Clearing off fractions by multiplying both sides with 
(x-f 2) a (x+3) we obtain the identity 

(x a +7x-fll)@A(*+2X#+3)+B(x-f-3)-f C(x+2) 8 .(A) 

By general method we can compare*the coefficients of x a , 
x and constant and thus obtain three equations to determine 
the three constants. But we should first find by our simple 
method as many constants as there are linear factors. The rest 
of the constants may be found by the general method of com¬ 
paring the coefficients. Here there are two linear factors and 
hence two constants can be easily found and the third may be 
found by comparing. , 

Put —2 in both sides of A [from x -}-2—Oj 
(4 - 14*fH)=B(—2-f3) B«1 

Put x — 3 [from x-fS^O] 

(9-21+U)=C(-34-2) a C---1. 

Compare the coefficients of x a . 

1=A-|-C /. A=2. 


P. F-’s are 


+ -__L 

x+2 (x+2)* *+3 


Example 2. Resolve into partial fractions 
x»-x*-13x+25_x»-x , -13x+25 
(x s -5x+6y* (x-2)*(x-3)* 

x»-x*-l3x+25_ A L B j_ C j_ D 
_ (T-2)*(x-3)* I^’ t '(*-2)*' t '(x-3)‘ t '(x -3)* 

x 3 -x’-13x+25«A(x-2Xx-3)'+B(x-3) , + 

C(x-2)*(x-3)+D(*-2)> 


Let 
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Pot *~2 3«B. 

Put x—3 /. 4—D. 


Compare the coefficients : Here we have to find the 
two constants for which we shall compare the coefficients of two 
terms. Always compare the coefficients of highest power of x 
and of constant term which are easy. If more constants are to 
be determined then compare the coefficients of other powers 
of x. 


Comparing * 8 , Comparing constant. 

1=s A-f-C.(1* . 25=-18A+9B-12C44D...(2) 

Put the values of B and D in the 2nd equation. 

/. 3=3A+2C..(3) 

Solving (1) and (3), we get A—1, C**0, 


• m 


P. F.’s are 


-2_|-_j-^ 


Case III. 

When the denominator has non-repeated quadratic 
factors. ' 


Example 1. Resolve into partial fractions. 

_ Ax-fB C D 
(3* s -*4-iX*-lX*+2) 3**~*+l I *+2 
14*®+14* a -4*H-3=^Ax4.BX*-lX*+2)-f. 

C(*-f 2X3* a -*+ 1)+D(*- 1X3** - *+l) 
Here we have two linear factors and hence two constants 
can be determined easily. 

Put x—1 in both sides of the identity. 

27a*9C w \ C=3 

Put x»—2 — 45— — 45D .\ D=1 

a Now two more constants are to be determined for which 
we shall compare the coefficients of x* and constant term. 
Comparing x 8 , 

14«A+3C+3D 


A*®2. 





Partial Fractions 


9 


Hence P. F.’a ate 5 ^ 1 +^+^ 

Example 2. Resolve into partial fractions 
4x*4‘4 x 8 —x a -f-x-hl 
(**+*+l)(x a - * - 3)(x+11 

Let the above fraction be put as 

Ax+B , C y-j- D •_E 

x a 4-#+l x a — x-3 x+1 

Clearing off fractions we obtain qn identity 

4x*-f 4 x 8 - x*-fx-J-lss(Aac+BXx-f l)(x a —x -3) 

+(Cx-f* DXx +1 )(**+*+ 1 ) 
-fE(x*+x-H)(x a -x-3).(A) 

Here we have one linear factor. 

Putting X— — 1 in the above identity, we get 
— 1 ——E E =1 

Now four constants are to be determined more for which 
we shall compare the coefficients of 

x a , x 8 , x a and constant term. 

A-f-C+E =4...(1) Put Esal. 

B+2C+D =4.(2) 

-4A-f 2C+2D—3E = —1 .( 3 ) 

-3B+D-3E =1 .(4) 

A+C =3 (5) Eliminate C between 5 & 6 

B+ 2 C+D ~4 ( 6 ) 2A-B-D-2 ( 9 ) 

—4A-f 2C-4-2D =2 (7) Eliminate C between 5 & 7 

-3B+D =4 ( 8 ) 6 A—2D~4 ( 10 ) 

Eliminate A between 9 & 10 
-3B-D^2 ( 11 ) 

Solving (11) and ( 8 ) B»-l. 

Putting in 10 we get A »1 
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Putting in 5 we get C=*2 

A=l, B* -1, C~2, D=l, E= 1 
m\ Partial fractions are 

x —\ i 2x-fl , 1 

* a 4"*+1 * a — x — 3 *-f 1 
Note :—Students are advised to check twice the equations 
they obtain after comparing the coefficients. 
*Alternative method of finding constants. 

After finding E=l, instead of comparing the 
coefficients, find the value of * s by equating to zero the 
quadratic factor and . put the value of x 8 in both sides 
of A. 

**-*-3=0 /. rW-f-3 

4(x+3)*-f 4*(* + 3)— (x 4- 3)4-#+1 

—(C# 4- D)(# 4* IX* 4" 3 4* * 4" 1) 
8# 8 4-36#4-34=2(C#4-D)(**4“3#+2) 

Again put * 9 =#4-3 

or 8C#4-3)4-36#+34«2(C#4-D)(#4-34-3#4-2) 
or 44#4*38=2(C#-j-DX4*4 _ 5) 

=2{4Cx a 4-x(4D4-5C)4-5D} 

«2{4C(*4-3)4-*(4D4-5C)+5D} 

==x(8D+18C)4-(24C+10D) 

Comparing the coefficients of # and constant we get 
44=-8D+18C /. C=2 

58=*24C+10D D=1 

Similarly by putting #*= -#—1 and proceeding as above 
you will find A— 1, B= —1, 

Case IV. 

When the denominator has repeated quadratic 
factors. 

* Example 1. Resolve into partial fractions. 

•The above method is very useful & easier than the one of 
..oomparine the coefficients. 



Partial Fractions 


II 


2x 4 -j-2x a 4"#+l_ A Bx-|-C_ x Ex+F 

x V+1)* <**+!) 

Clear off fractions 

2x 4 f2x a +x+l»A(x*+l) 1, +(Bjtf+C)x+(Ex-l-F)x(x*+l) 

There is one linear factor x here. So put x=*0 in both 
sides of the identity. 1 -=A 

Compare the coefficients of x 9 , x s and constant term. 
Comparing. 

x 4 r r A+E «2 E=1 

x» IF * =0 F=0 

x* -J2A+B+E =0 B— — 1 

Constant | A =1 

By comparing the constant we do not find the value of 
the remaining unknown constant as we have already compared 
the constant when we had put x=0 comparing x, we get. 
C+F=l ,\ C=1 

P - F ’ 6sre 7+trSi+rp* 

Note :—The values of B and C can also be found by putting 
x 9 =*= —1 as in Example 2 of Case III. 

Example 2. Resolve into partial fraction* 
6x 4 +llx 8 - f-18x a -hl4x-}-6 
(x-|-l)(x*H-x+l) 1 

Let it be put in the form :— 

A i B*-f-C^ , Dx+E 
x+i~ t ~* # +x+ 

Clear off fractions 

6x 4 4-llx*+l8x*+14x4-6~A(x*+x-t-l) a + 

(Bx4-C)(x-HlXx*-fJc+l)4»(Dx+EXx+l) 
Put x=s -1 in both sides of the above identity A=5 
Comparing the coefficients of x 4 , x*, x % and constant term 

A+B—6. Put A=»5 /, B=1 
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2A+2B+C =11 C=-l 

3A+2B+2C+D«18 D= 3 

A+C+E «=6 Es=s 2 

Hence P. F*s are 

5 , x—1 , 3x-f-2 

# - | o I ' i IV I / ‘O 1 i 


Note :—The values of D and E can also be found by putting 
x a = — (x+1) as in Example 2 of Case III. 

Example 3. Resolve into partial fractions. 

3x* -f x s -h 8x a -J-*+2 

^pl ) 5 

Lei it be put in the form 

A . Br*fC | Dx+E 

it ^(>+ir (x a TJ? 

Clear off fractions and we obtain an identity 
3*H x 8 -f-Bx a -fx4 , 2=A(x*4’l)*-f-(Bx4“C)x(x a -f D 

4-(Dx-fE)x....I 

Putting x=0, we get 2~A 

Now for the remaining four constants instead of comparing 
the coefficients, first put x a =» —1 in both sides of I. 
we get 

3—x—8+x+2® — D«fEx 
—3= — D-f Ex 


Comparing the coefficients of x and constant term in above, 

we get, 0=3 and E^O 

For the rest two compare the coefficients of x 4 and x 3 . 

3 ~A -fB and 1 =C B=1 and C*»l 

tr n 2 i 3x 

Hence P. F s are-h -s-n T rrrr\ 8 

x x*4-l (x*4-1) 8 


* Example 4. Resolve into partial fractions :— 
* 4 +* a +l x 4 +x a -f-l 


(Allahabad 1950) 



Partial Fractions 


13 


=1+ 0?w^* ' 1+ (**+*+lX**-*+i) 

Le,_ __ Ax+B , Cx+D 

(x^xHblK**—*+l) **+*+1 **—*4-1 
* a =(A*+-B)(** -x-hl)+(0x+D)(**+,4-l) 

Put x a ~x —1 in both sides (from x*—x-f-l=0) 
x — 1=(Cx+D)(* — 1 4-*-f-1)=(Cx+D)2x 
=2x a C4-2Dx=2C(x-l)4-2D* 
a =*(2C+2D)-2C 


Compare the coefficients of x ar\d constant term in above 
204-20 = 1 aud 2C = 1 C=* and D=0 

Similarly putting x 4 =-x — l from the other quadratic 
factor; we get , 

-x —l=(Ax-f-B)(—x -1 -x4-l)«(\x4-B)(—2x) 

« ~2Ax a ~2Bx=2A(x4-l)—2Bx 
=(2A - 2 B)x 4-2A 
Comparing we get 

2A-2B=-1 A^=-* 

2A= —1 # \ B=0 


P. F.’s are 1 — 57 tt —TT\+o?'x 
2 (x*-fx-|-l) 2 (x a —x 4 -l) 

A simpler method of breaking into partial fractions 
for case II. 

Consider the following example. 


♦Ex. 1. 


(x-lftx’-x+i) (Agra 1945) 

By our method discussed in Case It we will express the 
given fraction in the form 


A, B C D Ex 4-F 
x - ~ l) 3 (*^* T -"x+T 


a 
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We can find only one constant easily by putting *=1 in 
the identity which we shall get after clearing off the fraction. 
The rest five constants are to be determined by comparing 
coefficients, which will be a laborious process Below is given 
a simpler method. 

Put # — 1—j»i.e. 

x==y+l in the given fraction. 

_UH-1) *__y+3/+3H-l 


We get 


/{04-1 )*- y(/+^+l) 

i.fi+^+3y+yi 

• ' A. i+*+y J. ' 


1 +?y -y 

2^-}-2y*-i- jf* 

2 z±^ a ±2y 

-y 

-yy -y 
y+7 


which is of 5th 
degree. Hence stop 
here. 


,*, A is now equal to 

„L+2_i+_I±i 
y y l+y+y 

Now replacings by *—1, we get the required P. F.’s as 

_JL _ -j-?_A_ -j-L__ 

Procedure 

(1) Put the linear repeated factor equal to y . 

^2) Find the value of x in terms ofy and change every term 
\ of x in terms of y. 

ness the numerator and denominator of the fraction in 
ascending powers of?.;. 


\ U1 A 

\ Expi 

V. in .' 
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(4) Take out the factor of the form ^ and then divide the 

numerator by denominator and continue till you get a 
remainder which is of one degree less than the degree 
of the denominator in the given fraction, e.g. in 
the above example the degree of the denominator of tlie 
given fraction is six and we continued division till we got 
remainder of fifth degree (i e. one less). 


Ex. 2. (a) 

Ana. 7 - 

(* 


9a 3 _24*M-48* ’ • 

(x 2)*{x-H)~" (Agra 52, Banaraa 30) 

24__ , 12 , 6 j _ \ _] _ 

' 2) 4 ^(x-2) a ^(x~2l*^(x-2) (*+1) 


5x 3 “J“ 

^ (x®-l)(x-j-l) s (Sagar 1948, Puojab 1935) 


Ana. 


1_ _l_ ._3_3 2 

(x-1) (x+I^Cx+l) 3 (x+lf^ix+l)* 


Note :—Write (x a — 1) as (x—1)(#4-1) 

Example 3. Reaoive Into partial fractions. 
x a +l 

(7Z l)\x*+2) (Agra 1930) 

Putting x-1 i.e. x~j>+ 1 in the given fraction, 

(y+i) a 4*i _ y+ 2^+2 
we *** /{ty+lF+T} A/-+ 2^+3) 

__ 1 ^24*2 y±f\ x 

\3+2y+W. 

Divide 2+2>+•>“ by 3+2.y+? a actually and continue till 
remainder is of fifth degree i. e. one degree less than that of 

the denominator. 
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3+2j4-/Y>-t-2y4-/ (i+b-ftf—, 

J 2±iy±wS 

1.7+i/ 

V+tf+if 

-*/-*? 

-if-Af-t iy* 

-sft/+A/ 

A is equal to 



/(H+-A-»n 
3+2j>+/ J 


1+JL_JL _±+ 4 ^+ n 

3/ 9/ 27/ 81j> 81(3+2>+/) 


Replacejtby*—1 .% Partial Fractions are 


2.21 4 4*+7 

3(*-l)‘‘ r 9(x-l)» 27(»-1)* 81(*-l)~ h 81(**+2) 

§6. ' How to find the General Term. 

Remember tbe following expansions :— 

(l-*/ J =l-j-*+**+*»+.+*»+. 

(l+xy- l =l -*+*»-**+.-f(-l/x'-f-. 

V The expansion is l+(-l/*-H-l)V+(-l) i >* 5 +... 

+(-l)v+. 

(l-*)-*=l4.2*+3* 1, +4*»+.+( f +iy + . 

(l+*)r-»s=l-2*+3* , -4* , +...+(-iy(r+l)*>'4. - .. 

(1 -*)r*=l+3*+6**+.+-—,^-V 

1 «z 


+..a 

(l+*)-*=l -3*+6*»-10*»+.„+( -i/l±lX^+2),r 

if « 


Example 1. 


+ 


Find the general term of 


_2 x*>f x +1 

(*+2X3x+lj(xT3) 













Partial Fractions 


By method of suppression the partial fractions of the above 
fraction are easily found out to be, 

, 1 ,2 
5(*+2r 5(3x-{-l) *+3 

In order to expand binotnially each factor should be put 
in the form 

- +ld+3x^+i(i+-J)" 1 

or to i 1 - (2 H i)'~ .+< - )'.| 

+£(1 “ (3*)-f-(3*)*—... -f-( — 1— 

+ (D‘-.+t- i Kf)'-i 

General term is easily found to be 

[ -At -l)' f+i( - 1)'3v-h(- j 

and the coefficient of x r is 

* Imp. Example 2. 

Find the coefficient of x r in 

(H^r+?) (AgM l946 ) 

The given fraction can be. easily broken into partial 
fractions which are 

^ ,4-3* 
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Expanding binomially 

3(l+^)“ , +(4-3xXl+^r l 
=3(1—.+(-i y* r —> 

+(4 - 3x){ l - (*)+<*■)■-.+( -1) } 

We note that in the last bracket the powers of (x a ) are 
integers and we have to find the term of x r , which we 

can get only when the power of f 1 is and the term is multi* 

plied with 4 of the first bracket. But power will be possible 

f * a 

only if * a integer i. e. if r is even. 

* V.,,* 

Cate 1. (r even) 

3[l-x+x 8 ~.+(-l) f * r .] 

+(4 - 3x){ 1 -(x 8 )+(x 8 ) 8 -.+( -1 )"*(* a )" a 

+ . } 

The coefficient of x r is easily collected and is equal to 
3(-iy+4(-l)r' a 
But r being even (-iy=l 

Coefficient will be 3+4(— l/' 8 
Case 11. (r odd) 

Now if t is odd then r — 1 will be even and f ~~~ will be 

an integer and as such can be a power of x 8 , giving us the 

term of x r ~ L which on multiplication with — 3x shall be 
of x r , 

3[l-x+x 8 +. +(-l Y* r + . ) 

+(4~3*)[1 - (**)+(#V -.+( -1 )(r-i)/a(^)(r-x) /■ +...] 

Coefficient of x r is easily collected to be 
{3(-iy-3(-l) ( '- l > <8 } 

But r being odd (-1/=* — 1 
Hence the coefficient will be 

— 3[l-K-l) (f ~* 1,/a ] 
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* Ex. 3. Find the general term of 

2x+5 


(x-l) 3 (x-3) 


(Allahabad 1936, 39) 


Ana. 


-11 


_ 1,7 <r+l)C'+2) 11 11 

(24 ’ > + 2 ' 2 + T ( +1)+ 8 

* § 7. Summation of aeries. 

Example 1. Sum the series 

1 ■ __ 

(1+*X1+*“) (! +**xi+^ 

+ (i+*»xr+**) + ." terms 

T _ x *~~ X 

* (i+a»)Tl+*»+ x > 

In order to split it into P. F.’s we write 






/_ i_i_ __ 

\l-£x* l+x*W (l+-x*}(l-t-** +x ) 


x»“”Vx*—x) , r , a 
\L+x»XlH-x ,, + r ) r "^ x 


Divide by x*—x. 

_L (.1 


* x* —xvld-x* 1 

l-fx** 1 ; 

«*—1, 2, 3.a 


_ W i 

1 N 

1 x*-xU+x 

1+xV 

i ( 1 

1 \ 

* x*-xU+x* 

^ 1+xV 

' - — (- 1 . 

1 N 

8 X* —x\l+x ¥ 

i+?; 

1 **• ... 

1/1 1 
* J 1 J 11 ^aXl 
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Now add these teims and we find that all the terms 
cancel diagonally except the first and the last. 

S.--L r_i_L 1 

Note If * < j , hen L , xm=0 

n-+cQ 

• s 1 r 1 i i 

= ~~i--*"]*=_ ~ X _ —1 

*(^-1)4 l'+X J *(Jf-A)(J+^)“,8li 

ferfn Example 2 - Fiod ,h « »»® of the series whose nth 
term is 


T»= 


l+n’+a* (i+n^CV 


T.= 


n 


(l+«+n fl )(l —n-fii a ) 

Now.T, can be expressed into partial fractions as 

T.=if 1 1 I 

H-S+a* l+R-fn 9 J 

T ^*r_1 X “1 

„ L1 +(» - l)+(n—1)’ ~ l+fT+n*J 

fV l+(»-l)f( B _l).^ 1+B _ 1+B ,_ 2)1+1=! 

Pnt »=1, 2, 3,.n. + J 

T -i[l +0+0 s - I+T+T*} 

T *“ i [i+i+T«~ 1+2+2*3 

T,=i [i+ 2 + 2 *-r+i+F] 

T * “ i+(» _ l)+(,^I) r “ l+i+ii*3 Addi, » 
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" =i [l+o+o- l+B+ii *] - ^ 1 

_ r B(«+1) 1 

”* Li+b+vJ 


1+n+n* 


] 


If we are to find S 


co * 

a.- Lt i(-£r-h) 

l+ l 


Lt 

n-*> oo 


n 


i+i+4 

n nr 


-I 


Exercise I 

Resolve into Partial Fractions :— 

. x 4 ~-5x 8 +10* 8 -8x-l 

w ~(x — l) 8 (x — 2) 

(Agra 1928, Lucknow 1945, Rajputana 1953) 

The fraction is not a proper fraction, and hence we shall 
have to divide the numerator by denominator. 

* 4 -5* 3 +10**-8x-l__ (jc 4 —5jf s -{-9je*—7x*4-2)+#*~# —3 
V-5*M-y**--7H:2 * 4 -5# 8 +9* 8 -7#+2 

x*-x-3 

1+ (*-l)»(*-2) 

— x — 3 

Breaking — into partial fractions, we get 

x 4 -5x 3 +10x*-8x-l . , 1 , 2 

-*1 + ^-i*T 


(b) 


(x-l)*(x-2) 


(*+l)*(*-3)”~ 


*-l (*-l)* 

-L__ 

(*^1^ *—2 

(Agta 1949, Panjab 1940) 


Am. (b_2)+ to 


17 


__ u 


11 


17 


16(x+l) 4(x+l)* l6(x-3) 
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( c ) _ t-L™ _ 

*"(*+2)*t*—1) (Punjab 1939) 

Ana “ 8 —1+ 11 I 1 , 1 

' 16* 8**~144(*+ii)~6(*+2) , ^4(*+2)* 

+ 1 

9(*-l) 

2. (a) Resolve In to partial fractions :— 

* — 8*+7 

(.-ljftLW+ir (Punjab 1932) 


Let the above fraction be put in the form 
JL+ 1 4- C -i.P*+E 

*-l T *-2 T (»^5) iT **+l 

Proceeding as usual we shall have to determine five cons¬ 
tants. 

For A put x*»l, for C put x«2 and for D and E put 


The remaining constant B can be found by comparing the 
coefficient of x 4 . 


V P. F.’sare 


2i_1_L-4- *+l 

x~i *-2 (*-2) A 


(b) Resolve into partial fractions :— 

2x % -l lx-f 5 

(*-3)(#*-f-2#-5) (Agra 1950) 

3 * _1 

Ani * *" , +2i-5 *-3 


3. Resolve into partial fractions 

(^ s +l)*(*+2) (Punjab 1937) 

Let it be put in the form 

A i Bjr-fC i D*+E 

*+2 + **+I (**+l)* 

Cleat off fraction* and we obtain an identity 
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x s +*-flaA(A!*+l) 3 +(Bx-hCXx+2XJf*+l)+(D*4-EX*+2) 
Put #= —2 in above. A= — i& 

Put #*—— 1 as in example 2 Page 10 giving 
D—— $ and E=|. 


Find B and C by comparing the coefficients of # 4 and cons¬ 
tant term giving B—and C=^>. 


P. F.’s are 


9 • . 9#-f 7 . 2~# 

25C#'+2)^25(#*+ir 5(#*+l)* 


4. Resolve into partial fractions :— 

#* — x-f-l 

(# - 1)*(#—2X* a H-1) (Agra 1941, Luck. 1942) 
Let it be put in the form 

A ’ B C D*+E 
*-l + (* - l) ,+ *-2 + (**-f-l) 

Clear off fractions and we obtain an identity 
** - *+1=A(* - IX* - 2X**+1)+B<* - 2X*>+1) 

-hC(#-l)V+l)+(D*-f EX#-2Xx-l)* 
Put#—1, B-— — Put #*=2. C=§. 

Putting # 9 ——1, we get 

-1 - #+1 * B (D#+EX* - 2)(#* - 2#+1) 

or —#=(D#+EX#-2X- 2#) V # a **-l 

= — 2(D#-fEX* 4 —2#) 

= 2(D#-f E)(2#-p 1) V #*--1 

*=2{2D# a +#(2E+D)-fE} 
«2{#(2E+D)+(E-2D)} V #*=-1 

Compare now coefficient of x and constant term in above 
4E+2D — — 1 , we get E= —• J 

2E—4D=»0 

The remaining constant C is found by comparing the coeffi¬ 
cient of x*. V A«—L 
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Partial fractions are 

__ 1 __ 1 , 3 x-f*2 

2(x—1) 2(x -l)*"^5(x—2) 10(* a +l) 

5. Resolve into partial fractions :— 

8 

(1 - *)(l+*j a (l+* a ) (Agra 1938) 

Let it be put in the form 

A B , r C , Dx-f-E 
(1 - xy (1 + *V (t -f x) a (1+~x*> 

Clear off fractions and <we obtain an identity 

8=A(1+x)*( 1+^)+B(1 —x)(l-f-x)(l -f **) 

+C(1 - *Xl+x 3 )+(Dx+EXl ~x)(l+x) a 
Putting *•=! we get 8—8A ■*, A = 1 

Putting x=—1 we get 8=4C C=2 

• Now put x a = — 1 as in Q. 4 and we find that 
D= —2 and E=2 

Find *B by comparing the coefficients of x 4 . 

0=A—B—D B=3 

Hence P. F-’s are 

1 4. 3 j_2__ ,2(1 —x) 

“l-x"^ l+x^ (1+^)" 9 1-f* 3 

6. (a) Resolve into partial fractions :— 

x 8 

(lT^Xi+l) B (x 2 +i) (Punjab 1934, 1938) 

The given fraction is not a proper one and hence we 
shall have to actually divide the numerator by denominator. 

x* __ x* 

(x - lXx+l)(x # +l)(*+l) (x*~l)(x*+ij{x+l) 

_ x 8 

"(i^XiTi) 
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=JC— 1 -f ■ 


xM-x*-l 


X 6 4x*-X- 1 " ~ 1 x 5 -|-x 4 —x — 1 

x 4 4* a — l 


-x-l-f 


Let 


(x~l)(* 4 l)*(x 2 4 l) 


x 4 +x*--l _ A , B , C . ' 

(x~TX^iy^ 8 +i) ”x - 1 +x+l + (*+l) a 

* i Dx+F 

"HiM-l 

* 4 .^ _ l —A(x+ l)*(x*+l)4-B(x - l)(x+l)(x*+1> 

+C(x-l)(x a +l)-H(Dx+E)(x-lX^-fl)* 
Put x=l A=$ Put x = — 1 .*. C= — J 

Put **=s —1 D= — i and E=i 

For B compare the coefficient of x 4 , B*=f 


Hence the given fraction is 
1 . 9 


x- 14 


8 (x—1) 8 (x+l) 4(x4l) a 4(x*+l) . 


5 . (b) /_i-_ 

v ; GT^l)*(**+l)* (Punjab 1936) 

Ann * 4- 2x41 _ 1 1 

’ 2~(x i +l) 1 4(x i +T) 2bT-Ty 4(x^T) a 

*7. Resolve into partial fractions :— 

x *41 

(x- l) 4 (x 8 4l) (Punjab 1933) 

Put x —1 -=*y. 

Changing the given fraction in terms of jr, we get 

04-1 ) a +l - _^_y+2jF+2 

Ao+ip+n a/+^+s>hF2> 

.Writing in ascending order, we get 

1 r 2 +2/+y 1 

7 L 2 + 3 j>+ 3 ?* 4 y J 
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Divide and continue division till the remainder is of 6th 
degree because the denominator of the given fraction is of 
7th degree. 

The given fraction is equal to 


Replacings by x —1, we get 


S 4 (5+13y4-5y 8 ) “ 


1 115 5x 2 +3x-3 

(x -T) 4 2(x - i) a 4(x-L) a+ 8(x- 1) "8(x 3 +lf 

« 

Now the last fraction can be turther split into partial 
fi actions. 


5x 2 +3x-3 5x a +3*-3 

x 8 +l (je + lXx'-x-fl) 

which can be expressed as 

A , Bx-fC _ 

X + l X 2 X -j-I 

t 

The values of A, B and C are found as usual to be as 
follows :— 


A =- — Bss-Y- and C— — }. 

Hence the required partial fractions are 

Jl_ l _ 1 , 5 

(x-1) 4 2(x— l) a 4(x — l) a ~ r 8(x -1) 

_ 1 T -i _l 16x-8 n 
8 L 3(x+1) '6(x * — x -f 1) J 

or 


1 1 5 , JL_J*-l 

(7-l> 2(x —l) 3 4(x —l) a 8(x —1) 24(x + l) 3(x a -x+l) 


8. Resolve into partial fractions :— 


. 3x 8 -8x 3 +l0 

0^i) r 


(Punjab 1941) 
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*(b) 


(*-!)*(*+1) 


(Agra 1944, 1951) 
5 


Ans. (a) J}, 1)* 

(b) fifa+i) + i6(i“l) + 8(* - l) J+ 4(*^Tj* 


9. Resolve Into partial fractions :— 

6+13x-3x^ 

(7-l)(7+i) s (H5) 

Proceeding as usual we have to determine five constants. 
Three are got by putting x ~ 1, —l and —2. The remaining 
two by comparing the coefficients of x 4 and constant term. 
Hence P. F.’s are 

2 _ _3 _ 2 2 , 4 

(*+!)■ (x+l) a (x+1) 3(x-l)^3(x+2) 


10. (a) Resolve into partial fractions :— 

*8 + 5*»4-x __ x 8 +5x a -fx 

(x* +ix*»+rxi+i) (*+if(* a +ix* a - *+i) 

Let it be put in the form 

A , B , Cx-fD , Ex-fE 
x+i + (V+i? + (?+i >“ h 1 

Clearing off fractions, we obtain an identity 

x 8 -j-5x a +*—A(x-j-l)(# a ~ *+!)(**+1)+B(x a 4- l)(x*—x-fl) 
4*(Cx+ D)(x+l) a (* 8 -x+l)+(Ex+F)(x+l) a (x a +1) 
Putting * as* —1, we get 3=6B /. B=i 

Now putting x a sc= — 1 in both sides of above and as usual 
we get —5 —2Cx+2D. 

Comparing the coefficients of x * and constant in above, 
we get C=0 and D= — §. 

Similarly putting x*=x— 1 in above, we get as usual 

2«* , Ex*4“F ^ 
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Comparing the coefficients of » and constant terra, we get 
E~0, F=2. 

Comparing the coefficient of x # , we get 
A+C+E-0 /. A—0 

A»0, C=0, D——f, E^O, F—2. 


p p, i_ _5_, 2 

8 are 2(x +1 j» “ 2(*» 4-1) -~x+1 


W 


Ans. 


(x+2)*(x*+2) 

10 4 


(Agra 1948) 


<*+4) 


9(x+2) 3(x+2) a 9(^+2) 

*11. (a) Resolve into partial fractions :— 

1 _ 1 1 
x*+l (x*+l) a -(\/2x)* (x a -f V2*+1 Xx*- V2x+1) 

(Sagar1949 

It can be expressed in the form 
, Ax+B , Cx+D 

T 


x*-f V2x+1 x a — V2x*fl 
Clearing off the fractions, we get the identity 
l=(Ax-hB)(x a - V2x+l)+(CxH-DXx a + V2x-t 1) 
Putting x a =V 2 x— 1 on both sides, 
l«(Cx+I>X V2x -1 + V 2 *+1)=(C*+D)2V2 x 
* 2V 2 Cx a +2\/2 Dx 
Again putting x a s*V2x— 1 
l*2V2C(V2x-l)+2V2 Dx 
=x(4C+2V2D)-2V2C 

Comparing the coefficients of x and constant term, we get 
4C+2V2D=0 — 2V2C--1 


♦ • 


C— 

L "2V2 


and D~$ 


Similarly putting x*= — \/2x —1, we get 

1 - (Ax+B)[—y2x — 1 - y 2x+ 1] 
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:=( Ax + BX - 2 V 2*) ~ *2 V2 A* fl - 2 v 2B* 
=2V2A(V2*+1)-2V2B* 

=x(4A-2V2B)4-2V2A 

Comparing the coefficient of x and constant tern), we get 
1=*2V2A 4A-2V2B-0 

1 


A = 


2V2 


and B —| 


P. F.’s are 


(r^ 2 * +i ) ( 2 ^ 2* - 0 

x*+\/2V4-I x l ~y/2x+ 1 

x+V2 x—V2 


'2V2(x a +V2*+l> 2V2(x*~V2^+r) 


a 

*(b) Resolve into partial fractions :■ 

1__ 

* 4 +* , +l 

Proceed as in example 4 of page 13. 

n x? » , x + 1 ,x—1 

P. F. 8 are i x ,q~-qrj - i x t~T f I 


(c) Resolve into partial fractions :— 

x* 

Here we need not express P. F.’s as 
Ax+B . Cx-fD, Ex-4-F 
x'+a** ^TPx*+c* 

Even if you proceed as usual you will find that 
A=C-E~0 

It is better to put x*=f in the given fraction which there* 
fore becomes 

t 

(<+fl a X'+* a Xf+c t ) 

~-A 4- B 4- C 



30 


Algebra Made Easy 


where A by method of suppression is 

— a® 

(5 a —a a Xf *—a*) 

Similarly find B and C and replace l by x a . 

Note—When all the powers of x are even, the least of them 
being 2, the work is simplified by the substitution 

12. Find the general term in the following 
questions :— 

, . 1 — ax • 

W (1 (Agra 1928) 

Breaking into P.F.’s and expanding binomially, we get 

G. T. is a)b r +(c—d)c r ]x r * 

^ (# — *»)(* — b) (Agra 32) 

General Term 

a? - b r 
A —b * a f 

(x—2) s (l — 2*) (Agra 37, 47, Nagpur 50) 

Breaking into partial fractions, we get 

1 5 4 

3^2#— 1) 3(*-2) (x-2) 9 


Expanding binomially we get General Term as 

^ ( 1 O* I /. ■. 1 \ 1 ) 
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Note :— The above expansion is true, provided 
^ 1 i. e. x ^ 4* 

2x4-1 

# (d) Breaking into partial fractions. 

(Agra ’42} 


-4 


3x — 1 


2(x-1) x a 4-l , 

- -Ki - x)- 1 - 4(3 x - ixi+*‘r l 

Proceeding as in solved example 2 Page 18, 
If r is even General Term is 

r*\* 

If r is odd * General Term is 


(«) 


< — I—K—i) 

1—* 4-2** 
(I"- *)* ' 


Breaking into partial fractions. 


= 2_3_, 2 

i-x (l-xi^a-xy 

Now expanding binoinially we get 

G. J’.-|2-3(f+l)4-2 ( ^i-|^t^|*' 

=(r*4-l)*' 

(f) (T-«xi -**xT-«T) 

Breaking into partial fractions. 

«* ■ 4* 



32 


Algebra Made Easy 


Expanding binomially we get the general term as 

( *+' ) jff 

\(a—b%a—c){b-d)(b- c) (c—a){c—b)) 

*(g) Prove that the coefficient of x n in the expansion of 

2 "* tfJK 

--pt-j is 01 *+where a and /? are the roots of the 

I —ax+ox 

quadratic f*—flf+£=0. 

Because d and’/? are the roots of f*—<*<+£**0 

. a+/?*« and aff^b. 

% 

Given fraction becomes 

_ 2-(q+ff) « _ 2- (q+<?)» 

l -ia+j8)*+djSx® (l - d*Xi - fix) 

* 

By method of suppression above is equal to 

- 1 + 1 
1-0U ' 1 —/?* 

and 04 expanding binomiaily, we get 
G. T.=r(a*4 i5*)* n 

and hence the coefficient of *" is 01*+/?". 

, h * 3-2 x» 

' 1 (2 - 3x+x*) a 

After breaking into partial fractions it can be put in the 
form 

_2_5_, 2 1 

- 2 (l-|) 4(1 ~I)* ^ 

Take the fractions in the numerator and expand binomi* 
ally etc. 

G.T.=j-i_|. fe+i) + 2 +(r+ i)J,, 

= ( r+3 -w)* r “( f+3 -^. 9 )*' 
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2x % 

(#-T) g (*»-f i> 


P. F.’sare -L-t 1 


- -(1 -ar)- 1 +(l ——*0 +*’)“ l 
Expanding 

= -(l+*4“* a -f ..-MM-.oo) 

d-[lH-2#+3**-+-..«] 

-4<i-*•+(*!)*—-+(-in**y+-» 

# 

Now if r is even. The last bracket shall give no term 
of x r . Because even if we take a term (**) r /* where r/2 
will he an integer, then it shall have to be multiplied by x 
and will become x y+l . Hence in this case 

G. T.=x r ( —l+r-i*l)==r* r . 

f X 

If r is odd then -g— is an integer 

—(1-f *+* a 4-.x f -b.oo )-f [1 -f 2*4-3**+— 

.».+(r + l)x y +. •••■•oo ] 

- *{!-**+(**)* -.+(-!)"* V) 7 


f.(-W*‘) f .} 




Now (#*) * on multiplication with x shall give the term 
of x r . 


r-i 


G.T,H-l+M*l-(-l) * 
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(|) _grj.... 1 

(x-J-2X* — 1)* (Rajputana 49] 

Find as usual the partial fractions and then expand 
binomially. 

n ri —4,4 X 

P. F,sare 9(*l-2) + y l *—i) 

G.T.={i(-jy+'-J(3r+7)}*r 

*14. Sum the following aeries :— (Agra 29, 43, 53) 
f v_ X * , _ x* x 4 , 

w (i-xXi-xV(i“-x»xi-^) + (T~x«xi : “* 7 ) + ‘’’ 


T» — 


x*"“ a 

(1-X2"- 1 )(1-X»»+ 1 ") 


Now 


1 _x 2 *+ l 


l~*2" + l (l-x 2 ’*' l )(I~x 2 "+ 1 ) 

~(T—- **»+*) _ ^* ■" xa ) =ss ^ B ( Jf “" ;cS ) 

Dividing by (x -x 8 ), we get 

T _jLr_!_i;_ i 

* X — X 8 Ll — X a *~ l 1 — x2»+ l J 

Giving n the values 1, 2, 3,...n and adding the terms, T t , 
T a , T a ,...T w thus obtained, you will find that second factor 
•f each term will cancel with the first factor of succeeding 


terms. 


c_i r L_ 1—1 

n x—x®Lir-x i— x 2 *+* I 


If * be < 1 then *"-*0 
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*"• s ' wlien * < 1 = ^[i4i- 1 ] 

1 _ _ 1 
* l—-x (i-?xY-») 

* x ( 1 — ax ) _,_ ax(l -a 8 x)_, 

w (i+^i+«x'i+« - *) (i +^Xi+^)(i+^) 

,,, a"~Ml - a^x)_ 

" _ ' (1 -j- a n ~ l x )( 1 +a B x)( 14 - a B + l x) 

All the factors are linear and can be broken into partial 
fractions by the method of suppression’. 

T . . _ A , B , C 

Let it be ^ +7*i) (1 + 4 "+'*) 

1 

A is got by putting x — — everywhere in T n except 

in (1 -J-tf nr ” l x) 

. A -Kl+«) — - 

"(i -a)(i-« - ) a-«V 


Similarly B 


->+d 


c S& 3 ) 


2 

(1-7)' 


r/_ -i 
i‘\ 


t_ i r i _ 2 j. i i 

(l-a)*Ll+a* -1 * l+a»* l+a»+ 1 *J 

__l_ r_i_ i - _- x + 1 i 

(1 —aj'Ll+a* -1 * l+a*x l+a"* l+e* +l xj * 

Put n«*l, 2, 3. n and add the terms T,, T„ T t ...T* 

thus obtained ; you will find that the last two factors in each 
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term will cancel with the first two fiictors of the succeeding 
terms* 

Hence S n =-~-i—[" - \ — I__ 4 ._ } 1 

(c) T *“[i+i^[i+i^ 


Proceeding as in part b 9 we* find 

_L_rjL_ -■ 1 
i-«U+* i+^J 

1 


s B=r LrJ__ - 1 

2b+1 _A , B , C . D 


<d) T * B*(«+l)« B 


+ —-—I- 

i /_ » n * i 


** 1 (n-J-1) r (n+ l) a 
By usual method A=0=C and B—1 and D= — 1 

Given fraction is ' = 1 

L nr («+l)* J 

Putting »«=1 2.a and adding as before, 

• * S J\L- 

“ * Ll a (fl+l)*J (n-hl? 


* n*+2n+i 
Lt n*4*2n 


1 +- 


n 


* »-*-ooa*+2n-bl j , J*. J_ 

11 n* 


- = 1 


<•> +* 1 }-*>■** 

H>f] 


Not#—Parti e, f, g aad h may bs left on first reading. 
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• k* • ■ 


■ • f •* * 


We are to find the sum of infinite number of terms. 

••• . •) 

+(*’_£+**-*!+. «)1 

f"y+ . *) 

, 1 /•*» ** . *• ** , 

+ *(.3 4 + 5' 6 +, "®JJ 

"**[* !og(l+*H \ ^*og (l+x)- x+g | J 

“^ llo g0+*)-!+* 


(f) Sum upto n terms the series whose pth term is 

T _ **(1-1-X* + 1 ) 

9 -x*+ l )(i -XP +») 

Put *p=K in all those factors which are of the form 


(l±x«). 

rp _ &(\ + K*) 

^(l-KXl-KxXl^K?) 

Treat it as the case of non-repea ted linear factors of K 
and xp to be kept S3 it is. 
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P. F.’s by m ethod of suppression are 


**(!+*) 


*’0 + 4) 




x p _ 2xp+* , x* +a 

^a~^'xy(i^k)~ {\ -x) a "(T -**r a -x)\\ -kx*) 

1 P xp __ 2xP+ l , x p+a .“I 

“ (T^) 5 LI -XP 1 ^XP * 1+ 1 - Xt +* J 

^ i r ** _ x*+ % _ x*+ x , xp + * “j 

~(X —X) a L.r^-X3> 1—X*+ l 1— XP+ , "*’l — *P + a J 

Pat psst 1, 2, 3....« and add the t v , thus obtained. 

You will find that the la9t two factors of each term will can* 
cel with the first two factors of succeeding terms. 

Hence 

q__ X f * _ _ #* +l i * n+M 1 


(8) (l+*X2+*) + tf+*XS+*) + (3+*X4+*) + ”‘ 


T.=- 


(n+xK»+l+*) 
1 1 


TJ _: 1 

L*-f* n-fl 


-f 1-fxJ 


• * 


1+* n+l+* 

S_L o_L 

* 1 +* 0 _ 1 +* 



partial * factions 


x-f 2 


2*-f2 


tu\ I 

W (1 +^)(3+2*) T (3+2^j(54*4^) 


4*. 


4x+2 


(5+4i)(7+8x) 
2""“ , x+2 

(2b ~lT25 =i Sr)(2ii +1+2*7) 


+ . 


T«SS 5 —-- - 


get 


By method of suppression 

T __ 1 _1 

* (2« --1)+2 <l “' l x (2n+l)+2*x 

Now putting b*= 1 , 2, 3. n and adding as before, we 

s.= }-+ ’ 


1+x (2n+l)+2*x 


1 


c __ 0—_ 

* 1 +* 1+x 

Q. 15. Prove that the sum of the homogeneous 
products of n dimensions which can be formed of 
the letters a, b, c, and their powers is 

a n + a (6—< ?)+ &» + 8 (e —a)+ c n +• 9 (a — b) 
a\b — c) + b\c —a)-fc 9 (a — b) 


We know 

1 — =(1 — ax)- 1 =(1+<ix+flV+...<j»x ,, +.) 

1— ax x 7 

*--(1 -i*)- , =(l+4*+*V+..>*»+.) 

1 — bx i 

cx)~ l =*(l+tfx+ff*x # +** •*"*"+.) 

••• +‘*+«V+...n«x-+...) 

(l+*x+AV+.. A*x»+...) 
(L +*x+**x*+... <?•*»+,..) 

Note—Q. 15 may be left on first reading. 
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Now if we multiply the three factors then it is clear that 
the sum of homogeneous products of a, b , c, and their powers 
of n dimensions will be the coefficient of x n in the above 
product. 

i.e. (a n ~~*x n ~~ 4 )(b*x t )(c a x 2 )—o*—*b*c*x H 

is the product of n dimensions and is occurring 
with x*. Similarly all other products of n dimensions will 
have x n attached with them. Hence sum of the products of 
n dimensions=coefficient * of x n in the product of above 
three expansions=coefficient of x* in 


(1—axXl- bx)(l—ex) * 8 
But by Ex. 12 (f) page 31 the coefficient of x n in 


(1 — e*Xl ~ bx)(l—cx) 

( a»+* _ b»+* c n+a 2 

«) {b~a\t>-c) (c-a)(c—b) J 

_ —a n +*(b -g)—a) ~c n+ *(a—b ) 

(« - b){b -cfo-a) 

^ a n +\b—c)+b n + *(c—a)+e* + *{a-b) 
a*\jt — c )-f- b\c — a)+c\a — b) 

V a # (6—c)+ b\c — a)+c\a —— (a - b)(b —c%c —a) 
#16. Resolve into partial fractions 

_ & __ 

(x—aXx-6X*-«) (Agra 46) 

and hence prove that 

• * - 4 -^_I_ c —Q 

(a-*X<*-*) (* -c)(b-a) T ( e-atc-V) 


X* 

(^a)(x=b$c~c) by 


method of suppression is equal to 
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which are the required partial fractions. 

Now putting x=0 in both sides we get 

Q ._*!__ 

(a - b){a —c)(0 - aV (£ -a){b - b) 

+_A_ 

^(e — a){c—b){0 - b) 

. _®_j_. __4_ e —Q 

(a—fc)(a —f) (b-a)(b—c) {c—a){c—b) 

*17. Resolve into partial fractions 


(x -a)(x — 6 )(x-c) x 8 - x 2 (a+ 6 +c)-h*(fl^+ftc 4 -tfl)“fl^c 
By actual division it can be put in the form 


x+a4-$+f+: 


/(*) 


where f(x) is of 2 nd degree and need not be found out. 

x 4 , , . , , A . B , C 

(x-aX* — 0 )(*~" c ) x —rt x — b x —c 

Multiplying both sides by x—a, we get 

Putting x=a, we find 


(a—b)(a — c) 

b 4 


=A 


and similarly 77 --=B 

1 (b-c)(b-a) 


Hence 


(c-aXc-^) 

_ x 4 

(x-a)(x-b){x-c) 


s=X-\-Q m {-b-\-C 
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Note :—We may remark that A and B can be written 
down by the ‘method of suppression i. e. by putting x=a 
every where except in x — a even though the numerator be 
not of lower degree than the denominator. 

Q. 18. Resolve into partial fractions. 

(x-~a)(x-b) 

= ^ -^<S>-+P+f)+*(.o-P+py+y.n)-ae r 

We need not calculate /(*) which is of 1st degree. 
Quotient can be easily seen to be x—(ol-\-I 3 ±7 —a—b) 

•• —*-(a+P+r-a-4) 

+ — + 

• x —a x—b 

Multiplying both sides by (x - a) we get 

-(a+j8+?-«-i)X*--«) 


+A+B. 

x-~b 

Putting x=o, we get X*7 lff X g .*ZI y ^ == A 

a —b 

Similarly 

Note :—A could also be calculated directly by putting 
x = a in the given fraction except in (x — a). Similarly we 
can find B. 

Q. 19. Resolve into partial fractions :— 

Since all the powers are even. 



(**-H 
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Putting *’=t in the given fraction, it becomes 

(t+£*X<+*») 

(< + «*)(<+<?) 



_ / (<) 

(‘+c‘Xt+d t j 


i+._r _ i+ -5_ 
t-t-c* t+d‘ 


(<+i > X£+*_!) 

(<+c’X<+>) 


Now A and B are found as in Q. 17 and 18 and still be 


■** d | i A\ 


and B J£r*W!=*!l 
(c a - d') 



CHAPTER II 


CONTINUED FRACTIONS 


§ 1. Definitions—An* expression of the form 



fl i+— 

a a+ 

% + 



in which each b is the numerator of a fraqtion whose deno* 
initiator is all that follows that particular b , is called a 
continued fraction. 


The continued fraction is more briefly written as 
a,+ A A. 

a 4 + 

(b) Simple continued fraction— 

An expresoion of the form 




u 9 +- r 

fl * + ^ 


i.e. when all the b *s are unity and every a is a -five, integer 
except that a x may be zero is called a simple continued 
fraction. 

(c) Terminating and non terminating, C F. 

If the number of o’s in the C%F. be finite then it is 
called terminating C. F. and if the number of a’s is infi¬ 
nite then’it is called non-terminating G. F. 
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(d) Partial and Complete Quotients— 

*'*■'■ - ntm-mm, 1-T-rfcli ** ■**’■-* -*•' 0I ^' 

Partial Quotient. 

In a simple continued fraction to which we shall confine 

this chapter, each of the numbers, a l9 a a . a 3 . a H are called 

partial quotients. Thus a x is first partial quotient, a % is 
second partial quotient, and so on. 

Complete Quotient. 

a,i plus all that follows it in the simple continued 
fraction is called the nth complete quotient. Thus in 
the continued fraction 


fl x + - 


- r 

—- 


=*i (say) 


The first complete quotient is the fraction itself 
The second complete quotient is a a -J- 

• I * 

“ 3+ ~a~ 

The third complete quotient is « 3 + an d so on 
From above we find that 

*i= B i+r 


■vK- 


i.e. x n —en-J“ 




where x H stands for nth complete quotient. 

Note—We will always in future mean by “quotient” as 
‘Partial quotilpt’. 

§ 2. Convergents to a continued fraction. 

The fraction obtained by keeping only the first, the first 
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two, the first three.partial quotients are called the first, 

second, third,.convergent to the continued fraction. The 

nth convergent is denoted by 

q» 

Thus in the simple continued fraction 




a 9 

* 3 + 


*4 +- 




/ /» 

* 1st convergent— 

q x 1 1 


2 nd convergent =^=0.4-— 

q t d 2 

3rd convergent= — a. 4—-— = 

q * _ ,1 +1 






§ 3. To convert a given fraction into a continued 
fraction. 

Let m}n be the given fraction, divide m by n, let a x be 
the quotient and p the remainder, then 


_L P - a ,+ -L 


■=«i+- 

n n 


Again divide n by p and let a % be the quotient and q the 

remainder, then — = a.4- a *4- 4- 

p P Pig 

Divide p by q and let a a be the quotient and r the 
remainder £~— «- + —= r and so on. 

q q ql r 
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Thus - 


a x + - 

fl a +- 


fl a+ 


4 *. 


In case m is less than n, then 1st quotient is zero and 

put —0+ and proceed ds before. 

m 

It will be observed that the* above process is the 
same as that of finding the G. C. M. of m and n. 

Ex. 1 (a) Convert is into a cbntinued fraction and 
find the successive convergents. 

Find the G. C. M. of 28 and 23 

23) 28 (1 
23 

5 ) 23 (4 

20 

3) 5 (1 
3 

2 ) 3 (1 

2 

1 ) 2 (2 
2 


The respective quotients are 1, 4,1, 1, 2 
C. F. is 1+-- 
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1 




£i-=i+-—=H 

4+ - 1 , - 

1 + T— 


P,__ 

(7e 


= 1 


■ 1 — 
4 




Note :—The usual arithmetical process of evaluating a 
terminating continued fraction is to simplify the fraction 
step by step from the bottom to the top. 

Ex. 1 (b) Convert “A 3 ® into a continued fraction. 

A l 1 1 1 1 1 ‘ f qca\ 

Ans * 2+ 1+ 2+ 2-f* 1-f 3" (Agra 1950) 

*Ex. 2. Convert V(13) * cto a continued fraction. 

While converting irrational numbers into continued 
fraction the method of § 2 is not applicable. We always 
take the greatest integer the number contains and 
proceed as shown below. 

' (0 VO3) is greater than 3 and less than 4, and hence 
tile greatest integer next less than Y(13) is 3. 

J V(13)=3+rv(13)-3] 

=3+—-i— 8 +~vnJ+r- (No,e > 

f V(13)-3] 13-9 

-3, 1 

+ V(13)+3 
4 

•Successive oonvergents will be found more easily after 
reading art. 4. Note carefully the method of Example 2. 
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(ii) Again the greatest integer next less than 

. an d hence 

4 

v<I:, >+ 3 =i+Y<I 3 >- 1 =i+ _.A 

4 4 4 


V(13)-l 


= 14 . ; 


Vi = 1 4 


4[V(13)+1] ~ * 4[y(13)4l] 
13 — 1 " ]2 


^ 1 + V(13)±1 . (A) 

3 


(iii) Again the greatest integer next less than — * 


is 1 


VO3H- 1_ =1 + V( 13)-2 = j + X 

3 3 3 

V(13~2 


1 + 




3[V tl3)-f2 j ’ V(13)+2 

i3 - 4 


(iv) Again has greatest integer 1 in it. 


yo|izi^ 1+ —1 


1 +. 


1 


3|V(13)41) 
V(13)-l ‘ 13^1 ' 


—1+ 


V(13HT 
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(v) Again has got the greatest integer as 1 

4 

. V(13)+l _ ! | V(13)—3 . 1 _ 

4 4 *4 

VO“3)-3 


4[V(13)+3] 

13—9 


V(13)+3" 

1 


(vi) y(13)+3 has got the greatest integer 6. 
V(13)-t3 6+V(13)-3=6+-| - 


=64' 


VU3H3 

13-9 


V(13)-3 

= 6 + 1 
V(U)4-3 

4 


Again proceed as in A for and after the 


same 


number of operations you will again arrive at B and the 
process will continue to infinity. 

v(i3)-=3+ 1 ^ l q_ ^ 1+ 6+ q; 1+ 14 _ 

X X / + 4 ...CO 

where X X represents the beginning and the end of the 
cycle of partial quotients. 

Ex. 3. Expreta (V34-2) as a simple continued 
“fraction. 

(i) Now (V34-2) is greater than 3 and less than 4 and 
hence the greatest integer next less than (V34-2) is 3. 

V3+2-3+V3-l=3+ ~~ 

V3--1 
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■3+ 


V3+1' 


=3+ 


3-1 


V 3+. 1 

2 


V3+1 

(ii) Again the integer next less than ■¥-=— is 1 . 

V3+1 


because V3+1 > 2 


• • 


> 1 


4_..(A) 

V3-1 

— ]l_^_sssl-L - ^_. 

?LVi±i) W3+1 . 

3 — 1 

(iii) Again the integer next less than V34-l=2 

1 


V3+1—2+\/3—1=2+ 


' 2+ v3 + r 2+ vfa' 


i 

V3-1 


.(B) 


3-1 


i 


Again we arrive at which we have already express* 

ed above in A. Hence from this place the cycle of partial 
quotients will occur. 

V3+2=3+ 1 ~ gqp jqp 2+. 00 

X X 

where X X represents the beginning and end of the 
cycl^ of partial quotients. 

*§ 4. Establish the law of formation of suecessire 
conv&rgents of simple continued fractions (Proof), 

(Agra m2, 34,34,44) 
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Let the continued fraction be 




then a* in § 2. P. 46 & =A-, A ==i>?s±} 

9x 1 ?« «. 


?a W 8+1 

From above we find that the numerator of 3rd conver¬ 
gent is formed by multiplying the 3rd quotient with 
the numerator of 2nd convergent and adding to it the 

numerator of first convergent. The denominator of the 

« 

3rd convergent is formed in a similar way by multiplying 
the 3rd quotient with the denominator of 2nd convergent 
and adding to it tfie denominator of 1st Convergent. Sup¬ 
pose that the successive convergents are formed in a 
similar way. 

Assuming that the above law of foimation holds for nth 


_1 

«4 + 


.(A) 


convergent then — =-”^ n _a_ n 

Pn~QnP *—a i — a.(1) 

where p n and q n stand for numerator and denominator of nth 
convergent respectively and so on. 

[It will be seen that convergents are in their lowest 
terms (Prop. 2 Page 56).] 

Now A=„4---- -i- 

/f * 1 /* I- rv _L 


qn 




1 .f.(1) 

Oft 


£±- i =a 1 +~ 

=tfi+ ^T 




fl a+ 


1_ 

<*»+ 


J 

a n + l 


0f» + 


1 


( 2 ) 


fl »+i 


Comparing 1 and 2 we find that differs* ’from 

0»+i 
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~ only in having 
instead of a n . 


for its last quotient 


Hence if in A instead of a n we put a n -f 


we 


fl »+1 

get (n-j-l)th convergent in place of nth convergent. 

j. i+^h-A 

• A»+i_ j i' _ 


Will 


'n+1 

</»+ 




from (1) 


__ ( a» + p n + 1 Pn —2 

(fl» fln + x+1) t + a « + i <7»~a 

P n —i 4* pn— a) 4-ftrt—i 
?n—i a)4~?n~i 

and by our assumption, 

fln-H p n’J'Pn —% 

fl n+i 

If we put /> n+1 =a n + 1 pnA-pn-i 

Qn + i j 

We find that the numerator and denominator of the 
(n+l)th convergent follows the same law which was supposed 
to hold in the case of nth. But we have already seen that 
the law holds for third convergent, hence it holds for fourth 
and so on. Therefore it holds universally :— 

Remember 

*Pn= s <*n Pr~~~i ~f" Pn* m ’% °r p n ~pn— % ~ &n A»—i - 
?*Qn*= a n ?»—l+tfn— a or a ~^i» Qn—x 


Efc. 1. Prove that 

^ ttf-'X 1 


— ( Vnt* 

Pn A P*+\' \ Hit 

L. H -» 

Pn P»+ t 


lYi _?•=>) 
A }«+,y 
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—. *»+*Pn +1 fln-fx pn _ 

Pn Pn+r " +1 * +a 
Similarly R. H. S. may also be proved to be equal to 

a »+i ®n+a 

♦Ex. 2. In the continued fraction a. + -ip -ip- -V ... 

* 8 + «4 + 

prove that 

(Agfa 1932, 47, 53, Lucknow 1943, Annamalai 50) 

1 \ 

.< 2 . 


Pn _ , 1 

=21*4- 


Pn—x 


and 


2*n-~ i“F* 21*—a 4" 

1 


l 


• I 


J_... 

#»—i fl n—i~b An—a 4* 

rr ,1 1 1 

2*8+ fl 8 + 2I» + 

1’ ?8 «S 

A fl i fl a + - , 1 J 9a 

j-and -=fl a 

A 8 a 


Now 


_A» as a A»—« __ g _ 1 

Pn—\ pn —j 

At-a 

Amin a+A»—a _ , A»- ? _ « ^ 

Again ---— a«-i+:——2Jn-.it -— 

A*—a A»—a pn —a pn— % 

Pn— S 


•“ A* 


*-«.+ 1 


Pn—% 

Pn —8 

Continuing this process we get 

A.,.,, 1 1 

A*-i «•-*+ 


A 


*Bx. 2 is very important and the results should be ccm* 
mi t ted to memory. 
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Similarly 


1_1 

flu—x ' An—a+ fl#+ flx 

*•=«.+ 1 _ 

9*—i fl»»—x+ fl»—a~^“ 

1 1 


-=«»»+ 


X+ A*— 2 + 


1 

1 

’ “i 


§ 5. Properties of convergence. 

^ Pt\»p. 1. If be the nth convergent of the 

efw 

C. F. (Agra 3d, 35,40, 47) 

M- \ - ■ 

■ a * + «^ . 

then prove that pn^n— t —cinp*i~ x =( — I)*. (Proof' 

Nt>te—In the above form the suffixes of p and q differ by 
unity and the p with greater suffix comes first. . 

Expanding those p and q which have greater suffix 


PnQn—i Qnpn~\ (finpn —i P *— 

By § 4 page 51, 

”( —2*7*—i 7*»—*i) 

-( — l)(p»-x?»-a— qn-T'pn-i). Bringing in the standarc 
form i.e. p with greater suffix first. 

Again expanding those p and q which have greater suffix 

=( —1){ (fl»—i Pn—a + A»—a)?*—a ~ (a«— x!7»—s +7*—s^n-g) 

=s ( — l)(p»—a?»—a “ 8 A*—a) 

H-mp — ^n— aPn —#)• Bringing in the standar 

form i.e. ^ with greater suffix first. 

Again expanding those p and q which have greater suffi. 

sss(«- l) a { («»-,/>«—4^*—a ””(Ai'-a7*— )pn-$} 
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*(—- 1 ) {Pn—ifln —3 <7n—4 P *— 

=== (-l) 8 (/ > »-s(?»- 4 ‘“'?n- 3 / , «- 4 )* Bringing in the standard 
form i.e. p with greater suffix first. 

Continuing the process, 

“ 1 “ l) n "* 3 (/? 3 9 a — q a p a ) 

=(-i .0) 

Now Ifli*.- 

9i 1 Q* a it 

. . Px^’O’X't ?1 = 1» 

Substituting above in (i), 

=( - i) w - 2 {(fl 1 fl a +1). i - - a M -1)»- 8 (i) 

=(*—l) n ~ 2 ( —1) 9 =( — l) n . Proved 

Applying above formula, 

^7?e— QiPt—i. — 1) 7 -~ “ 1 

Pxx9i% (Note) 

= ~ ?taAu) = -(~l) ia =-l 

Prop. 5*2. Each convergent is in its lowest terms. 

We know £“=^±1 
9% a % 

and we have ta&n j& a =a 1 o a 4-l, q%~&* in property no. 1. 

But this is possible only when we prove that p a and 
have no common factor, and so on. 

Proof—Let us suppose that p n and q n have a factor K, 
then because of this supposition pnqn^—qnp n —x should 
also have a common factor K, or (—l) n i.e. unity should also 
have a common factor K, which is impossible, and hence 
our supposition is wrong. 

p n and.flWjian have no common factor. 

Heni&HB||p«ft its lowest terms. 

difference between two successive 
convejpM is a fraction whose numerator is unity. 

[ResultJ 
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Now — y *— — ~~ 

*?» 1 Q • 4n—x 

- P". 

?• 1 

Prop. ^4., For any continued fraction. Prove 
P. P.-.=( - 1)— 1 **. [Result] 

Expanding those p and g which have greater suffix 

L. H. S.=(a.p«_ 1 +p«_ t ) 9,^,-(a»S.-i+?»-«)P»- a 
=a„(p»_ t - ?._ 1 p.-,) --«.( - I)"" 1 by Prop. I. 

^Prpp. 5’5. For any continued fraction, prove 


2« _'&-»=( _l)»-r [Result] 

<7»—a <7* ?*—a 

Pn _ — a _ Pw gw—a f i * P*— a * 

?»—a * (In Qn —a 

_ 

=----by prop. 4. 

?»-a 

*ExMl Prove that Pn+a,q»-*'~' ( l»+%P* -!=«»+**• *-i a » 

-H*»+a*f“ a «» 

P»+ a <7n-a”?»+aP»-s on expanding those p and q which 

have greater suffix. 

~(e»+gpi»4.j-j-pa) a (®*+a d n + i ”!“(?*) Pn—a 

“fl*+ a {P* + i ^a-a“"^»»+iP»-tJ+(P» 3»P«—a) 

+(— l) n “ l «n by P r °P- 4 * 

= 0 R + g {fln+i(P»9»- a — ?»P«-aV+ (P»-i?«- a“ -vP»- 

= <!„+,{«„+*( — - 1 )*“'}+( — l) n— 

(Prop. I.) 

^ ( ■“ l) n 

.Pn+a^n-i-a ?»»+aP*—a ” fl »+a fl *4'i 
# Ex. 2. Prove in a similar manner 

(Agra 28, Lucknow 41, AllJRaEfcd 42) 

Pnqn-g -£aP*_ 4 =®(- 
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t 

^iop. 5*6. The odd convergents form a steadily 
increasing sequence of numbers. (Results) 

Consider any two successive odd convergents say 
(2n— l)th and (2n-fl)th 

Now _ Pi n ~~ x —Pa"+i7a*-i 7a w +iPaft~i 

7a"-H 7a*—i 7a*+i7a «—1 

= (ril‘”fs!Ltt by Prop. 4. 

72*+i7b»*9 • 


=—— 2 -_ti— = -j-ive or > 0 
7a*+i7a*-i 


/■ 


• • 


Hence proved. 

7a»+i 7in-x 


N/ 


5*7. The even convergents, form a steadily 
decreasing sequence of numbers. (Result) 

Consider any two successive even convergents say 2«th 
and (2n-f-2)th. 

. P&* +» — Pg*_ Pg*+g7a*"~ 7gw+aPa* 

7g*+a 7a* 7a»7a*+9 

= < ~ . 1 )** . t ! a »»±« by prop. 4. 

7a* 7a*+a 

= —- = — ive or < 0 
7a*7a»+a 


s a 


Pg*+g 

7a»+s 


Hence proved. 


S^Prop. 5*% Every odd convergent is less than every 
even convergent and every even convergent is greater 
than every odd convergent. [Proof and result] 

Pjp+t _ P«"= ?Wi7>»-ggn+iP a* 

7**+i 7a* 7a*7a*+i 

( — iy* +l 

c= -— -by prop. 1= —ive i. e. < 0 

7»*7a*+» 
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.(A) >/ 

9%n+\ 9»n 

But by property No. 7 we know that even convergents 
form a steadily decreasing sequence. 


i. e. — > — > *** 


Pa» J 

Ml M 

9s n 


.(B) 


9% 9i 9a 

Putting a —1 in A, we get ^ <f — 

9a 9% 

Putting n=3 in A, we get ^- 7 < ^,and by B, < < — 

B 5 9i 9a * 3 9a 9s 

Hence by A and B every odd convergent it let s tha n 

** a* r rm» XT MMirinr ■* i^i^j •atvtMtv***”"'"" 1 ''' 

every even convergent that precedes it. 


i.e/-* < *'<P-*'«tc. 


•(C) 


9* 9b 9a 
Again we know by A that 

> /Wi.(A.) (from A) 

But by property No. 6 we know that odd convergents 
form a steadily increasing sequence. 


i.e. & < ti < fl. 


?i ?» 


?» 


._(B0 

?«» + ! 


Putting «=1 in A,, wage/’ > P - and by B,, > Px 

9 a 9a 9x 

Putting n=3 in A. and by B lt >- # > 

* 1 9a 9i 9a 9a 9x 

Hence by A t and B t we prove that every even conver - ^ 
gent is greater than every odd convergent that pr eced es 


i.e. p 3S > Pj > b etc , 
9x0 9 s 9i 


.(C.) 


Now from (C) every odd convergent is less than every 
even convergent that precedes it. 

i. e. t* < P* etc. & from (C.) ttf > & i.e.& < i.e. 9th 
it it 11 itt it it iii 
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convergent is less than both 8th and 10th. Hence we can 
say that every odd convergent is less than every even 
convergent. Arguing as above we can 9 ay that every even 
convergent is greater than every odd convergent. < 

♦Prop. 5*9. The convergents of odd order are each 
less than the whole continued fraction and the con¬ 
vergent a of even order are each greater than the whole 
continued fraction. (Prooi) 


Proof—diet the C. F. 

1 . ’1 


X= tfl + 


1 


then 


a a“t“ fl 3+ *n + i + «b+ 2 + 

P » g + JL ^ .1 

<7»+i 1 ^2+ 


Where a n+1 is the (n+l)th partial iquotient 
and ^ ——-r~,..is (»+l)th complete quotient k. 




We* know 


Pn+i _ fl n+i pn~\~Pn—L 


9*» +1 + i 9*~i 

If in the above we replace the partial quolient a n+l by 

the complete quotient k then shall become X i. e. the 

whole continued fraction. 


• V k pH^Pn— i 

' # *9»+9n-^ 

• y P n k P*~^ ~ P*—i pn 

fjn kqn^rQn —i 9* 
jjp*— 1 9" m ~Q*—iPn 

9»(*9»+9»-i) 

_ ( A» 9» ~i~9»A» -1) 


-five or 


9»(^9»+9»-i) 

” (by pi °p- No - and this » 1 

-ive according as n is odd or even. 
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When n is odd then X —is 4"ive or. > 0. 

Qn 

X > £? or ^- < x 

Qn qn 

which proves that the convergent* of odd order are 

each less than the continued fraction. 

* 

• jj 

When n is even then X —~= — ive or < 0 

qn 

x < £ or & > x 

9 » >}n 

which proves that the convergents of even order are 
each greater than the continued fraction. 

Note—Combining the result of Prop. 9 with those of Prop. 

6 and 7, we get the following :— 

*(a) The convergents of an odd order continually 
increase but are always less than the continued 
fraction (Prop. 6, 9) 

*(b) The convergents of even order continually 
decrease but are always greater than the con¬ 
tinued fraction. (Prop. 7, 9) 

Prop. 5T0. The continued fraction lies between 
the values of any two consecutive convergents. 

(Result) 

Out of the two consecutive convergents, one of them 
must be odd and other even and by prop. 9. 

We know odd convergent < X 
and even convergent > X 
i^a. Odd convergent < X < even convergent, 
sjj Hence proved. 

-vX'^MProp. 511. Each convergent it a closer approxP 

♦Artiole for proof can be pot in the form (a) and (b) given 
above. § 5*11 is important fox proof* 
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mat ion to the value of the continued fraction than the 
preceding convergent. (Agra 1942) 

Just like in prop. 9 if X is the value of C. F. and k is 
the (n-j-l)th complete quotient then 

-. A 

Qn q*(k<ln+qn-x) . 

Qn —i kq n -\ <]n—i q »— x 
k( pnq *—t qnp n — i ) __ ~ l) n 

Qn—i(k(]n~\~qn —j) <?»— i(kQn~\~Qn —i) 

Dividing A by B, we get 


.(B) 


x ~ 

q n _ 9 n —i 

pn —1 fyn 


•(C) 


X- 


9*—j 

Now A;, 5 », are all integers and also 

> flu—! and A > 1 - 11 is numerically less than 

unity because denominator is > numerator. 

X—^ is numerically less than X-^ n — 1 

Q* Qn —i 

p 

In other words — differs from X by less than as much 
as —differs from X. 

• Qn~ r 

Hence nth convergent is nearer in value to the 
whole continued fraction than the preceding (n—l)th 
convergent. 

^ ’ *Prop. 5-12. To find the limits to error made in 
Muiog any convergent for the* continued fraction. 
y (Proof) 

Let ^ be • the nth convergent and X the value of the 

continued fraction then the numerical error in taking 

; § 5-12 is vary important for proof. Any of its result A, B, 

C, D or E can be asked. 
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^instead of X is 
9n q» 


denotes both X—— and ——X i 

1 ?n q n q» ) 


Let 

jt 


_ 1 _ 

fl 3 + 


1111 
- -MMM j— ' j - 

H + a »+ fl»+jT <*n+ a T 


Pn+ t __ , 1_ 1 1 1 

?»+a fl a+ <*a+ fl »+i a »+a 


-. a n+‘ £ pn + i+ />n 
<*»+atf»+i + 0n 

Let £=(n-f-2)th complete quotient 


®tt+8 


fl »+3 + 


r 

fl »+4 + 


If in (n-f-2)th convergent we put instead of partial 
quotient (<j n+a ), the complete quotient k , then it becomes the 
continued fraction itself. 

• v -I -pn 

- X -kq n+1 +q n 
The error is 

Xm^PjfsSS + 1 

qn tyn+x+qn qn 

^ k(p n ^qn^qn+iPn) __ k _ 

qnikqn+x+qn) Qn(kq n + t +q m ) 

by Prop. I. 

Error =—-—-—r-r-—(A) 

?n^?n+1+ jj?) 

Rough lower limit. 1st form. 

Now k > 1 .*• ^7 < qn 4*{qn+t’$ m 
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we get 


Taking reciprocal and changing the sign of inequality, 

1 . _1 




and by A, error is > - . 1 , . 

which gives the lower limit to the error 
Second form for lower limit. 


(B) 


We know that q n ^r* +1 

+?»)*< <in+x{qn+ x +qn+ x ) he. < 2(^* +1 ) a 
. 1 1 
9»(?.+ t+ff») >- 2 (?.+J 

From B error is > ——. > r,r —,a 

q*{q»+L~b q») 2,(q*+ x ) 

which may be taken aa the rough lower limit. 
Rough upper limit—1st form. 


Again ~-=-Hve i.e. > 0 

Taking reciprocal and changing tbe sign of inequality. 

1 .< _L_. 

■0-‘+*) ? " (9s+i) 

by A ’ error is < 55^T)'. c 

which gives the upper limit to the error. 

Second form for upper limit. 

But q*- x = -five > 0 . 

x) > q*(fl%+ x q n ) 

Taking reciprocal and changing the sign of inequality 
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1 . 1 _ < 1 

Hence from (C) error is less than - —.(D) 

Qn a n+\ 

This can he taken as the rough upper limit and 
this error is small when a n+1 is large and hence nth conver¬ 
gent will be very closely approximating to X : Therefore 
if any of the quotients is v,ery large the convergent 
just preceding it gives a fairly close approximation 
to the continued fraction. (Remember) 

Third form for upper limit. 

Again from D we find that the error is less than 




Now fl n +i is (n-f-l)th partial quotient and hence is -five 
and must be integer which is either equal or greater than 1. 

*n+i ^ 1 


dn*Qn+i ^ <5f» 2 


Taking reciprocal and changing the sign of inequality 
we get 


1 , 1 _ 

Hence from D error is less than 


9n 


.(E) 


This can be taken as the rough upper limit. 

^ *Ex. 1. Find a series of fractions approximating to t 
K> and find that fraction which represents e very closely 
<?= 2 * 71828 . 

Now .-2-71IB8-gg 

Converting this into a continued fraction by the method 
of finding G. C. M. we find that the quotients are 
2,1, 2,1,1, 4,1,1, 6,10,1, 1, 2 
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r F -24- 1 JL 1 J_ 1 JL L 
2+ 1+ 1+ 4+ 1+ 1 + 

11111 

6 + 10 + 1 + 1 + 2 +. 


The successive convergents are 


?i 1 ’ 

Similarly 


J ?$_2 I JL=JL / l 3- <, a/ > a+/ > i 
9* 1 ?# 

A, = U A»_19 A_87 
Si 4 ’ } 5 7 ’ ?« 32 


2 J 3+2 == 8 
2 .T +1 3' 


/),_106 1 £,^1264 ^ l0 _ 12833 

9~ 39 ’ 9, 71 ’ 9 , 465 ’ 9l ,' 4721 

Now by prop. (II) we know that each convergent is a 
closer approximation to the value of C.*F. than the preced¬ 
ing one. 

Hence all these convergents form a series of fractions 
approximating to e. 

Again by property 12. D we find that the convergent 
which preceds the large quotient 10 is a very near approxi- 
* mation, the error being less than 


—=-. Now 10 being 10th quotient 

fit • <*»+i 

• m 9th convergent i.e. VsV I s a closer approximation to C F. 
The error is < ( 465 x 465 ) 410 ) 

*Ex. 2. Find a aeries of fractions approximating to 


3*14159 

In the process of finding the G. C. M. of 314159 and 
100000 the successive quotients are 3, 7, 15,1, 25,1, 7, 4. 

JL_1_ JL JL 1 JL JL 

7+ 15+ 1+ 25+ 1+ 7+ 4+ 


C. F. is 3-f 
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Successive convergents are 

Px 3 P 2 q i } 2 J^s __ fl a/ > 3 +& _ 333 

?x = i • £ + 7 7 ’ * 106 


A == « S P.+P, = 3S5 

«. «*?,+?, H3 

All these convergents by^prop. ( 11 ) approximate to 

3.14159 

Again by prop. 12. D. the convergent which precedes the 
large quotient 25 is a very hear approximation to 3.14159 

1 1 

and the error is less than- s i e. < --- tvToC* 

fln+i0i» 25.(113)* 


< 25~(lt)0)a as we ^* < ‘0W004 

*§ ^ ( a ) If we are given two +ive integers A and 
B Prime to one another, we can always find two 
others, P and Q such that QA — PB — ± 1. 


Express - as a simple continued fraction whose 

A p 

quotients are say n , then = i. e. p n — A and 0 n ~B. 
p 

and let yr the last but one he. (n—l)th convergent, 
v • 


1 i. e. p n ^=? and ^ f »_ 1 ==Q. 

V I 

then QA - —gnp n ^ =(—1)*-~ ± 1 by prop. I. 

(b) Similarly if we are given polynomials A and B 
having no common factor we can find two other 
polynomials, P and Q such that QA — PB —1. 

*Ex. 1. Find two +iw integera P and Q such that 

37Pr-43Q-±l 

Let A=43 and B-37 
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Express- |f into C. F. by finding H. C. F. and we get 

A. 1 +.L 1 

. B 1+ 6+ 6 

P 

Let -Q- be the last but one convergent= —« 

/. P=7, Q=6 .\ QA~PB=6.43~7.37=±1 
*Ex. 2. Find two polynomials P and Q such that 

If A=3 x s 4-4**-3*+7 

and B=x 2 -|-2x—1 tben QA —PB=1 
A 1 

Express -g- as a continued fraction which is 

1 1 


3x —2-f - 


f x L 6 \ , f 64 8 U\ 

,T + T6)+ C“3l*-3iJ 


P' 


1 


The last but one convergent -# = 3x —2 + 

V x . 3 

4 + 16 

__ T* ,+ R , + T 

T* + f 6 

Let and Q'^ix+A 

AQ' -BP'»(3* s +4**-3*+7)(i *+1) 


-(*>+2*-i)(-|-**+iV+4 )-X 


5I A Q'-l-fBP'=l 


But QA - PB=1 given Comparing we get 

/> 16 n , 16/ x , 3 \ 4x-f-3 

Q= n Q = 3i( 5 + 7eh 


31 
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P.. 16p-16 ( 3 1 5 \ 12*«+*+10 

3l 31\ 4 * ' 16* ‘ 8 / 31 

§ 7. Recurring Continued Fraction. 

If in an infinite continued fraction, a fixed number of 
quotients are, after some stage, repeated again and again, the 
fraction is known as a recurring continued fraction. The 
following are recurring C. F. 

i i i i 

1+ l+ 3+ 1-M+." 

.1111, 

a i r I ~ i it co 

o+ a 4- b+ a+ 


A simple example of a recurring continued fraction is 

. 1 1 i ’ /AV 

a- f---- - , "v .00.(A) 

a-h «+■ a4- 


in which the quotient a i9 repeated again and again. 

If x be the value of the continued fraction A, then 

,1 

x—— 
x 

or x*~ ax-1=0 

V( flS +4)} always taking the 

4-ive sign. 

,Ex. 1. If x=a-f i~r ~r rr . 00 

4 V> ' *H- «+ b+ 

! and^--=^4~p ^qp —p.oo, then bx~ay 

Now x=fl-f-~ or xjr=qy+ A) 


Also y=b -\— or xy~bx+ 1. 

X 


qy+1—fcx+1 or from (A) and (B) 

*Ex. 2. Evaluate X= =4+^ — ^ ^ ^ 


.oo 
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where x X represents the beginning and the end of the cycle 
of partial quotients. 

1 


where 


X-4+ 

y 




or 




7+y 

}_ JL JL JL 1 

1+ 2-f- 3-j~ l*f- 2-f- 3+ 

X X 

JL L. H. 

1 + 2+ 3+.y 

.1 _ 1 _ 7 + 2 ^ 

3+> iO+3> 


H 


l-f- 


2H-- 

71 3+j> 


7+2? 


3/+8>-7=0 or y*= — +^fo 7 ) 

We have rejected the negative sign as it will make the 
value of y — ive which is not possible. 

- • X-4+- 1 41 3 


• m 


V(37)-4“ 4+ V(37)+17 


7+--“ 

J 

_71 +4V(37) 

17+V(37) 

71+4V(37) 17-V(37)_1059- 3V(37) 
17+V(37) ’ 17-V(37) 252 ' 

*E*. 2. (b) Evaluate X=l+2 *- + ~ 2.. 

(Agra 1946) 

An8 . -2+^(15) 

§ 8, General Continued Fraction. 

For the continued fraction, 


«i+ 


b a b a b A 

«*+ %+ fl 4+ 


AH* 8 and&x. 1 may be omitted. 
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The successive convergents are defined to be 

■ ^ Q ba 

®1» %l~'» &x 'T j~ .. 

The law of formation of successive convergents is 
pn—Qnpn- 1 +bnpn—a Putting fc=*l we get the law 

<]„ a n q n ^-\-b n q n - % of formation, for simple 

continued fraction. 

Sometimes it will be convenient to proceed from first 
principles. 

Ex. 1. Find the nth convergent to 

111*1. 

2 - 2 — 2 - 2 ! —. 

/* 3t= _L «, ? 

q 1 . 2 ’ </ a 2-i 3 

p 3 _ l ^ 1 _ 3 
?„ 9 _ 1 2-3 4 

2-1 

F rom above it is clear that - = 

?* b+1 

Again —- l —--- .(n+1) quotients 

7n+i *» — 

1 / 1 1 1 \ 

~2—V2 — 2 - 2 ~ ." quotients ) 

1 

2 - 7 * 2 _A» 

^ 1 _n+l 

9 »» n+2 

«+l 

Hence the above formula is general. 

EXERCISE 2 
1. Prove the following 
, x 2345„ f, , 1 jL 3 11 

W 1234 L + l+ 9 + 30 1- 1+ 3 
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(b) *3029= 


rjL J_ JL iu 


w 


L.3-4 3-4 3*4* 6+ 1-4 2-f 1-4 10 a 

(c) 31^=F31 + 1 -Li- I A_L A_ 

L 1+1+ i+i+ i+ 1 + i+ 

i i i i i 


il 


(d) 


2 . 


427 

2166 




j 


3-4 13-4 1*4“ 3+ 2-f* 3 
Prove the following :— 

1 _L J_ JL L, 

1 “4” 10 *4* 1 -j- 2 -j - 1 *4* 10 *4* 




•] 


X 


i 

Proceed as in Ex. ‘2 page 48. 


(b) 


V7— 


1_ JL _1 J_ 

1+ 1+ 1+ 4*4* 1+ 1 + 

X * J_. 

4+ 


*(c) V(i0)*[3+gq 


6*4- 

x 


(d) 

*(e) 

(0 

3^») 


1_ 

i+ 

.] 

-] 

(Agra 1949) 

i.] 

j (Agra 1944) 

. ] 

(Nagpur 1933) 
Express V(a 3 -f 1) as a continued fraction 

(I. C. S. 1941) 

1 1 1 J 


V(12)=[3+ip 

V2 =[i+4 


V(14) ; 


1_ 

6+ 

X 

1 

6-4 

1 

2 + 

1 

2-4 

x 


1 

6-4* 

J 

2 + 

1 

2 +' 

1 

1-4 

X 


[ 


a+i 


2 a + 2a-f* 2s-4 

(b) Express as a continued fraction 

1+3V5 


Ana. 
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(i) 3 being the integer next less than 

• l+3\'5_ a , 3V5-5 

• • 2 ^ ' 2 


3+ 


_ 2 _ 
3V5-5 


= 3+ 


2(3\/5+5) 

45-25 


= 34 -?. 


.(A) 


3V5+5 
10 

(ii) Again 1 being the integer next le»9 than — 

. 3V3+3_i i_3V5—5_i f 1 

10 10 T lb 

3 VS -5 

==1+ TW5T5i =1+ 3Vl+5. (B) 

45-25 2 

(iii) Again 5 being the integer next less than 


. 3V5+5_c , 3V5- 5 

• • '— 2 -—2 — 

=S+— 2 - - “ 5 +2(3V5+5) 
3V5 - 5 45-25 

=5+ 3\/5+5 

10 


And now we arrive at A. 
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l-|“3V5 _o . 1_1_ 1 1 

2 ‘ P l+5+l+5+* 


X X 

where x X represents the beginning and the end of the 
cycle of partial quotients. 

(c) Cxpreas as continued fraction Z- 

x a - 2x+3 


r 2 *+ 

i 


( 4 + 16 


£)+( 


-64 


48N1 ( ' AnS ''* 


81* 81 ) j 


*(d) Find the 3rd convergent of 


[ 


(Sagar 1948) 


(#*—!)-+- 


(»+!)+ (n —1)-|- (n+l)J 


Pa = n * n*-f 1 
9a «* 


(e) Find the 3rd convergent of 
v 3 fl 4 +6a 8 -f.l4i a 4-15a-f7 


[ 


J_1_ ^ 1 1 “] 

a+ (a+l)+ (fl+2)+ (a+3)J 

Pa a 8 -f~3a-|-3 
9a a 8 4-3a*+4a-i-2 


_ x a -f-x+l . 

4. (a) Express — «■ a simple continued frac¬ 

tion and find P and Q two polynomials such that 
Q(x a +x+l)-P(* a +l)=-l. 

Proceed as in Ex 2 page 68 

£c. F.ia 1+^ ~-J,Q=xand P=x+1 
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*(b) Given that A=2x 8 —4x*+2* —3 

B=x a -2x+3 


Find two polynomials p and Q such that 

AQ-PB=1 

C. F. is found in Q. 3 (c) for P and Q proceed as in Ex. 
Page 68. 


Q==— 81 — ^ 


„ 16+22*-8** 
V ~ 81 


2 


♦(c) Express |J| as a continued fraction and find 
the least values of P and Q such that 

396P - 763Q = 12 (Agra 1940) 

Finding H. C. F. of 763 and 39.6 the successive quotients 
are found out h) be 


1,1,12, 1,1,1, 9. 


r* t • i t 

•* L ' **• “ l+ l+ 12+ T+ 1+ 1+ ~9 
P i_ _1_ P a ii 1 _ 2 P* _ fla ftg +A 25 

1 * 1 1 9s ®8?a+?i ^ 

PaJH $_ s= 52 £, = 79 
q t 14 ’ }, 27 ’ q, 41 


P. 79 P' 

The last but one convergent 




Q' 


396 P'—763 • Q'=396(79) — 763(41)=1 

and 396P -763Q=12 

Conparing -^=f f = 


12 


.% P=J2x79=948, Q= 12x41=492 

*(d) Express Vs 1 aS a Bimpie contiuued fraction 
with an odd number of quotients and hence find the 
least value of x and y which satisfy the equation 
68x-157y=l (Agra 1954) 

*5 (a) Find a series of fractions converging to 
*24226, the excess in days of the true tropical yea? 
over 365 days. 
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Find successive eonvergents to AWA which by prop. 11 
is the required series of fractions. 

*(b) A kilometer is very nearly equal to *6213$ 
miles, show that the fraction 

5 18 23 64 

IT ’ 29 ’ 37 ’ 103 afe ® UCCC88 * VC eonvergents 

approximating to the ratio of a kilometer to a mile and 
show that 23 miles are nearly equal to 37 kilometers. 

Find successive eonvergents to ■== 62138^ 

6 mile 100000 

of which is §f and by prop. 11 this convergent is nearly 
equal to fraction itself. 

37 kilometers—23 miles. 

(a) A meter is 39*37079 inches show by the theory 
of continued fraction that 32 meters is nearly equal 
to 35 yds. 

, 4 3937079. , 3937079 , 

1 meter- 100000 Irenes - 3600(j00 yds- 

a 35 

Proceeding as in (b) —Hence 32 meters^ 35 yds. 

*(d) Two scale pans of equal length are divided 
into 162 and 209 equal parts respectively. Show that 
If their zero points be coincident, the 31st division of 
first nearly coincides with 40th division of the other. 

(Nagpur 1950) 

Since the scale pans are of equal length and their zero 
points coincident. « 

162 parts of 1st scale—209 parts of the other 

Or One part of 1st scale = parts of the other 

Now fourth convergent of is found ont to be £} 
which by prop. 11 is approximately equal to fraction itself! 

♦(e) A lunar month consists of 29*53 days and a 
tropical year of 365*24 days. Show by forming 
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successive convergents that therte are nearly 99 lunar 
months ia 8 tropical years or 235 lunar months in 
19 tropical years. (Agra 1934, Rajputana 1953) 


1. Tropical year 365. 2 days _ 36524 
1.lunar month 29.53 days >2953 


= 12 +, 


2+ 1-f* 2+ ,24- 


The successive convergents are 

10 25 37 99 235 4 

12 > '2 ’ 2 ’ 8 ’ 19 e, °' 


6. Show by the theory of continued fractions. 


(a) That differs from 1.41421 by a quantity 


less than 


1 

11830 


Convert 1*41421 into C. F. and we find that 


V% 99 . p 7 239 , , 10 

—= nn and ---tvo and by prop. 12 c. error Is les 9 

q 9 70 q 1 169 

than —-— 

9n?n +1 

(b) Find the limits to error in taking fffyds. 
as equivalent to a meter, given that a meter is equal 
to 1*0936 yds. 


1*0936= 


10936 

10000 * 


Finding H. C. F. the simple continued 


fraction is found out to be 

i+JL \! _L 1 

^10+ 1+ 2+ 6 

and successive convergents are 

11 12 35 222 1367 
’ 10’ 11’ 32* 203’ 1250 

Now if we take }§} as equivalent to a meter than by 
prop. 12 B error is greater than 
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or > ; 


and from 12. D and E error is 


1 

2 ($»+*)* 


i or < 




a error is > 


1 


2 ( 12501 * < ( 203 )* 

*(c) Find good approximation to the ratio of 
circumference of a circle to that of its diameter. 
Given that w=3 1416. 

Proceed as in solved example Page 67 and § is a 
good approximation, fhe error by 12 D is less than ^^/ ^92 

Circumference of a circle == 2air. 

(d) Find an approximation to 

i+i I 1 1 J_. 

3 + 5 + 74 - 9 + 19 + 

Which differs from the true value by leas than 
*0601. 

Chose 88 an approximation which by prop. 

1 


12 E gives error < lj i- e. < < {m) . 


or < *0001 


(e) Express y(ll) into a simple continued fraction 
and show that the error in taking fourth convergent 
equivalent to V(ll) is less than *00005. 

VOD-s+jL £ 3L gL. 

X X 

u «> 

By prop. 12*D error is less than 


• • 
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i. e. < 


6(60)“ 


or 


< 21600 
< 20000 


< -00005 


*7. If it the nth convergent of the continued 

fraction ~—\ .show that 

a I* at 

(a) Pn -\rPn+i* = Pn-iPn+i+P»Pn+* (Agra 1950) 

(b) Pn^qn-x ( Ra i* 1951 » Agra 50, 43, Sagar 37, 50) 

(c) qn^apn+Pn-x (Luck. 43 Supp.) 

From (a) we get p« +l (p»+ l -p#- t )=Pn(p»M- 9 -P») 

Now all the quotients in the given continued fraction are 

equal to a i.e. a w+l =fl n+9 ==a. 

or p n +*(*»+ x prf)=p»(fl*+ a P»»+t) 

p»+,(fl Pn)=Pn(fl Pn+i) which is true. 

(b) p n = g«~x.(B) 

Pi„_l P a „ 1 „ * ^=="*±1 

a ’ 7 t «•+!’ 7a «*+2a 

‘ a 

From above we find tbat p^—iP+l^qi 

Ps-«-0x 

i.e. when n=2, 3, 4 and so on then (B) holds. Let us assume 
that it holds. For «=», i.e. pn=qn~ x 

Now P»+ X »fl p n 4"Pn-i«fl7n-i-l-7«-9 (by assumption) 

—qn 

V « can be regarded as a n 
Hence we find that (B) holds for hsb»i+L 
It is universally true. 

( c ) qn—&pn Pn—\ 

By (B) and pn- x =q»-t 

“Pn +£*—1=«?« -l+?»-. “ ?« 

7 a can be regarded as a n > 

Questions from 7 to 17 are all ve*y important and Should 
be done thoroughly. 
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Hence proved. 


*8. If ^ is the nth convergent to the continued 

q« 

fraction rn—~ r— —r.show that 

54* <*+ fl + 

( a ) (1) Ptn+t^bqgn+pB* *nd qg n +i=(ab+l)q gn +ap 2 n 

(Luck. 40. Agra 48 Supp.) 

&)q*n=pgn+i and bqgn-i^Opm 

(Allahabad 38, 40, 50, Agta 45. Raj. 49, 52) 

(1) We observe fron? the given continued fraction that 
all odd quotients are equal to a and all even quotients are 
equal to b. 

1 1 i 1 0 

.2n quotients 

1111 

».(2n-{-2) quotients 


Pin. 

qgn 
Pgn+a . 
Qsn+g 


i*f fl*j" 5+ 

_ _i _Lf_L JL 

Jj;_ }_ ( 

b+Kq^n/ 

1 1 


2n quotients^ 


*4 


b+#& 

qgn 


fl+ 


qgn 


__ ^qgnj-Pgn 


bqgn~\~Pgn 
— bq 2 n+pgn 


»4“^»)4-?i» (ab+tygn+aPgn 
By property no. 2 each convergent is in its lowest term 

pgn+g~bqgn+pg» an d 9$»+ a —(<^ 4" tyqgn 4 *<*Pgn 

which proves (1) 

(2) Now pgn+t—pgn^bqm from (1) 

Ot a in+apgn+i~hPgn—P*n= bq sn 

' or bpgn+i^bqtn V **»+*=even quotient«5 
' A ?k»+i c= 5»--(B), which proves (2) 
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Again expanding relation B and remembering that odd 
quotients are a and even are b we gel 

a Pzn +Pan—i = i+fan—a 

Putting n=r-n — 1 in B we get p in ^^q in ^ 

op a n~ bq^n—i Hence proved. 

' *(*>) Prove that p» +fl -(ab+2)p II 4'p»-a= s D 
(Rangoon 19 3 7, Andhra 1 938, Agra 1941, 5 1» 
Lucknow 1952, Benaraa 1948\ 
and q»»+ a — (a b- 4 - 2 )^«-{-?»— 2 =0 
Now ^*+ 2 =d»+ a p»+ 1 -i-/>i* 

— a n + a( fl n+j pn i ]M" P 1 * 

— (<*»+a<*»+1+1 )^»++a^»—i 

From the given continued fraction we can say that 
^n+2 " == ^»‘ 

r ‘ 1st, 3rd, 5th, and so on partial quotients are equaH 
Land 2nd, 4th, 6th, and so on partial quotients are equal J 

=(fl n + 2 Un+1 +1 )Pn + a nPn— x 
=(fl n +x +1 )pn + Pn—^ii—a 

[V Pn = a n p n -. x +pn- 2 J 

== (<3n+a^«+, +2)/>« 3 

Now a„+ a . a n+l being the product of two consecutive 
quotients must be equal to ab because the convergents are 
alternately equal to a and b. 

/. Pn+ a =(ab+2)p n ~ p„- a 
Or p«+ a -(tf6-f2)p n -f^#- a =0 
Simila rly we can prove the second part > 

j f 8 (c) If is the nth convergent of the continued 

v J -• 9* 

fraction. 

a -L .-p roT * that ,9m ) * 

^-(ai+2lP*_,+^._4»0 
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Proceed as above. Star! 

with^,,. , 


>^9* If be the nth convergent of 

J _ 1_ __1_ _1_ J_ 

«4- b-\- c+ a-f- 

X X 


1_ 

*Hh 




Showthat p 3 n+ 3 —bp 3 ^+(bc+l)q 3n 

^ n+a = .(3 «iH 3) quotients 

g.in+ 3 a+ b+ , c+ 


Ain — I _ 

Qsn a+ 

1 

b+ 

1 

1 ,M 
c+ 

a 

• P$A+ 3 _ 

1 

1 

1/1 1 1 

?sn+3 

a+ 

b+ 

c*4* b-\- c 




.3/» quotients 

I 

1 

] 

(p>*\ 

a+ 

* + 

c+ 


1 


] 

__ 1 1 

a-f* 

*+- 

i 

t+A» . 

fl + _ 

c qin J rpan 



q»n 



1 


(bc-\-l)q an -\-bp an 


. ,_ cq^n+Pan (ale +a-f c)g sn +{ab +1 )p aH 

^(bc+lfan+bpsn 

Again by prop. 2 the convergents are in their lowest 
terms. 

Pan+a=(bc+\)q s n+bp sn 

• li a ¥i . M P R 

*10. If N » ~q, §- are the nth, (n-l)th, and 
Kn-2)*h convergents to the continued fractions. 
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11 11 
a *+ *a + a s + 


and — . .respectively 

«S+ *4 + 

show that M=< 2 2 P-fR N==(a l fl a +l)P+fl 1 R 

(Alld. 36) 

M 

being the nth convergent’of the first C. F. 


JL 1 _J_ 

a \ 4~ <*3 4* ®l» 


p 

Q 


being the (n — l)th convergent ,of the second C. F. 


1 1 1 


a «“}“ a »~h a » 


g being the (« — 2)th convergent of the third C. F. 

Ill 

- -_ — 

<*3 4 * <* 4 + °n 

M_ 1 P __ 1 Q 

N ~“»+ <? . 4. P “iQ + P 

«1+Q 

P = _1 R = 1 _ S 

Q o,+ s - 8 a,S+R 

°*^s 


By prop. no. 2 the convergenta are in their lowest terms. 
M=Q N=a,Q+P 

P=S Q=a,S+R 

or M—Q~fl 9 S-f-R=« a P'+R 

N=fl 1 Q-f-P=fl 1 (tf # S-t-R)-J-P—iijfigP-f-fl^R ■f'P 

—(fljflg +1)P4- «a.R* Hence proved. 
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11. Prove 

a (*> + «r+ *7+ ii . 2b i uo,ien,s ) 


“ V .2« quotients 


L.H.b.— 


* 2 + ax a + * 4 + 
a 


ax t + 


.1 


*3 + 


ax. 




rr rn t 

* ^ “■ + ,"7xl 

l ,+ «.J. 



*12. If ^- n ia the nth convergent to the continued 
\ 1 1 , 

fraction 0 ;.+- , —r T T.then prove 

<**+ *8 + *4 + 

CP***—^^XP***—i—^***—i) === (/ , »P»—t — 1 

" v (Agra 33, Andhra 4!) 

On multiplication the L. H. S. becomes 

(/> V 9 «-i+ q\q\ - 0 - (P% A - 1 + fnP'n - j) 

Subtracting 2p n p n - x q*qn~\ fr<H» both the brackets, we get 
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L. H. S. (A»An»i i) a “(/S«<7n—i ""Qnpn— 0 

=( pnPn—i i)* “ K I)"]* 

= (PnP«-x - M.-J’ -( - l T n 

^pnpn-i-qnqn-r)' -1 V ( 

*( h) {pnQn +An -* i ^»—i) “ ( A»— a 4* An - i^fn + 1 ) 

“(tfn “ + i)A* —\qn 

L. 11. b. is g n (p n pn— a)“"/^ n — i(*7n+i -i) 

— qnQnpn-i — p n - x a n + x qn 

=(«„—a n +i)A«-i?n Hence proved. 

♦( c \ . _ A*n“l"ff a n _~ (A* An—i - d~9n9w~-T) a ~f~ 1_ 

• A n—a"4~^ n—s ^An—iAn—a^^n-t^n—■a)”‘l“l 

NoW 

1 - (~l)* n --[(.-l) n J a =^(PH^n-i-</nA«-i) a prop- no. I 
1 (-l)* B ' ia;:=: [(-l) ,, ~ t ]* s = :: (An-lVn- 8 “^n-iA..- a ) 9 

• HUS — _(An^n—t ~h<7n7w— i) a ~f (An<?n —1 ^<i—iV_ 

(.Pn—xpn —ad“^n-i?»— 2 ) ”h(An— %qn — z ^n— \Pn— a) a 
_ P*n{P 3 n— x +<? a n— t )~ h(? g n(A a n-i f <? 8 n— t ) 

A*»-i(A 2 »-a H“<7 4 n— a)+? 2 »—i(A*« - a +£%—$) 

* Ja!«+?*V« zd4-iL = .. A+A 

(/> a n —a “l" (7 *« — 2 XA 2 »—1 "H ^ 2 » — 1 ) A 2 * - a "l“ (? 9 i »—2 
*13. Show that the difference between the first 
and nth convergent is numerically equal to 

_i „JL + . „ +(-0" 

q%q 2 ?2?3 ?»?»n 

(Calcutta 1931, Madras 1941, Travancore > 194$, 

Allahabad 1950), 

Now ~~~ = Aa^i^&iAi—( ^ ^ 

<7a !?i tfxQi 4x4 2 

Pa _Aa—- Aa?a ff sAa—X ^ ^ 

(7a ?a ?a*/a 08?a 

Similarly 

_A=C~1 _ 

(7* 9iVs q*qa q&q& 
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g n q n - x q n q n - x 

Adding, all these and cancelling diagonally we get 


A»_A = 1_1 + _J_ -f(— ])» 

, ?» ?! ?i?s ft?» ?a?4 .’ ?«?.-T 

t * / 

K^/^4. If and ^ 1 be the last and last but one 

convergent, of (Nagpur 49) 

_JL 1 1 ii 

°+ *+• r+. k+ T 

, [A b, c . k , / are n numbers | 


Show that 

x=—L_ _ 1 _ 1 i i 

«+ 4+ C -T.XT 7-f 

_i_i_ ] ii 

«+' *+ 77 ‘.*+ T 

* _ Pnqn~\~P nPn—' l 

Now Al+i _ a*+,pn + p .- t . j 

9»+i .^ ^ 

where a„ +l is (n-f-l)th partial quotient which is a in the 
continued fraction X as a , b % c t I are n numbers. 

Now if in (n-f-l)th convergent we in place of (n-f-l)th 
partial quotient put («+l)»h complete quotient we shall get 
the continued fraction itself. Now (n+l)th complete 
quotient is («-fl)th partial quotient-{-all that follows it. 

11 1 1 

+ '*+ c+ .*+ ' l . (2 > 

' Bu ‘ Tn~~i+ A+ TT. T+ r C " quo,,en,s J 
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or ?* - 1 _._ 

<7» . 1 1 11 

i>+ c -+ . k + T 

= _1_ 

(n-f-l)th complete quotient 
Taking reciprocal we get 


from (2) 


^' l =(n + l)th complete quotient. 

Pn • 

Substitute in (i) (n-f-1)th complete quotient in place of 

a„+, and thus - becomes X i. e. the continued fraction. 
9»+i 

. X __ Vn Pn + Pn ~ 1 = gnPn+Pn JV-’i 
Pn 

\ yJt|5, (a) In the C. F. a, -(- r ~. •> Prove 

1 fl 9 + <*» 

( 1 ) ^---=a«+ - 1 r --.li 

pn -1 <»»-,+ «»_,+ a, (Agra 32,47, 53) 

( 2 ) , h-^an+~±-r T . I 

Qn—x —i ■ *2“r a i 

(Luck. 43, Annaraalai 50) 


» (-+^+ dr. i) 


-( a . J_i_.lN = <-0» 

\ 11 r an^-i+ a„_ 9 + O.J p 1 t ^ l q n ^ x 

(Agra 1951) 


See Ex. 2 P. 54. 


1 1 1 


(b) In the C, F. - r . r** P tove 

x ' tf 3+ <*n 


-—- 1 

Pn—% *h“ 
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1 +j 

9n-i * 


—l 


®n—a 


+ • 


1 

V 


Proceed exactly as in Ex. 2, page 54. 

Note—The forma of C. F. in a and b should be care* 
fully looked and their results should be com* 
mitted to memory. 

Ill _Pn 


' i p 1 

*T6. (a) ^r=a-\-T", -r.say. 

' Q b+ c+ k+ l q n J 


Show 


l* ii 


J_ 1 1_ 

/+ *4- 1+ & 


1 _l 

/+ k-\- 

_1 1 
*c+ b 






1 

PQ 


By Question 15 (a). 

Let A=^~ —.- 

/-p k-\- b- f- a 


J+r 


_ 1 . _ c .A»~i 
1 ~Pn '"~ ~pn 


Let B= 


£ + t-j- fl A>-1 

JL_ 1 J_ 1 

/-p A-f* f-f* b 




S-_1_-- 1 _ g"-1 

/ « _1 X -1- 

.tf-f b .qn—x 

Now subtracting A and B, we get 

A-B=£"=i-2?=* 

/>* ?» 

Jlnpn-x- pnqn- x = -( - !)*__ (- 1)” * 1 

A»?» jV?n 

A ~ B= /^nb v p=/i " Q=? * 
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*17. (a) If be the nth convergent, (Agra 1936) 


Show that 

1 1 


X= 


a i+ + 


4 


a *+ *»+ 

1 _1_1_ 

_ Pn— x!I*— t~t~ 

5***—x“F 


1+ 
• a 


Now . 1 _ 

<*2+ 


1 ^ 
0i»— 1 4" a » 


and = ant, ^^ n ~\ where a n is the (n4-l)th as 

?n+x 

well as nth partial quotient of X. 


Also (n-J-l)th complete quotient is 

1_1_ _1__ 1_ JL 

<*•»—14- <**—»4* tf»-. s 4" flg4- <*i 


fl»»4- 


wbich by Q. 15 

9"—i 

Now if in (n4*l)th convergent above instead of a m the 

(n + l)th partial quotient we put ~ the («4’l)tb complete 

quotient, then (n4-l)tb convergent will be the continued 
fraction X. 


V gw-1 p^n+pn —^qn—x 

“ ?• , ~S+? > « 

- — • 

Hn—x 


*17. (b) If £=.+4 Av-A; \ 
Q a»4- «•+ fl »4- * 


prove 
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,hat d*( Q ) ± Q J 

The given continued fraction has (n+2) quotients, the 
last being x and all others are constants. 


Now ^ A »+fl = . fl »+2y > w + i4*P n Xpn+x^Pn ov 

Q Qn+ a fl »i +2 ?«+!+?» 


• J ( P ^- (*ft*+i4-gii)A»+i ~ ( sp n+^AQgn +t 

dx\Q/ <?»»)* 

_ p»»+ig..-ft.+, Pi.__(-i)»+ 1 _i 

(xq n + x +q n y Q a ~ Q a 

Since convergents are in their lowest terms we get from 

(1)» x <7i»+i"W»“ Q* 



If 


Pi Pi 

<lx 

1 + 1 


.be the convergents to 


2*4" 34" 4-p 


1 

'n+' 


,00 


show that 

p »—(» — l)Pi»-*+(« “2)p„„ g 4-. 

* 3p a 4“2^ 1 +2 

Here successive partial quotients are 1, 2, 3 and so on 

and &=1 and £*=l+i=f 
Qx 9* 

and p x «l 

+/^«-a V On^n 
pn—\ l)^n—9 4" Pn—& 

Pn —%=(« "” 2)/> n _ g +pn-i 
pn—t^i* ~3)P*—i 4 -/ > a —* 


p g = 3/> 9 4">i 

P* =2^4-1 V p a =3 and A, -1 

Adding vertically we get 

» 

/to-hAi-x+Ai-gd-Aw -• 
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“K n 1 a+0* ~ 2 )^ii -a+'.» ~ 3)^«—*+.....« 

3/V+2/> t ] 

+(A«—«+P»-»+0«—1+.A+&+U 

Cancel underlined from both sides, 

or Ai +/>*-i=H n Pn—x +(** 1 )pn - a+( fl ” a 

+(ft—3)£„_ 4 +.3^ a ,+2^ 1 +^i+l} 

Taking p*- v from L. H. S. to R. H. S. 

pn =(a -+ 1 )Pn—X +(n ~ 1 )Pn -a+(** — %)Pn - a 

+(n — 3)/>„- 4 +.3/> fl + 2b t +2 

V (ft+ 1 = 1+1=2) > Hence proved. 


/ l9 ' (a ) IfX_ i+ J+ b+ d+ 


and 

show that 


a c a 
^ d+ 6+ d + 6+ 
bx — dy—a—c. 


a 

*~b+y 

Subtracting bx—dy=za—c. 
Hence proved. 
jP] (b) Show that if 

,11 

x ~ y+ 2y+ 2 ?+■ 


bx+xy=a 

dy+xy=c 


.00 


then 


y=* 



s —.oo 

2x- 


Let 


or 

or 


1 1 A 

*+5+*~"* • 

A= * 

2ji+A 

AV|-2Ajp=1 

(A-(J>)*=1+/ * 

A«iV(l+J’*)-J’ 


A+j'—VO+r') 
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*-7+A=j’+vu+/)-J’=*V(i+y>) 

or * a -I+/ V(**-l)-V.(1) 


Put , 

2x- lx— 2*- 


=B. y=x +B 


®-2*+B OI B ' +2 * B - 1 

(B+x) a ~-l+* a 
B-|-x=y(x a —1) * 

B=V(* a -l)-* 

y=x J t-B=x+y/(x*—l)-x—y(x 2 -\) 

% 

which is true by (1) 

*(c) Show that 

?+ lT+ li+. 05 =5(l+~ i + -..) 

Proceeding as in Ex. 2 of page 69, show that L. H. S. 

- 5V2=R. H. S. 

(d) Find the value of the continued fraction 

y _ i _i_. A. _A. JL A.. 

1 * 2-f- 3-h 2+ 34- . 

X X 

Proceed as in Ex. 2 of page 69 £ X=— —- J Ans. 

(e) Find the value of the continued fraction 

111111 
1+ 1+ 4+ 1+ 1+ 4+. 

x * [- 2+ vf] *- 

*(f) Find the value of 

111111 ' r-9+V(129n._ 

3+ 2+ 1+ 3+ 2+ 1+.L 8 J Ans - 

X X (Raj. 1950) 










CHAPTER 111 


INEQUALITY 


Definition :— 

§1. A statement that two functions are unequal 
is called an inequality. (Read) 

Such a statement is more definite if one of the functions 
is said to be greater than or less than the other. For the 

sake of brevity we shall use the following symbols, to 

* 

represent the words written against them. 

> represents greater than 

< represents less than 

a is said to be greater than b if a —b is -Five and 
a is said to be less than b if a—b is — ive. 

i. e. 5 > 2 V 5—2—3, a-five quantity 

—3 < —1 V —3—(—1)=—2, a— ive quantity. 

§2. Fundamental properties of inequality. (Read) 

(a) If a > b and c is any -five number then 

(i) a+c > b+c (ii) a-c > b-c 

(iii) ac > be (iv) - - > — 

c c 

i. e. in an inequality we can always add, subtract, 
multiply and divide each side by the same -five 
quantity, without effecting the sign of the inequality. 

(b) Ifa-c>6 given 

then by (a) we can add c to both sides. 

a-c-f c > b+c i. e, a > b -f c , 
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which means that a term on one aide of an in¬ 
equality can be transposed on the other side provided 
its sign is changed. 

(c) If a > b then a—b is -|-ive (definition), 
lienee — ( a—b) will be — ive. 

(—a)—(— b) will be —ive. 

— a < — b (by definition). 

Which means that if the sign of all the terms of the 
inequality be changed, the sign of the inequality 
is also changed. 

(d) If a > b then (a—b) is -five (definition). 
c(a —&) is also five. 

but — c(a — b) is — ive. 

( — ac)—(—be) is —ive. 

— at < — be (by definition), 

which means that if we multiply both sides of an 
inequality by some — ive quantity, the sign of the 
inequality must also be changed. 

(e) If a x > b l9 a t > b„ a a > b B and so on, 

then a x +a B +a a + . Q* > . 

and flj . a a . a B . On > b^ . b B . b B ...,»»b n 

(f) If a > b then a n > b m , provided n is five. 

If > > b then i ^ f 

(g) a > b 

then e* > e* and log a>\ogb 

§3. Arithmetic mean of any two -five quantities 
is greater than their Geometric mean. (Read) 

We know that the square of every real number is -f-ive. 

(a - b) % is -five i. e. > 0 
& 4 P+b*~ 2 ak >0 or a*f b % > 2 ab 
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a® 4-6* 

or — 2 — > flk Now put x—a* and y=b* 

x+y • 

> V(*7) Hence proved. 

§ 4. If the sum of two +ive quantities is constant 
then their product is maximum when the quantities 
are equal, and if the product is constant, then their 
sum is minimum when quSdtities are equal. (Result) 

Let us take a and b J two +ive quantities whose product 
ab is denoted by P and their sum a-frb by S. 

Now 4ab~ (a -f-£) a —(a — b) z . 

i.e. 4P=S*-(*-£) a .(i) 

(a) Now if S is constant, then from (i) P will be maxi¬ 
mum when (a — £) 9 =*0 i.e. when a—b which means when the 
quantities become equal. 

(b) Again if P is constant then from (i) S will be mini¬ 
mum when (a -£)*=*0 i.e. when a~b which means when the 
quantities become equal. 

Illustration, 

(i) Consider a sum 20. You can make a number of 

Mb 

factors of the form ™ 

(16,4) (12,8) (15,5) (10,10) 

Product of these factors whose sum in t*ach case is equal 
to 20 i.e. constant is 64,96, 75 and 100 respectively. We 
note that max. product is those of equal factors (10, 10). 

Hence if the sum is constant then product of eqpal 
factors is greatest. 

Note—(16, 4) has sum 20 but they are unequal. 

£qual factors will be i.e. (10, 10) and 

sum is again 20. 
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(ii) Consider a product 100, you can make a number 
of factors of tbe form 


(20,5), (25,4) (10,10) (50,2) 

Suni of these factors whose product in each case is equal 
to 100, i.e. constant (given) is 25, 29, 20 and 52 respectively; 
we observe that minimum sum is those of equal factors 
( 10 , 10 ). 

• • 

Hence if the product is constant then the sum .of 
equal quantities is least. 

# 5. Find the greatest value of a produc t the sum 
of whose factors is constant an^W^ce^prove that 
arithmetic mean of n* -five quantities is greater than 
\ their geometric mean. (Agra 28, 35, 3 1, Punjab 44, 51) 

jl Proof—Let there be n factors a, b , c...K. such, that 

.K=*S (a constant) 


Consider the product abed—.., K. In this if we replace 
the two unequal quantities a and b by two equal quantities 

^ then the value of the product will be increased 


(by ait. 4 a) without affecting the sum of the factors, because 
the factors a, b, c 9 d, .K have also a sum 


and the factors , 


K has a sum 




^Similarly we can further increase the value of the product 

by replacing two unequal factors c and d by “ 7 ^ 

without causing any change in the sum of the factors which 
will be constant. 


Hence so long as any two of the factors *» b, c, d... 
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...K are unequal, the value of the product can be 
increased by replacing them by equal factors, without 
altering the sum. Therefore the product will be 
maximum when all the factors are equal. In this 
case each of the factors a, b, c. K will be 

a+b + c+ .K a+b+c+ .K .‘K 

n ~ ’ n ■*" « 

s s s s’. 

i. e. - , —, —. - and their sum 

n n n n • 


- =S the given constant. 


Hence the max. value of the product (a, b, c .K) 



The Max. product 

duct ( abc .K) 

x. e. f - j > ( abc . K) 

or — — -> (abc .k) 1 /* 

n 

Arithmetic mean of n 4-ive quantities is greater than 
their Geometric mean. ^ 

* Ex. 1 (a) Prove that a 9 4*£ 8 *H® > ab+bc+ca 
and deduce that a 8 +A 8 -f t 8 > 3 abc (Nagpur 34,1.F.S.30) 
(b) (ab+bc+ca) < (a+6 — c)*4-(fl+*—£)®+(«—3—c)® 

(Nagpur 1934, Punjab 44) 

We know that —^— > y/{a*P) or > a & V AM > GM 
Similarly > be 


) » 

is greater than the pro* 


Remember the result of Bx> 1 sod (note the prooedure). 
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c a 4-o a 

and —> ca 

* ' V 

Adding we get u a -f-A a +c a > ab+bc+ca .(i) 

Now a 9 +b*+c? —3abc=(a-t-b+c)(a a +b z +c i —ab~bc- ca) 

= +ive i. e. > 0 by virtue of (i) 

(P+b 9 +c 8 >1 3 abc 

(b) On simplification it reduces to 

3(o a -f6 a +c a )--2(<iA4-ta-+*<^) > ab+bc+ca 

or fl a +A a +c a > abj-bc+ca which is true 

Y Ex. 2. (x*y-{-y*Z’{-z*x)(xy 2 -\-yz*+zx i ) > 9x a jV* 

x*y+y*z+z*x . „ a 
~ ~ 3—~— > (* / * 8 ) 01 > x yz 


and 


*y~f_K a -F z * 


> (x 3 ;? 3 ^ 3 ) 1 / 3 qr > r>’3 


Multiplying, we get 

+z*x)(xy*+yz 2 +s* a ) 
9 


> ^ a _yV 


(x*y-t-yz+z 2 x){xy*+yz’ l -\-zx 2 ) > 9x*y*z* 

*§6. To find the greatest value of a m .A".cP. 

when n+A4-c.is constant and m, n,.are 

-f-ive integers. (Proof) (Agra 1929) 

Since m, n t p are all constants, the expression a m A" c?... 
will be max. when 

(£)" ( vT {jT . isMax - < Note >' 

. n factors 


or -— 


a 

m 


.m factors x ~~ • ~ 
n n 


X — . --. p factors.is Max. 

P P 

Wow above is the product of .factors 

whose sum is -^-+~/actors+-^+4—f.... 
m m tin 
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n factors+ 4* ^'4 +. P f«ctors4-, 

P P 


— a-\-b J rc-\- .—constant (given) 

and hence the product will be max. when all the factors are 
equal • 

. a b c a+fc+H-.* 


m n p 


m+n+p+. 


. 2a , 2a .2 a 

«=>» _ „• b=n -x m > 

*4 tfi Tti ^ tn 

Max. value of a m . b n . c* . 

\2 tnj v2 tn) r \2 m/ 
/2 a y»+"+p+. 

«*•*•** . 

sa4-b+c . \m+n+p. 

=m m .n».pp .( - ) 

r \m+n+p . J , 

§ 7. Prove that (Read only) /X 


_v 

f A.^i+A a a +. Pn°n > [ a^ 1 a 

Pi+P» + . Pn L 1 * “* * J 

Case 1. Let p t , p a ,.p* be all integers. 

Consider p x numbers each equal to a x and p 2 numbers 
each equal to a g and so on. Applying A. M. > G. M. 
we get 

. Px times)+(d g -ffl g +. p 9 times)+.*. 


Pi+P#+. fa 

1 

>[(« 1 .a 1 .fl 1 ...p l factors)(d a <z g *a 9 „.p 9 factors)...]Aa4A+"*^» 
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Pi a i' 3 rP* a %'\~*"Pna» 

Px +A +“‘Pn 




Case II. If p l9 p a ,...p n are not integers but fractions. 

Let wi be the least common multiple of the denominators 

of p x , Pn . pn, then mp lt mp % . mp n are all integers and 

we have by case I. 

% 

mp l a x -j-m p 9 a a + . mp n a n 

mp 1 +mpi+...mp n 


m{Pi+P2 + — Pn) 




Pi a i 4A a a 4-. % 

Px+P*+—-”P»" 




Px „P% „ pnlm{pi+pi + • • ‘pn) 


or > 


r 

''♦Ex. 1. 


f a/'a/“ >1+ P »+• • -P* 


Show that unless p=g=r or x=l, 


px*- r +q# r -*+rxr-* > p+q+ r . 

■ 

Now because A. M. > G. M. 

(xa-'-f*®-'-!-. ,p times)+(x f -“*+x'--*4-. q times) 

_ •!■(**"*+*» ~ g -f. r tim es) 

p+q+r 
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fa c t or &X * r ~~ v .x'-'P.'.q factors)") J>+«+' 
> X(*»-« . x*” - *. r factors) 


> 


or 


#£1+J£l±2£i >J 

p+q+r C 


! 


i 

3»+«+r 


_ « 

“|l>+«+r 

** * or > 1 


pxi — r -\-qx r ~ P -f rxP”'* 

jH-tf+r 


px < *— T +qx r ~~P+Txv~* > P+q+* 

In case either p~q=r or x-=l, the inequality be- , 
comes equality. 

2. Show that (Allahabad 1927) 

( —~n -/ < aP • b b , <? . m k k 

Consider a numbers each equal to , b numbers each 

equal to and c numbers each equal to — and so on. 

(Note) 

Then we know A. M. > G. M. 

. <v) + *(~{Mf)+. -*(f) 
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or 


n 


. k 


r_i 

L a* . b b . c°., 


“■ja+ft + o. k 

** J 


t 


n 


+b-\-c-\- . kj 


“ o+6+c* 


a* . b b . c e . k k 

Taking reciprocal and hence changing the sign of in¬ 
equality, we get 

\‘a+b+c+ .ft“ia+&+o+.* 


u 


< a a .6 6 .c«. k k 


Note :—By § 7 case* 1 and 2, the above is true whether 

e, b t c . k are integers or fractions or you may prove 

both the cases as in § 7. 

*§ 8. If a and b are 4-ive and unequal then 

* -b m /a + b\ m , . , . 

—-J— > ^ ey—J except when m is a -j-tve pro¬ 
per fraction. (Proof) (Agra 1946) 

' fa+b, a-b\”_/a±b\”' f a-~b\ m 

fa+b a—b\ m fa-\-b\ m /. a~b\ m 

2 - ) \ 2 / ('-«-+*) 


Now (1+ <)"+(!-0“=2fl+- 


m(m —1). 


L 


2! 


, m(m-l)(w~2)(w-3)/ 4 “1 

+ 4! + 

because the alternative terms cancel. 


-f 


m(m-l)(m-2Xm-3)/« 
4! 


+...] 


where /=* 


a —6 
a-f-6 
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Case I. When m is a -five integer or a negative 
quantity. 

Suppose m=4, then all the three terms in the above 
bracket will be -five. All other terms that follow the third 
term will have a factor m —4 and hence will vanish. 

Again if m — - ive quantity, 

then mim — 1) will be — iveX —ive =-five... 

Similarly all other terms in the bracket will be -five* 


a m multiplied by something -five 


but greater than 1 


. a m \~b m f“n-f b'V n 

2 : l'2 j 

Case II. When m is a -five proper fraction, i.e. it 
lies between 0 and 1. 

In this case all the terms in the bracket except the first 
will be — ive because m being positive and less tfoau 1, 
(m -1) will be —ive. 

/. m(m - 1) is —ive. 


Similarly w(m-l)(«—2)(w—3) will be —ive. 

It follows clearly that 

a m -\-b m /a+bV* , _ 

2 <(- 5 -) < Note > 

Case III. When m > 1. 

Now when m is a -five integer greater than 1, has been 
dealt in Case I, so here we shall take up the case when m 
is a fraction which is greater than 1. 

Put m— — then n must be < 1. 

n ' . 

By Case II when n is < 1. 

A n -fB w ^ /A-fB\* 

\ 2 ) 
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Putting A=a m , B =b m , we get 


otnn 


-\-b 


mn 


2 < k 




2 ) 


or 


V 2 


*\t 

w < C-i'-) 


• • 


mn 


= 1 




V 2 ) 


Hence 


V 2 > 


- m 


> fl+iv 

^ 2 ' J-J 


*§ 9. If there are n -five quantities a. b, c,.K 

then « w +6 w +c w +.A” > / g-ffl-fg-f. ky 

n \ n J 

except when m lies between 0 and 1 i.e. m is a -five 
proper fraction. (Proof) 

Or 

Prove that arithmetic mean of mth powers of n quan¬ 
tities is greater than the arithmetic mean raised to power 
m except when m lies between 0 and 1. 

Suppose m does not lie between 0 and 1, then consider 
the expression 

a'*+b m +c 1 *+ . k m (A) 

If in above we replace the unequal quantities a and b by 
two equal quantities ~ 2 ~> causing thereby no change 

in sum of the numbers which will be* 


-2*+ a -p+‘+.•* 
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IBS 


i. e. a+b-\-c -f-. *k the same as before, we shall have 

the new form of expression A as 

Now a m +b™ > Art 8» 

expressin A will be greater than expression B. 

The effect of replacing unequal quantities of A by equal 
quantities is that the expression A has been diminished. 

Hence so long as any two of the quantities a, b, c...k 
are unequal the expression A can be diminished by 
replacing them by equal quantities causing thereby no 
change in the value of a-fb-j-c k 

Therefore the value of a m -\-b m -\-c m -\- .will be 

least when all the quantities a, b , c . k are equal. 

In this case each of the quantities will be 

<x—f—A —c“4“......ft . S 

—— " 1. e. ~~~~ 

n n 

And the least value of A will be 

[ a- + [fi* + [ *]■+—— 

-cfr-.< c > 

Now since C is the least value of A. 

A > C 

i. e. J* 

j. e. a " , + t "+ c *"+.•t* > ^ & J" 1 

B*.1. 16(a»+i*+t*+<i*) > (a+i+f+rf)* 
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^ *+r+*± * > ££±i±£±-j* 

A 16(a*+4 # +t*+<i’) > (a+b+c+df 

*Bx. 2. Kn+1)* < 8(l‘+2*+.»*) 

Now > [ 1 + 2 +l±—"]* ’ 

Or > [^fDJ or > fe±a 
8(l 8 +2 8 -f.n 8 ‘) > n(n4*l) 8 

i 

§10. Prove that (Read and Result) 

P,a, m +P*°* m + . P * a * m > f Pt*l±h a » ± . 

Pi+P*+. Pn L. P»H"/>s +. Pn J 

except when m lies between 0 and 1 
Case I. When p,, p 9 , p a .p» are integers. 


Consider p x numbers each equal to c,", p % numbers each 
equal to a 9 w and so on. 

Then by article 9 i. e. A. M. of with powers is > (A.M.)* 1 
times)“h(a a w +flg w 4-«»-A times)+.»« 


/>i+P*+. ‘Pn 

|^ (fl 1 4-g 1 4-»-Pi times)+(<*»-Mgtimes)-!-... 


Pi+A»+. Pn 


]' 


P,*, m +PA m + . P.a«" 


t 


Pi a i ^ Pt a i ~\~ mm • pnOm 

Pi+Pa’h—Pn 


J’ 


Pi "\‘P% 4”«• • •—Pn 
Case 11. If p t , p 91 p 8 .are not integers. Let the 

least common multiple of the denominators of p x , p t ...pn be 
M then Mp x , Mp g are all integers, then we have by case 1. 

M/> 1 a 1 " , 4-M^ > a a « > -f-...Mp w g w «» ■ . ‘ 

M/»t+Mp 9 4-...Mpn 
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or 


. p«a. m > / h»x+M+ . ■p' a *y, 

Pi+Pa + . P» ' Pi+Pt+ . P" ' y 

, / v/* 

yj/ MAXIMA AND MiNIMA 
§ 11, TThe articles which we have done so far can 
be conveniently applied for the determination of Max. 
and Min. Values of certain functions. 

Suppose x,y, z>„.w are n -j-ive^ quantities and S denotes 
their sum and P their product; then 

Imp. 1. It x-J-yd-z...w=S a constant then the 

value of xyz.w is Max. when tbc quantities are 

equal. 

[ii 

[Art. 4 and 5] 

Imp. 2. If xyz....a constant then the 

value of x+y-fz-p..w is least when the quantities 

ore equal. r 

i. e. minimum when x=y=z=.w=P 11- 

and the least value of x+y+a.w will be sP 1 '*. 


i. e. =...u>= and Max. value becomes 

n 


[Art. 4j 

■3. Ifx-fy-fz+.w=S, then the leajt value of 

(a) .w* when m does not lie bet* 

t $ 

toeen 0 and 1 occurs when x=y=z—.w= - 

i n 


, /g v M 

and the least value becomess n( - ) _ * m 

\nJ [Art. 9] 

(b) If x+y+z+.w=S then greatest value of 

x"t-(-yi , i^. a »iq,. w » w hen m lies between 0 and 1, 


occurs when 


Xsya|.W«» 


S 

n 
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and the greatest value becomes 

4. (a) If ac"+J ,m +2 m +.a constant then the 

greatest value of x+y+z-\- . w when m does not lie 

• , ✓ P \'/» 

between 0 and 1, occurs when x=y~z .w=f -} 

t 

and the greatest value becomes * 

(b) If x*4 , J ,m +-C w +. w m ^P 9 a constant, then the 

least value of w when m lies between 0 and 1, 

, / P \ l/w 

occurs when x=y=z^>w=\^ -j 


/ P 

and the least value becomes ) 

a 

5. Art. No. 6 is also used in the determination of 
Max. and Min. of various problems* 

Ex. 1. (a) Find the Max. value of (a+x) 8 (a-x) 4 for 
any real value of x numerically less than a. 

Let A*»a+* and B=a—x 

Then A+B-2*. 

We have to find max. value of A 8 . B 4 
which by art. 6 will be max. when^y-)*(J* i 8 max . 

But sura of the above factors is 'J?s=A4-B 

o 4 1 
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=»2 a constant .*• Max. value will occur when 
A _ B __A+B_2fl . A _6a D _8a ’ 

3 4 7*7 ° =s y 

6^.8* 

Then Max. value is ~jj~ • fl7 

*(b) Find the greatest value of a*b‘c 4 subject to 
the condition a+b+cssI8 (Agra 1942) 

*Ex. 2. Find the greatest value of x a y 8 where 
3x+2y=l , 

x a f is greatest when . (’f“) is Max * ( Notc ) 


Now sum of the factors in the later product is 
2 .3 . ^ s»3x-f 2y=l i. e. a given constant 


Value will be Max. when 

* o 5 5 

2 3 

* = 3 * ^*3 

Max. value of *Y is 


3_ 

2-5« 


<b) If aV+b*y 4 =c l . 
xy is 


Show that the Max. value of 
(Madras 41, Annamalai 34) 


<* 

V(2 ab) 



Ex, 3. Find the Min. value of 

1+* 

Putting 1+x=ji then x=y —1 

. p (4+^Xl+J’)_y+Sj'+4 

y y 
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=>+7+5=0+ y—4)+9 


or ( v >- 4-)’+ 9 

2 

P is Minimum when y/y —— is zero 

J Vy 

i. e.y=2 x =y —1 = 1 

and Min. value of P theil is 9 

♦Example 4. Pr?ve that cube is the rectangular 
pa^Allelopiped of maximum volume for given surface 
add of minimum surface for given volume. 

'' Let the three adjacent edges of a rectangular parallel©- 
piped be x, y, z, then its surface S and volume V are 
* given by 

S=2(xj»4'J^+£*) and \—xyz 

Putting X ==> 2 , Y—zx, L=xy 
• S=2(X+Y+Z) (given) and V=Y(XYZ) 

_ - ^Nt>w V is Max. when XYZ is Max. 

'''and XYZ is Max. when X=Y=Z provided 

X+Y+Zssconstant which is given to us. (11*1). 
For Max. volume when surface is given 
X=Y=Z or yz=z*—xy 


11-1 

or—=—=— or x—j—z 
x y z 

i. e. all the three edges are equal, 
i. e. the rectangular parallelopiped ia a cube 
Similarly if V=V(XYZ) (given) 

then S~2(X+Y+Z) j 8 t 0 ^ Min. 


Now V is given XYZ is given __ 

And we have to find the Min. value of S or 2(X+Y 


Or ofX+Y+Z which by 11*2 will be Min , wh en 

or as above x*=*y^z 

i, e. rectangulaT^arallelopiped lt a cube * / 


Z) 
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Miscellaneous Theorems 

> 

*3 12. If a and b are -five integers, and a > b. and 


if x be a -five quantity, then 


(Proof) 


(!+!)•> (,+ *_)' 


+,+<(-« ■; t fc3g£=2' + ~ 


+ • 


•*« 


■(A) 


Similarly, (l+ * )‘=l+*+(l-y) 

+( 1 -5 1 )( 1 -|)S+'.< B > 

Now A contains a -fl terms whereas B contains 6-fl 
terms. Because a > b. A has greater number of terms 
than B and also after second term each term of A is greater 
than the corresponding term of B. Bence A > B. 

01 ( 1+ i) > ( 1+ T) 

*Ex. 1. If a and /? are -five quantities and <x > ft 
show that 

o+ir > 

(Alld. 43, Agra 49 Supp. r S»gai 49) 


Hence show that if n>l, then the value of ^|-f ij* 
lies between 2 and 2*718. 

The 1st part follows from article 12 t pr we can proceed 
directly as in the article. 

Now we know that if &>fi then 





112 


Algebra Made Easy. 


(}+~) a > 0 + 4 / 


Put a=n and 1 
1 V* 


Again 


.(A) 


0+t) > 2 ~ 

let <*-*•« and (3—n 

i , c»( i +4') a >( i +4)“ 


a-^oo 


but 


i‘» ( i+ i ) a = e = 2 ' 718 

..(B) 


<X-»oo 

2-718 >(l+i)" 
From A and B it follows that 


2 < 


0+4)" 


2-718 


.V (l+i Y* lies between 2 and 2-718 
*§ 13. Prove that 

GST> GST 

where both x and y are +i?e proper fractions and 
* > y. (Agra 1947) 

p«,of. ut P=osr - Q=(gr 

iqg P^'-Pog (l+*)-log (1-*)] 
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Similarly log Q~2^1*f ~~ + ^—!-.•••) 

now x being > y log P > log Q i. e. P > Q 

«(Kr > d«r 

*Ex. 1. If a, b, c are »in descending order of 
magnitude 

show that < (j~) (Rajputana 50) 

we are given that a > b > c therefore 

c c * c 

both - - and y axe -five proper fractions and y is less 

£ • 
then y. Let us denote them by ^ and x respectively. t 

We.have to prove that 
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or 


GST > <gr 

Where x audy are both -five proper fractions and x > y. 

This we have proved above in article 13 or may be 
proved here again! 

*$*14. Prove (l+x)'+*(l — xf~* > 1 if * is a-five 

/ a+b\ a+b 
\ 2 




proper fraction and deduce that a a . b b > 

* (Agra 48) Rajputana 48) 

If P > 1 then log P'must be -five. (Proof) 

Let P=(l+*) , +*(l-x) 1 -* 

then log P=(l-f*)" log (l-§-x)-f-(l — x) log (I — x) 

* (l+*)+log (!-#)}+*{log (1+x)- log (1 -*)} 


. ) 


-«- 4 - 

-*K-T-7-4-)+(T+4+4+-)i 

-*{(T-r)-K4-4) + (T-?)+-i 

==2 (t2 + T¥ + i5'.) 

which is definitely a-five quantity 
log P being -five quantity P > 1 

Deduction :— a*b b > J 


g 

Putting Xs== u ~ where « > z because x < 1 then 
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u+z «— 

« C4-‘) ■ (■-?)'■ > 1 
„ (=±£)—(==*)—:> 1. -■. 
or (a-f 2)“+*(a-3) M ~ 2 > a«+*+«*-* or > a 1 

Put H+z=fl and u —z—b, then tt= ="Tr 

••• -vl/ 


# §15. Prove that (l+x) x “*(l~x) 1+ * < 1 where x 
is a positive proper fraction and deduce that 

< (•+*)“** 

l 2 J (Punjab 55) 

Proof—Proceed exactly like article 14 and remember 
that if P is < l, then log P mast be —ive. 

*§ 16. Profe independently that /j 

b*.4* > (!&)** > «*.*• 

V 2 / (Agia 43) 

Consider a quantities each equal to ^ , b quantities 
each equal to then since A. M. > G. M. (Note) 

r**‘ fl t * rae8 J + P’j’+’y times 


a+b 

1 (JL . — . -i. a factors \ 

(\a ; a a / 

. 
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Taking reciprocal and hence changing the sign of inequa¬ 
lity, we get 

or ” *..*»> jS+*J- +t 

Note —a and b can*be integral as well as fractional. Refer 
article 7- 


11. Consider b quantities each equal to a and a 
quantities each equal to b. Then since A. M. > G. M 
(Note) 

(a+ g-fg-f. b times)-f(^+^+^4*. a times) 


or 


or 


_ 

> [(a.a.a . b factorsX^.^.a factors) B + fe 

ab+db > _ ba y\-6 


a+b 

lab 

a-f b 


> {at\b*f+* 


But being A. M. of a ^d b is greater than 

I * - v ■ 

their 41* M* 
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••• •+* > & > 

- [4T > - • - 

a• .&> > a 6 . b* 

§17. f If a 1# a a are -five number a (including zero) 
and p,jrf, r.are -five integers then prove. 

/ .(A) 


d «+5+r+»— _L fl p + 0+*+**« 

and 1 -^—2--— 


.-m 


2 


> (*?■)•• 


.(0 


Proof. 


Now a t v ~~ and a^—aj have the same sign or each 

of them is equal to zero, therefore 

(«i*-VX«x f -«/) > 0 

or a l J ,+ «+a/ + « > afaf+af aj> 

2(a l P+«-|-<***+«) > aS+i+aS+e+ajaJ+aJaf 
or > (V+fl/X^+fl* 4 ) 

Dividing by 4 we get 


-2-> 


(^X 


2 



is A 


Again by A 


«i p+f -M* p+r 

2 



||7,18 and 18 may be left on let reading* 
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Put P—£+$• 

+a+•’- f- a g p+g+ f ^ 

By repeated application of above we get the result B. 

Putting *=?=r=.pl 1“ B, and supposing that p+ 

6®^ 4 

a x * % -\~a a m ^ y fl jjtf* ^, m factors 

. . C x, 

i.e.-g s *\~~2 ) . vV 

§ 18. Generalized form of § 17 
g P+1 + g 9 P+<I+ . af+ q ^ 

r^+^±^- a l) .A 

y . V » ' 

L?-M+r+- +«,»+*«+» + ...fl» p +«+ f +’ ^( a i P + fl ?-i^-- g -" P ) 

(<b!!±5s^ . B 

Put^=^= 5 f=—= 1 and 8U PP osin & f+7+ f —~ w ,n B 
fl *+fl a »4-V*. c 

j-— *^\ # 7 


§ 19, Weiretrata inequality 

Ifa 1 ,a 1 ,...a.a« positive number, leas than unity and 

then 

i+s.<(i+« J xi+ a »)-( 1+a » )< rb. , " B 
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where in the latter inequality, it is supposed that S* < 1. 

proof. (i-oa-o=i-(«i+o+«;« a 

>l“K+0.(1) 

( 1 - 0(1 - OQ- ~ O H 1 - (a l -f O+ <*x a %} 0 - - O 

> { 1 ~ ( fl i + fl a ) }(1 ~ O . 

• • >1 “'(fl l -f* ***+<*#) (by 1)*»» » (2) 


Proceeding in this way, we get 

(1-00-0(1(l-0>l-(*i+««+*a—O 
or ’>1 —S„ 


1 ~ S n <(l —OO ~O0 "O' (1 ~ O 


which proves the 1st part j>f inequality (A) 


Again (1 +O0 +0 - 1 +(<4+0+'Ms 

> l+( a i+<*§)••• •••(3) 

(1 +00 + 0( 1+O'— {1+(*i+0 +■ a \ a » XI+O 

> f 1 +(<V4* OX ■l + o s ) 

> i +K+«s+0 by ( 3 ).(4) 

iv 

Proceeding in this way, we get 

(1+0(1 +O0 +0.(l+ fl »)>l+( fl i+*a+. Of) 


or 


>1 +s* 


l+S n <(l+a t Xl+0.(1+0 

which proves the 1st part of inequality B. 

Now a 19 a iy ..,...a n are all positive integers less than 1 
1-0<1 or (1-0(1+0<1 

° r (1 

(1-a^l-x.Xl-o.). 

< (l + a l XH-«.Xl+-^+M. (5) 

Now (1+flXl+O.(1+0>1+S* 

by 1st part of inequality B. 
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Taking reciprocal and changing the sign of inequa* 

hly,weg ®‘ (i+<00+aJ.T(I+^) < 1+s» 

Hence from (5) we get 

(1 “ ®a). fl n) < | 

which proves the becond part of inequality No. A. 

Similarly (1+0(14^).(1+ a n ) 

. (6) 

Now (1 —«,)(1—«,).(1—a»)>l—S» 

by 1st part of inequality (A) 

Taking reciprocal and changing the sign of inequality, 

1 ^ * 

wege * (l-o 1 Xl-a,)-(l-a ll ) l-S, 

Hence from (6) we get 

which proves the 2nd part of inequality No. B. 

EXERCISE 3 
1. Prove the following :— 

(a) (ab + xy){ax -f- by) > baxby 

Now ab+x}>2y/(abxy) yj A. M.>G. M« 
and to*-f4y>2V(<itey) 

Multiplying (a3-|~*y)(<r#-f by)>babxy J 

(b) (M c)(t+ +b)>8abc Proceed as in (a) 

, (c) (a+b+c)(bc+ca-\‘ab)>9abc Proceed as in (a) 

(d) a*cd+b*ed+c*ab+tPcb>4abcd v Apply A.M.>G.M 

/ « t + 7 + 7 + 7 >4 J 


Apply A.M.>G.M, 
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Proceed as in part (a) 

If sum of any two of the quantities x, y, z' be 
greater than the third, then prove that 

(a) (;x -f y-f z) s >27(.M -z - x)( 2 -f-x -y)(x +y - z) 

(Rajputana 1952) 

and (b) X yz>{y+z - x)(z+x -y)( x +y-z) 

(Agra 1929, 39, Madras 41) 


Now x-fy>* given. 

x-fy — 3* is -five. 

Similarly all other facfbrs are -five. 

Put y-fs - rad, 

n-f b 
z ~~2 

Z+x~y~b 

b-L-c 

X 2 

x+y -z— c 

y- a j C x+y+z=a+b+ 


t 


* 

Substituting in (a), we have,.to prove 
(a) {a-\-b-\-c) 9 >21abc * 

But we know that {a-{-b-\-c)>$(abc) l l 9 . Hence on taking 
cube of both sides, we get the required result. 


(b) Substituting in (bl we have to prove 
a+b b-\-c c+a 

“2“ ’ T" • 


->abc which is clearly true. 


If the sum of any three of the quantities a, b, 
c, d bcAgieiter than twice the fourth, then prove that 

flAjw>(5-fc-fd--2fl)(£-fd*f a — 25X^'f fl 'f^““2c) 

X (a -f b-\~c - 2d) 

Now since 5-fc-f d>2« (given) 

5-fcf d—2a is -five 
Similarly all other factors are -five. 
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Put £+c-f*d—2fl=»je.. 

....(1) 

c tP rf-f-a “ ... 

...(2) 

d-j-fl-J-fc—2c=z,, 

....(3) 

a+b-kc—2d=w.. 

i ••••(4) 

Adding (2), (3), (4), we get 

fl= 3 ~ 

Similarly 

*-3— 

w+x+y 

t- 

v 3 

Substituting above,' 

. *-hy+£ 
d “ A 


We are to prove that 


Now applying A. M.>G. M. on each bracket of L. H. S. 
and multiplying, we get the required result. 

(h) 6abc<bc{b-\rc)+ca{c+a)-\~ab(a+b) 

Jn other words, we have to prove that 
b^c+c^b+c^a-^a'c+cPb+ab^fiabe. Now A. 


(h s ) 6abc<a\l+b*)+b\l +c a )+c a (l+« a ) 

Jj (Proceed as in h) 

^ (i) b*c*+c % a*+a*b*>abc(a+b+c) (Punjab 49) 

b*c*+c*a i >2(a a b*c*) t i* or >2ata a 
Similarly c*a*+a*b*>2bca* and fl*6*+6 a c a >2coft* 

Add all the three inequalities 


# (i) fl a * £»'*•» 


bc 4. ca jL ab -> 1 4 - L-l- l 

\a*b*J 


be | CCL a 
?■*•?> 2 


2r 


01 >*6 


Similarly writing other inequalities and aiding, we get 

.< A > 
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Ag " n S + S >2 [fc'tfj 


or > 2 . 


a 


Similarly writing other inequalities, and addiog we get 

.B 


£+*+■> I+i + i 

ab ca bc a b e 


^+“‘>T + T + V- f « ,mA ““ dB 


(k) 4- __ 4-_ > * -i-_i _* 

a b c \Kpc) V(c«) v\«6) 

itl n rl; -,1 , 

be L b * J . VW 

**(1) If Af+J’+a-l 

(Agra 40, 43, Allahabad 37, 40, Travancore 42; 

Raj. 51. Pb. 50) 

then (1 -*)(1 -y)(l -*)>8*ys 

1 — x=V+Z'>2(jz) x i* Similarly write other inequalities 

for other brackets and multiply 

**(ro) If a+b+c*=l then 

2%E > i7' 1 j[T” 1 jH -1 j >8 

On multiplying by abc we have to prove that 
*>(l-aXl-W-«)>8ai« ‘ 

Now ^ ~ a) +< 1 ~ iltll~ c ) > |( 1 _ a ^ 1 a 

<* ~3 — ) >{(i-«Xl-*Xi-«)} 1 '‘ 

/ 

®r ($)*>(1 — 1—$X1 —<) which proves the 6rst part. 

f 

ri'he second part of the inequality follows from part (!) 

I’ *(a) 2(«*+i»+c*)>6c(i+c)+r«(f+fl) f «»(«+*) / 

The later expression can also bd put as 
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or o(6 a + <; a )+*(c a +a a )+*(a a 4-a 8 ) 

We know that a a -|-£ a >2a£ 
a a -fA a — ab>ab 

Multiplying both sides by (a-f*A) we get 

(a+AX a * - ab+b*)>ab(a+b) 
or a a +b 3 >ab{a-\-b) 

Similarly b*+c 9 >hc(b-\-c) 

c 9 +a*>ca{c+a) 

i 

Adding we get 

2(a 8 -f b 8 + c z )>ab(a+ £)+ bc(h +c)+ ca(c+a) 

*(o) 3(a»+6 3 +c 3 )>(a4-?+ f Xa*+ A* 4*0 

We have to prove 3(a 8 +A 8 -H 8 )>a 8 +A 8 -hc 3 +a(6 a -K a ) 

+A(f*+« a )+r(a*+£ a ) 

or 2(a 8 +6 8 +c®)>fl(^+c 8 )+6(c 8 +fl a )+c(fl a +^) 


which is proved above 

The question can also be written as 

a 8 + b 9 +(?^a+h+c a a 4-^+c a 
"3 3‘ ~ * 3 


*(p) If a, b , are -|-jve then 

a , b , c 


4l + r;T + a q: A >* < A *“ 37 > 

or 2{a(a-K)(' l +^)}+ — + -**>3(a-}-A)(A4-£)(*“M) 

or 2{a s +*V+04<*^} + -“ +••• 

> 6 abc +3 a\b + c) + 36 a (c+a) 4-3< a (a-f b) 


or 2(a*4“^*’4"^*) , 4'2a a (^4"c)4"26 a (c-f* fl )'*l'*2c , (a+A)-|-‘6aAc 
>6abc+Sa\b+c) ^3£ a (c+a)+3c a (fl+A) 

or 2{a*+b*+*)>a\b+c)+b\c+a)+c*{a+b) 

which we have proved above. 

. > i 

^j(|) #*u>lt3*5*t»»«‘(2rt- p l) (A^ts 47 Supp.) 

* fc 
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Apply A. M. of 1, 3, 5.(2« — 1) i.e. of n numbers is 

greater than their G. M. 

and remember that 1+3+5.upto n terms 

{2j+(n—l)d} where a —1 and <2=2 


*(q) (Travan. 45, Luck. 46 Supp., Pb. 42) 

We know, ji — r>- ~- wherd r is a +ive integer v. 

'(n -r)>n —r 
or r(n — r+l)>« 

Put r-~ 1, 2, 3.n. 


1 . Kssn • a case of equality 

2 . (n —l»)>n 

3 . (n—2)>n 


(n —1) . 2^n 
« . 1 —n 


Multiplying, we get 

(«!)(«!)> 

or («!}*>»" 

Alternative method. 

Let us consider A. M.>G. M. of (« — 1) quantities. 
J_ 1 1 

1.2’ 2*.3.(a-l)n 


L+ 1+ 1 + J_ 

. i".2 T 5.3^3.4 T (»-)■ f’ . l 

' «-l (U.2)(2;3)(3.4)::.[(n-l)n] 

(l-U+(l-4)+(l-l)+.f.- 1 -!- 1 ) 

3r -_---HZ. 1 . JLi 

n — 1 
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(}~n)r l -f* 

n-l L[C»-1)!]* *®J 

01 ^[[1^1)!'“. n] 

0t ( » )" > [(«^'lM] , 7a ‘ Takin g reci P r0 «>> 

n"- 1 <[(«-. 1)!]* . n 

Multiplying both sides by n, we get 

n»<(n-l)!] a . n # or <(«’) 8 
(n!) 9 >n" 

#(jt) 2.4.6 .2n<(n+l)" (Nagpur 38, Luck. 49) 

Proceed as in (q) part. 

(«) (l'+<• f 3'+.n f ) n >n n (n!) f (Pb. 51) 

Now - lf+Zf+3r+ .^ >[ t' . 2'. 3'.»'J’ /» 

n 1 J 

or (l f -|-2 f -f3 r .n r ) n >n n («!) f 

*(«) U) 


Apply A.M. of l 8 +2®+......n 8 is greater than their G.M. 

r 

^**(u) 2«>l-f»V(2 f| — l ) 

(Agra 33, Luck. 42, 44 Supp., Madras 42, I. C. S. 43, 

Ttavancore 47, Benares 49, Raj. 53) 


and remember that l 8 +2 8 +.u 8 =s| n ^”^^ 
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• It * - *» 9 

a(r H —51} ' / 

But by algebra, we know that v ' is the sum of h 

* 

G. P. whose first term is a and common ratio is r. 

In the above a-=l and r=2 we have to prove that 


*—’i 


1+2+2 a +2®-f-.2 n “ 3 >« . 2 8 

Now *±*±*±*±-....2?*^ 

« 

>(1.2.2*. 2 s .2"- 1 ) 1 /* or >(2 l +®+»-»— 


or 


<»—1»» l 

>[2 a "]• 


*-i 

or >2 * ' 


«-i 


1 + 2 + 2 *+. 2»- l >«.2 *• 

(v) (l+x 3 Xl+jJ®)(]+3*)>(l+*y2)® y 

(Agra 35, Luck. 43, Allahabad 44) 
On simplification we have to prove that 

l+(x 3 I- f +a*) +(x 8 v® +/*®+ 2 ®* 3 )+ x?y 9 z* 

> 1+Hxys+3x^*5*+ xtyz 1 

Now apply on each bracket in L.H.S. that A.M.>G.M. 

* (w) b+ C + C t la + rh <¥ - a+b+C) 

{b+c)>2y/(bc) 

Square both sides 

4 bc<(b-^c)* 

“ /£«*+<> 

Similarly write other similar inequalities and add. 

*(x) ^rove that 

y 5cd>81(r—«)(*““5)(i— c)(s—d) 

3 s~a+b+c+d 

a~%s—b—c—d or =(*—*?)+(*-£)+(*-*) 

>3{(i-5)(,-cX'-<0} 1 '* V A. M.>G M. 


* • 
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Similarly write other inequalities for b , c and d and then 
multiply. 

(X,) .+?»r* 

17 a a a s an o x (Utkal 47) 

Apply A. M.>G. M. 

# fy) Prove that 

~J Ma.«*>(» ~ 1 )”{* - a a )(i ~ * „}.(* ** 

where (n - l)r= a x + a a + a t -f. a n . 

Above is a generalised form of X part. 

«!*=(* —l)*—(fl*+fl*+.An) 

==(r — fl a )H-(j —a 8 )4-.(j — o H ) 

niv 

>(» -1){(* - o a )(s - « a ).(i - an)} 

Similarly write n inequalities of the above form and 
multiply. Remember that the factor (r- a,) on the K. H. S. 
will occur (n — 1) imes and similarly other factors. 

A .«»>(« -1 ) n {(r - a x ) n ~\<-«*)"~ 1 

.(j-fln) n ~ l }"~ r 

or >(n-l)»(r -a x )(s -a,).(j - a n ) 

*(z) If prove that 

\/ (r-«)(r —fc)(r-*c)(j-d)>81tf)M (Raj. 49) 

Similarly write similar inequalities for (r —6), (j -c) and 
(j—d) and multiply. 

2. Prove that 

(Allahabad 48, Agra 38, Pb. 49) 
Consider x quantities each equal to x and y quantities 
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each equal to y and z quantities each equal to a, then since 
A. M.>G. M., we have 

(*+*+* •«.* times) + y...y tiroes)-f(z-}-£4-ztimes) 

x+y+z 


*__ 

>{(*.*.*...* factors)^.factors)(£.s.*...z factors)}***" 1 * 

x 2 4-y a 4 -z a r _ 1 

or ,+j^r 

V #+*-}-x...x times=*.x=x a * 
and x.x.x . x fartors=x* * 


or 


r 


>x T y*z z 


' x a +J a +* 2 "]•+*+* 
x+y+z _ 
which proves the (jfst part. 

Now proceeding as in example 2.of page 101, we get 




j 


which proves the second part. 

Note The students should prove the 2nd part by the 
method of ex. 2 of page 101 independently. 

* 1W [ < 35Jr]"***‘» v[»>««wiw 

»P32?-T^X'**—> 


From above it is clear that we must consider 2(a+^4-r) 
numbets and (£-f r) should be equal to a, (f-fa) equal to b 
and (a -f -b) equal to c. 

V A M.>G. M., we have 
[a+a+...(£+tf) times]+[^4.ft+...(c+ fl ) times] 

_ +fc+i+»..(a-f"6) times] 

b Hh c“h 4" <i -f* b 
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/ab4-bc-\-ca\ a( *+ b + e) , , 

01 (w) >*♦♦+«*.♦• 

01 >(bcy{caf{abY 

, * (4J^r!)‘ + ‘ + >v[(^(«w^] 

5 , 3. (a) 8(« 9 +6 8 X4+* 3 )>(fl W 

Apply A. M. of m}h powers>(\. M.) w on each bracket 
of L. H. S. 

*(b) n(n+l) 3 <.8(l 8 +2 s +.n 8 ) 

(Benares 30, Nagpur 38) 

Apply A. M. of I s * 2®.n 3 is > cube of A. M. of 1, 

2,3,. n. 

*(c) If a, bj c are in H.P. and n does not He between 
0‘an<l 1, then a f, 4-c , *>2b". (Luck. 46, Agra 46, 51, 53) 
/ a n +c n /a-\-C\ H 

~~2 >(~2/ 

r 

* But we know that A. M.>G. M.>H. M. 

the A. M. of a and c is > H. M. of a and c i.e. b 


V ft, b, c are in H. P. 



a n -\-c*>2b n 


, (d) Show that sum of the mth powers of n ever 
nutpbers is >n(n+l)*» if m>l. 


2 m «f > 4 w >4“.(2a) w ^ /2 4-4+6. 2 n\" 


X 


) 


ft 


ft 
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or 2 m -f-4 w -f-.(2n)«>»^?^±i) J " 

or >n(n-j-l)" 1 

*(c) If #+jH-s=l then -- + — +-->9 

x y z 

(Agra 40, 44, Rajput ana 51, Sagar 48) * 

x*' -hr- 1 +r~' r x+y+z 1 - 1 . r 1 i- 1 ftr . o 

3 .~~3~ J * > L _ 3 J ° r>3 

111 

or --+-i+->9 * ' t \i* 

* y * ‘ 

111 ^ 

*(c) Find the value of —H-f-— for 4-ive value* „> 

’ # y z 

a?, j', * which satisfy the condition x+y+z—c. 

(Agra 54) (Ans. ^J9c) 

*(f) If a, b , c be unequal -five quantities such that 
the sum of any two i9 greater than the third, then 

* + 1 4 1 . >9 . 

64 c—a c-|-a“*5 v &-\-b —c 
Now 5+c>a 5+c—a*=-five 

Similarly all other factors are 

Put 6+e—a=x.(1) 

c+a-5=^.(2) 

a+b—c~z .(3) 

Adding a+b+c—x+y+z 

Substituting in the given inequality, we have to prove 

that 

Ji-j-.i 4 2 _> 9 

x y z x+y+x 

Now *±hCl±£^ >(*+>+*)-* or >—?— 
a \ 6 / *+.?+* 
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1 +!+!>- 9 

* y Z x+y+z 

2 .2 + 2 > 9 

d*f ^ b-\“C f'j-fl d m \-b-\-c 


(Agra 1941, Annamalai 1949) 


We know 


_ v >*, 3 - ; 

1,1,1.-. 3 

or —j—,+£-■:—+—,“->3 . =j - ,-r ——V etc. 

d -f ft b-\*c 2(a-j-o-{-c) 

(*\ 3 , 3 3 3 

A-j-c+dc+rf+e d+a+^ a+£+t 


a -f- b -j- c -f- d 


Proceed as in part (f), 

(h) n 4 +6 4 +c 4 >ata(a4-H-t) 

a 4 +£ 4 -fa 4 /a+&+* 4 




. ^ fa+b±c\fa+b+c f 
H 3 A s) 


>?±|±£{( Bie yiJ}s v a.M.>G.M. 

o 

^ f aJ tb’\-c\.^ 


a 4 +fc 4 4-c 4 > fl M<*+^+0 
(i) a* 4*ft 5 +r 5 +d 8 >afccd(a4-^+c+d) 

(Lucknow 40, Annamalai 47) 

Proceed exactly as above. 

^ *()) a*+b*+c 6 >abc(ab-{-bc+ca) 

* a 6 4-fr 6 +<? s ^ > ^ad“^+y or „ ^ a+b+c y^a+b+c^ 


> [(( abc) x ^ 
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But we know that a '+b'+c'>ab+bc+c<, by Ex. 1 p /97 


e/tx.^+^+e* . 1 , 1.1 

& o c 


>00 s - iS3 
w arr<? 


(Utkal 45, Agra 52)* 


or <fi+b , +c*>a*b'e'(bc+ca+ab) 

Now a ’ <+, '*±‘°>(“+^±£y or >(-+|±£)V?±*±£y 

or >[(a4c)»«]«r^'t*l+ < !l+?^+24£T.2ca'j 

V A. M.>G. M. J 

But by Ex. 1 of page 97, a t +b ! ‘+c’>ab+bc+ca 

a _+i!+L‘i!>a2 4 2 ; .a 3 (?*+*l+fa) 
o 9 

n 8 +^ a -ft 8 >flW(^4-^ff+ ClJ ) 

or * 8 +& 8 -f 1.1 j 

a >?-<?->—7bT~ or > T+T + f 

*,n **+e* J .c*+o» , a*+4» ... 

" *K + 7+r+^:,->■+*+. ^ 

*+^r*+o a . 

2 L J *** ^°* OTt * 1 powers >(A.M.)*» 


b*+c* b+c 

> 2 ~. Similarly write other inequalities 


b+c 


ancj^dd. 


#(m) If V + a **+ .+*„»« A> then 

nA>(a l + < i a ^-.«„)*>A 

, (Allahabad 49, Agra 54 Supp ) 

^ V+V + ...fln a > “| a 


or 

■w 

or 


»(«!*+«** 4* • * . 0 » a ) >(«*+fl t 4-... a n )* 

w A > (a t 4* 4-• • • o») 8 
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which is the 1st part of the inequality. 

Again 

(*!+<»#+.^n)*=a 1 8 +a s s +.^*4-22 fl t « a 

because we have neglected all terms of the form 2 a x a a , 2a, a 9 
and etc. 

( fl i+a 3 ~f.a») a >A 

which proves the 2nd part of the inequality. 

. *4. (a) Prove that * 

( fl i*+a a a +. fi »*)(V+V+. K*) 

X«A+*A+ . +anbn) 9 . (Pb. 42) 

We know that (a x *-f bj* is 4ive i.e.^0. 

[being a perfect square] 

Similarly (fl a *4A) a >0 


(a n x+b n )*^0. 

Adding, we get 

( fl i* "h a a a +.a**)* 9 +2 x(a x b r 4- o u b t 4* + o n b n ) 

+(V+V+.+*■■)> 0.(1) 

L. H. S. is of the form Ax a 4*Bx4-C which can be written 
as -HAV+AB*+AC] 

B \* , 4AC—B* 


or 


x{( A *+“I) +' 


4 


| which is positive only 


when 4AC—B* is 4-ive i.e. 4AC>B 9 
*, L. H. S. is 4-ive if 

4(« X »4V+.a**W4V4-.V) 

>4(tfj^ t +fl a ^ s 4- . a K bn) a etc 

4, (b) Prove that 

(a 8 4-^*4- **)(** +J>* 4- **) > (a x + by 4- cz) % 

*5. If a, b, c are in H. P., prove tbpat 

fl4i +i±i i>4 . 


2a—4 2 c—b' 


V i 
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V a, b, e are in H. P. i=—- 

g j 2 ac 

a ~\~b __aHhf == fl*4-3«ff_ 1,3 ^ 

2 «-b 2a-'* ac 2 «* 2 + 2~ "a 

fl+c 


f HM> _ 1 , 3 a 
2c - b 2 + 2*7 


Similarly 
Hence we have to prove 

on 


m 

]+ 2~>4 


3 

2 


c 8 4-fl a 

>3 ot 


or 


c a -f-e a 

2 — >ac which is true V A.M>G.M. 


* 6 . If b— 

S . S 




then 


4- 


+ . + , 


* s 


S—fl, S-fl a 1 ’ 1 S—a n ^n — 1 

(Agra 28, 42, 53, Ben. 37. Andhra 39, Alld. 41, Luck. 45) 

Now A. M.>G. M. 


• s -i s i i s 

•• S-1 .Tn- 

' % 3 “flg b — An 


W _s_ s s v m 

> \S-a, ■ S-T s S=^J 


or 


nS 


((S—a,)(S —a,).r(S 


■V) 


(S -gi)4-.(S -«,) +•.(S —>a») 

n 


Now 
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>[(S-^)(S-a 9 )...(S-«a)J l/ * 

or w.S — fln) 


a 


(«-ns 


> r(S - fl t )(S - fl a ).. .(S - a n )f •* 

>r (s—~ fl a >. ..(s—a ,*)] 1 ,b 

Taking reciprocal and hence changing the sign of inequa¬ 


lity wc get 


n 


,<~ 


or 


(a - 1)S L(S - a x ){S - a,)... (S— 

B _ nS-^—_ 

(a- 1)S ^ [(S - a x ){ S - *,).;.(S - a„) J l 7 » 

4 


nS 


w J 


* • [(S-« 1 )(b-a';)...(S- fliOf/■« -1 

S S s * 

Hence a --}--*-•••£— > —from (1) 

b-a x b-a a S-fl„ a —1 v ' 

*7. If n is a -five integer and x<l. Show that 
« 


n-f 1 


We have to prove that 


1 —*" 


n 


(Agra 49, Allahabad 39) 


l-^+^B-fl 

l-** r 


„ A — *■ + *»-#*+* _ i t *»(!—*) 

But T=>~ - 1 + "T= 5 ST- 


x* 

— l + i— 1 + 


*» 


1—x* ~l-f*-f x*-f ...x^ l 


= 14-___ 

i , 1,1 T r 

X* X**— 1 x*""* -T 


.(A) 




Inequality 
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• • 


1 >i 
x 


Since #<1 
Similarly — , -i-.— are all >1 

X* X* x n 

• l + 1 -4- *4- 1 

- ^+“n-l+^* +.T >n 


Taking reciprocal and changing the sign of inequality, we 

- * m * i ~ ;_u » .— 

,n x" 1 X H * X • 


X*~ 


or 1+ 


--■f ~ 1 4" 

X n X * X n ~* 


~ r <l+ 


1 

n 


or 


by A, 

1—x n+l ^, n-fl 

T-T» 

n-fl n 


# 8. If a>6 and n it a -five integer, then prove 

/ 

/ (a«-6«)>n(d>)^ (a-*) 

(Agra 32, 41, SO, Luck. 42) 

Since a>b (a—6) is -five and hence we can 

divide the inequality by (a—S) and we have now to prove 
that 


Jr* 


By actual division 


a*-b n 

a—b 


«= c«~ l -f 6a»i~ s -f S V» -•> -f... -f a *6*- a .f 



Apply A. M. of the n numbers of A>their G. M. 

A>n[fl<»-' 1 >+<*-*>.*4*+']»/» ' 
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. »<*—r) i 

or >n[(«4) * ]" 01 >< ab ) 

1 3 5 2n— 1^_1_ 

*9. ’ ~4 ' 6."2ir V(2"+l) 

- (Agra 47, Luck. 36, 47) 

For second part squaring both sides, we have to prove that 

_ k s. A 


or 


L* 3* i*.^1?(2»+1)<1 

2* 4 a 6* (2«) v 

/1.3y3.5y 5.7\ 

\ 2 * A 4 a A‘6 a ;. 


f ( 2 n - 3 )( 2 n - 1)1 f ( 2 n -l)( 2 n-f 1 ) 1 < j 

~ JL -I 

which is clearly true as each bracket is lpss than 1 and hence 
their product is less than 1 . 

Again n+( B +l)>2VW'> + l)] " A.M.>G.M. 

. - » VC-?)< !J 2 - 

Put n=l, 2, 3...(« —1), i and multiply the inequalities. 

_ 3.7.11.(4n-l)^ If 3 ^ 

V 9, 5.97l3^7.T^4i+l) . \4n+3y 

(Patna 37, Rajputana 50) 

Proceed exactly as in Q. 9. 

11. If a, b , c are -five and the sum of any two is 
greater than the third, then prove that 

‘ .-< A > 




j .1 ^ —5. Now a-f 5>c given and a is -five 

' a <* 

u-f5-—C it 

a 


is -five 

b~~c 

Now consider a factors each equal to 1+-and b 

a 






Inequalities 



c—a 


factors each equal to 1+ and c factors each equal to 


b • 

1+ — , then because A. M.>G. M., we have 
c 


j( i+ v) + ( i+ V ) + -‘ timw i a 

a+6+c # 

- a factors ^ act0IS j 


times). 
times) 


or 


{ 


| factors 


1 

+&+« 


c + 0-^1 * +6+ * 

T 


n 


a+b-\-c 

. c—aW, . a —&\ 0 


or 


> ( l+ D"( !+ 'r)( 1+i r ? ) 


«—6\* 


... ( 1 + 4 -^ £ )’(i+-7 ? )‘(i+~) , < i 


)' 


12. If there are n +ive numbers a t , a a ,.a n and 

if the square root of all their products taken together 
be found, prove that 

/ VK**)+ V(*,*s)+.< ” + e,+.« ») 


and hence prove that the arithmetic mean of the square 
roots of the products taken two together is less than 
the arithmetic mean of given quantities. 

Q. 11, 12 may be left on 1st reading. 
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Out of n letters the combination of 2 at a time will be 
-C, i. e. 

Now V(«,*,)<—£''* V G. M.<A.M. 

V( Mb )<^ 

. Adding, we get 

V(M*)+ V(«i*a1+.< ~ l)( fl i+<V4-.. .fl») 

V In all these inequalities in R. H. S. a t , a %9 . a n all 

occur (n—1) times each * 

We have proved that 

( V(Ma)+V(Ms)+.terms) 

n ~ 1 

< ^~2~ +•■•<*»») 


V(fl^a)-fV {o x a z ) -f...”~“ 2 ~ terms 




*• «(«— 1) f ' n 

2 - '• Jy 

or A. M. of square root of products taken two together 
out of n quantities is less than A.M. of the n quantities itself. 
*13. Show that 

fluj '2(a*+b , +c t )(a+b+c)>a a +b‘‘+c‘+lSabc 
I 1 . 2(«*+A s +c*Xa+A+«)>a*+A 8 +**-3a4e+18aif 

/ " (Note) 

Now 0 , +4 , +c , -3a4«=(a+4+eXa*+4 , +«* 

—ab-bc—ca) 

Transposing on the other side and taking a-f b+c com* 
mon we have to prove that 

(a+b+cKU*+2b*+2c%~a*-b'-c*+ab+bc+ca)> IQabc 
or (a f ca)>lQvbc 

Now 

(a+b+c%a*-jr^+c'+ab -f +£<*)> 3( abcf 19 . 6{a*b*c*) x /# 

V A. M.>G. M. 






Inequality 



or > 18(a^) l, *.(«^)* /a 

or > 18 abc Hence proved 


*14 (a) Prove that 

(a46-fc-M)(a 8 -f 6 8 -f c«-f d 8 ) > (a a -f 6*-f c*-f d*) 8 

(Agra 44} 

or we have to prove that 

(a+b+c+dXa*+b 9 +c*+d*)-(a*+b*+c*+d*y > 0 

i. e. -five 

Simplifying a 4 , A 4 , c 4 , d 4 all cancel. 

(a 8 6-f £ s a — 2a a £ a )-f five similar expressions > 0 
or ab(a 2 —2a&-f b*)-\- five similar expressions > 0 
or ab(a~b)*+ . > 0 


but ab{a — b ) a is a -five quantity, because a, b , c, d are 
all-five. Similarly all other five expressions will be-five 
which prove the theorem. 

14 (b) Prove that (10x*-f 5j*-f 13z 8 ) > 2(xy-f 4^2 -f 9zx) 

(Pb>48) 

we have to prove that 10x 9 -f 5y“-f 13s* — 2xy— 8yz — 18x^ >0 
or (** -f y* ~ 2xy) -f 4(/ -f z 8 - 2yz) -f 9(x a -f z* —2xs) > 0 
which is true since each factor is a perfect square 


*15. 


Prove that 


a'+P+c* 

ab+bc+ca 


> 1 and < 




(Allahabad 36) 


Now we know by Ex. Page 97. 
« a +5*-fc 8 > ab+bc+ca 


a • 


«*-f6 8 -fc* 
abfbc+ca ^ 


1.(A) 


Again by Trigonometry we know that 
6*-f c* —a*~2bc cos A < 2 be 
Similarly c*-fa 9 — 6* < 2ca 
a»-f 6 8 - c * < 2a6 


cos A < 1 
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Adding we get a*-f 6*-f c* < 2(ab+bc+ca) 
a s -4-i 8 +c* 

••• ^ETtica < 2 .< B > 

Hence proved, 

# 16. Prove that 

f)+^ 8 (^“- c)(b — a)-f f 8 (e—a)(c — b) >0 i.e. -five 

and a(fl— b){a—c) -f b{b — c){b —a)-f c(c—a)(c—b) > 0 

• i. e. -five 

Since the letters a , b f c in the above expression occur 

symetrically, we may suppose that a > b > c 

/. c\c — d){c — b) is‘ -five.(A) 

a\a - b%a - c)+b\b - c)(b -a) 


=(a — b){a a —tcP — b a + cb *} 

- (a - b){ (a 8 -b*)- c{a* - b *)} ' 

(a-b)*{J+b*+ab-ca-cb} .(B) 

Now (a— b)* being the square is -five 
ab is also -five 

. a*— ac=a{a — c) is also -five V a > b > c 

b*—cb=b{b — c) is also -five V a > b > c 
Adding we get B is -five ■ 

A-f B is also -five 

i. e. given expression is -five i. e. > 0 

The second expression may be similarly proved to be -five. 


1 1 

17. Prove that -—log(l-f a m ) < — log(l+a") if m>n 

tn yi 


Case I: a < 1 

then because m > n a m < a* 

or 1-f e m < 1-f fl" 

Taking log of both sides 

log (1-f a m ) < log (1-f fl n ). 

m > n .% . 

m n 


/ 



(A) 

(B) 


Q, 16,17, 18, A 9, 20, 21, 22 may bo left on 1st reading. 








Inequality 

Multiply the respective sides of A and B 
we get ^ log (l+a»)< I log (l+o") 

Caee XI. a >l then 1 <1 

a 

Put * =A<1 then by Case I 


],!<*(!+A-)< log (1+A») 
Putting A= ^ we get 


i*° 8 ( i+ i) < 2 log 

or i[log(l+<!")_ log a »j< 1 [log (1 a . 3 

01 m l0g (1+a ” )_ l' m lo S a < ^og(l+«») - i,log e 
01 ~ *°S(!+«■*)< log(!+„») 


18. 

or 


Show that 

(*« if m>n 

we have to prove 


(Allahabad 1949) 


* m L 1 KiYT<* m [}+(*)'] m 

Taking log of both sides 

or , log log [l+(-l )"J 

Putting = a 

n log (l+a m )<m log (1 
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Dividing by mn t we have to prove that 

1 * 1 
-Iog(l+fl" , )<~ log(l-M") 

which we have proved in question No. 1^ 

, 19. If a, b , c denote the sides of a triangle show that 

(i) a \p~q)(p—r)-\-b\q—r)(q — p)-f c s (r—j&)(r — 

• P» t being any real numbers. 

(ii) a*yz-\-b 9 zx-\-i*xy cannot be-f-ive if *-fj>+s=~0 
(i) Let p>g>r then \v-qKP~r) is -five and 

(r— p)(r —is also -f-iVe because both the factors are — ive 

and (q — i)(q—p) is —ive because one factor is -five and the 
other —ive. 

Let a\p - q)(p - r)+b\q - r)( ? - p )+<*(r - p)(r - q )A 

The expression A has got 1st sad the last term +ive the 
middle is —ive. 

Now a, b , c being the sides of a triangle 

/. b<a+c £*<(a-fc)* . b 

Now we know that if we multiply an inequality by 
a-ive quantity, the sign of inequality is changed. 

Multiply both sides of B by the —ive quantity 
/0 and hence changing the sign we get 
.**(? - r)(q -p)>(a+c)\q - r)(q - p ). C 

Adding 1st and 3rd terms of A in both sides of C we find 
that 

A > a*(p - 9)(P-r)+(a+c)\q -r)(q-p)+ c *(r -p)(r - g ) 
or >a\p-q){(p-r)-(q-f)}+c*(r-q){(r-p)-(q- v )\ 
4-2 ac{q-r)[q-p) 

or >a\p~ $)*+ c\r - q)*+2ac(p - q%r—q) 
or >{o(p-q)+c{r-q)}* 
or quantity i, e, >0 

A>0 Proved. 





Inequalities 




(ii) We have to prove that if x-f?-f s=0, then 
a 2 yz+b a zx-{-c*xy can not be -f iv'e 
Now x=s —(x-f)0 •*. We have to prove that 

-(&*y-\~b*x){x-\-y)+c % xy cannot be -five 
— [a*y* -f flV-f (a*+b*)xy] — c*xy cannot be -five 
or changing the sign 

a*y 8 1 b*x* — 2abxy+{a*+2ab+b*)xy—c*xy cannot be —ive. 
or {ay— £x) a +[(a-f ft)*—e*]xj>tannot be —ive. 

Now {ay—bx)* being a perfect square cannot be negative 

.(A) 

In a triangle a-f b>c (n-f b)*— c* is -five. 

[(a-f^) 8 -”**]*? cannot be —ive.(B) 

Adding A and B we And that 

(a)>—6x)*-f [(a-f £)* —c a ]xy eannot be —ive. 

20. If x is -five, then show that 


log(l-fx)<x and >^~ x 

Now log (1+x) will be less than x. 

x a x a 

If l-fx<e* or<l-f x+ 2 |+ 2 y+— which is quite clear. 


Again log (1+*) will be greater than 


x 

1 +* 
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or Ifl+ * + * 


1+x ‘ (l+x)* + . >1+ I+x 


-f_ _L 

^ 21 ( 1 +*)* 


which is quite clear, because all the terms on the L. H. S. 
after the second term are greater than the corresponding 
terms on the R. H. S. Hence proved. 


21. Prove that , 

(n!) a <r!. (2n—/)! where r<n. 


, or we have to prove 


Now 


, / (2n — r)\ . 

that - j—->n T 
n! 

r! (2«—r)!_ 1.2.3...r(2«—r)(2«—r—!)...(«-flXn!) 


n! 


nV 


=(1.2.3.r)((B4*lX n +2)...(2«—r)} 

>(1.2.3.^{(r+lXr+a)....^ 

V n>r (n+l)>(r+l) etc:- 

and n —r>0 2«—r>n 

or >1.2.3.r(f+!)(/-)-2). n or >n! 

■ LlM-'Kn! '-" 


n! 


rt (2s—r)!>(s!)* (s!)‘<r! . (2«—r)! 


22. Show that 

1! 3! 5!.(2n —1)! > (a!)" 

(Agra 45, Benares 48, Allahabad 50) 

have proved in*Q. 20 that 

r! (2 b— r)! > (n!)' J a being > r 

Give r successively the values 1, 3, 5 . (2b — 1) 

l!(2n—1)1 > (a!)* 

31 (2s—3)! > (a!)* 

5! (2s—5)! > (n!)* 


V2s -1)! l!>(s!)‘ 








Inequality 


HfiF 


Multiplying the respective sides we get 

{1 ! 3 ! 5 ! 7 !.(2n-1) ! } 3 >(n l)*» 

la king square root of both sides. 

113 15 !.(2n—1) !>(» !)* 


23, Find the Max. value of (8 — x) 8 (x-f 6) 4 when it ia 
given that x lies between —6 and 8 

Since x lies between —6 ai/d 8 both 8 — x and x-f6 
ate -five t 

Hence proceeding exactly as in Ex. 1 of Page 108 we 
find that Max. value of (8—x) 8 (x-f 6) 4 i9 6® . 8*. 


(b) If 2x-f 5y=-3. find the Maximun value of 
Proceeding exactly as in Ex. 2 of Page 109 we get 

Max. value of ia ^ 


3 10 .2 6 

5 4 .7* 


(c) Find the Max. value of (7--x) 4 (2-f x) 8 when x 
lies between 7 and —2, 

Because at lies between 7 and —2, both 7 — x and 2-fx 
are -five, hence proceeding exactly as in Ex. 1 of Page 108 
we find that the Max. value of (7 — x) 4 (2-f x) ft is 4 4 »5 6 

(d) Find the Max. value of * 8 (4a —*)* if x ia -five 
and less then 4a. 


Since x is -five and less than 4a then both x and 4a- x 
are -five. Hence proceeding as in part a and c we hud that 
the Max. value of x*.(4a ~x) 6 becomes. 


j. 


3a“]*f 5aJ»_ 


[?][ 


3 8 .5* 


2 s 


(t) Find the Max. value of x l,# [1 - x] 1 ' 8 when x is a 
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pcoper fraction. 

Because x is a proper fraction. 

both x and l — x are -five 

Now x l '“ [l-*] 1 ' 8 is Max. when 

x 8 (l -x) a is Max. [on taking sixth power] 

and x 8 (l-x) a is Max. when 


[iim- 


is Max.A 


But A is the product of 3+2=5 factors whose sum is 

i 

3.~ 4-2. s» 1 =a constant 

3 2 

and hence by art 6, the product will be Max. when 

* or when s=f 

o « 

Max. value of x l J a (l~x)'/» is . (f)'/ a 
i. e. Vf • 'f'S 

♦(f) Find the minimum value of y+y + * for 

. +ivt values of x,y and z which aatisfy the condition 

( A 8 ta 54) 

Now by art 11 (3a) i. e. if X+Y+Z.—const=S 

then the least value of X m +Y*+Z w +.... ..occurs 

§ 

when X =Y=Z.... — and the least value becomes 

•(f)" 

Here will have least value when 







Inequality 



x _ y _ z _x+j+z_ k 

111 3 3 


and the value will be 



*(g) Find the Minimum value of bc^cay+abz 
when xyz = abe 

Put bcx—Xy cay —Y and abz=% 

then we are to find the Min. value of X+Y-+-Z when 


X 

be 


Y 

ca ’ ab 


3-* tV 


xyz—abc] 


i. e. XYZ=a 8 £V=const. 


Now by article 11 (2) if XYZ.=Const.—P then the 

value of X+Y+Z-f- is least when X=Y=Z —P 1 '* 

Now X+Y+Z will be least when 

X—Y = Z-(XYZ) 1 ' 8 ~{a*b*c*?i*=abc 
and hence least v due is abc+abc-t-abc—3abc 

*lh) Prove that the equilateral triangle has mas. 
area for given perimeter and min. perimeter for given 

(Nagpur 38) 

Let a, b, c be the sides then 2s—a+b+c 

Area A = V [X* fl X J ~ b)(s —e)] 

Perimeter P=a+b+c=2s 

Put s-a—x, s ~ b—y, s-c—z 

then adding 3j-(a+6-J-c)=*-f.y-f*; i.e. s -=x\ y+ z 

1. Perimeter constant 

A® yj[{x+y+z)xyz] = y/( sxyz) 
j ss»(jp-J-^>-j-jj) -s^Oons tant 
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Now if Perimeter is constant then x+J+2 16 constant 
then A will be Max. when A* or when sxyz is Max. but s 
being constant, we should find tbe max. value of xyz which 
will be by Art. 11 (1) when x=~y=s or when 

s —a-—s-~b=$—c or a==b=c i.e. A is equilateral 

II. Area Constant 


A *=(x +y +z)xyz = x*yz + y 9 zx+z 2 xy 

sssX+Y+Z where X—x 2 ^, etc.) 

t 

P=2j=2(*+>+a)=2(' X -+ -+• Z -'l 

\xyz xy z xyz) 


2A* 


2 A 2 


xyz (XYZ) 1 /* 


XYZ =x«/^ 


Now area is constant i. e. X-f-Y-fZ is constant and then 

2A* 

perimeter will be minimum when ^YZ) 1 '* minimum or 

(XYZ ) XI * is Max. or XYZ is Max. which by art 11 (1) will 
be Max. only when X»Y=Z 


i. e. x*yz~y*zx=z*xy or x^y=z or a=b—e i. e. A is 

equilateral 

(i) Find the Max. Value of xyz when 
-+^+-=i 

? + F + e *“ 1 


. Let 



e 


^z 


we are given that X+Y+Z — l a constant and we 
are to find Max. value of xyz i. e. abc V(XYZ). 

Now abc Y(XYZ)is Max. when XYZ i 9 Max. and XYZ is 
Max. when X—Y—Z—£ because X-j-Y-f-Z — 1 constant 
j^iven. 



Inequality 


*- 1 


Xas *.-=»- 


Similarly y= 
and 


z 


a* 
b 

V3 

c 


• • 


x= 


V3 


V3 

Max. value of xyz is 


abc 

3V~3 


(j) If a, b , c are +ive rational and a are -five 

quantities, such that x-\-y-\~z is constant, show that 

JL =rr y = * and its value 
abc 


x a y b z c is maximum when 

— &$r 

(Agra 29) 

Now is Max. when (^t) ( c ) 

is Max.... v .(A) 

Now A is product of <x+6+c factors whose sum is 

«( * )+4( j )+«(-7)=*+^+«=co D8 t. 

(given) 

and by article No. 3 we know that the greatest value of a 
product, sura of whose factors is constant, is when all the 
factors are equal. for Max. value of A, and hence of 
x a .y b ,z c , we must have 

x = y ^ z _ x+y+ z 

abc 

Thus the max. value of xPjfiz c is 

-<-ssr + ‘ 

*(k) Find the greatest value of 

(a-* (4 ->■)(<:- J X«*+^+ c «) 
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m 

where a,.b , e are known -five quantities and a—x t b-y , 

c—z are also «f ive. (Agra 38) 

Now given expression is greatest when the numerator of 

- ax%b' - bjtc* - ^4 « ) . 

afo 18 s reaie8l ‘ 

The numerator being the product of four factors whose 

sum is a*-f A a +c a i e. constant because a, b , c are known and 

hence will be maximum *when all the factors are equal. 

(Art. 5) «, 

. ^ a % -ax__b % -by__c % - cz_ax-\-by+cz_a*+b*+c* 

• i; r “■ r-i -r ~ 

Hence the Max. value of the given expression is 

abcl 4 * J 



CHAPTER IV 


CONVERGENCY AND DIVERGENCY 

§1. An expression in which the successive terms are 
formed by some definite law is called a series. If the number 
of terms is finite then the series istcalled Finite series and if 
the number of terms is unlimited then it is called an Infinite 
Series. We shall in this chapter deal with infinite series and 
as and when we say a series in this chapter we shall mean an 
Infinite series which will be denoted as 

i 

“l+tta+tfad-..which ia written in short 

co 

from as 2 u n or S o» , 

n=l 

The sum of the first n terms of the above series will' be 
denoted by S*. For example the following series are infinite 
series 

L+I.+L+ 1 4- 

l-fx+x*-Fx*+. x n — . 

§2. Definition of Convergency and Divergency. 

Convergency : 

A series is said to be convergent if the sum of its first n 
terms is such that it is always less than or does not exceed 
some finite quantity, however great n may be. The above 
statement is equivalent to saying that a series will be conver¬ 
gent if the sum of its first n terms tends to a finite limit as n 
tends to infinity and is expressed as 

If Lt S#=finite the series is Convergent 

fl-»00 
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When a series is convergent and hence 

S„=finite quantity say (j) then s is called the 

sum of the series to infinity. 

Divergent ; 

A series is said to be divergent if the sum of its first n 
terms is such that it can always be made to exceed any finite 
quantity whatsoever you can'think of, by taking n sufficient¬ 
ly great. The above statement is equivalent to saying that 
a series will be divergent if the sum of its first n terms tends 
to either plus infinity or minus infinity as n tends to infinity 

and is expressed as if • S*=4-co or — ao the series 

1 B —>00 

is divergent. 

Oscillating : 

A series the sum of whose first n terms is such that it 
neither tends to a finite limit nor to plus, minus infinity as 
it tends to infinity is said to be Oscillating series. 

E*. Consider a G. P. 


l-fx+X a +* 8 +.X^-h 



1-X* 

"1-X 


when x<l 


and 


x»-l 

x-1 


when x>l 


Now suppose x is numerically less than unity. 

Say =1, then S,=ij-^-.=2[l-(*)■] 

1—0)* always be less than unity however great n 
may be and hence 2fl-($)*] will always be less than a finite 
quantity 2. Hence S» is such that it does not exceed a 
finite quantity 2 howeVer great n may be and hence by our 
definition the series is convergent. 
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Again S,-^ 2[l-(i)-]=2 i. e. finite quan- 
tity and hence our seiies is convergent. 


Therefore remember that an infinte G P. is always 
convergent when its common ratio is numerically less 
than unity. 


Again suppose x is numerically gteater than unity 

say—2. then S n ' 2 1 — 2 n - 1 

2 — 1 , 

Hence S* is such that it can*he made to exceed any finite 

i 

quantity by giving larger and larger values to n. Suppose 
«—4 then S n —15. But S B can be made to exceed 15 by 
giving n the value 7 and so on. Hence by our definition the 
series is divergent. ' 


• Again 


Lt 


n-*co 


Lt (2*-l) 

n-*oo 2 1 


oo 


and hence our series is divergent. 
Even if x then n and /. 


Lt 

n-> oo 



Lt 

n-* oo 



Therefore remember that an infinite G. P. is always 
divergent when its common ratio is numerically 
greater than unity or unity itself 
H x= — 1 the series becomes 

1 — 1 H-l — 1 -f-1 —1+........ then 

S n =1 or 0 according as n is odd or even 
Thus S n fluctuates between the values 0 and 1. 
i. e. it neither tends to a finite limit nor to plus minus 
infinity and hence by our definition the series is oscillating. 

Find by definition whether the following series are 
convergent or divergent. 

Example I. l®-f-2®+3 8 -f.n®+.oo 
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Lt 

IJ-+CO 


S»=co 


Hence the series is divergent. 


Ex. 2. 1+ 3 + 9 ~ + 27 + 81 + .°° 


ft is a G. P. whose common ratio is f 

s.= 1 ^L 3{ i-(?)-> 

a- a 

3{l-(i>}=3{l-0> 

=3 a finite quantity 
/, Series is convergent 

£ x 3 _L -f- -!_?_-]___L 

Ex - * fl(fl+2) (fl+2)(fl+4V (a+4Xa+6)^. 

— 1 =ir 1 -J 1 

" l_ a(a+2) 2 L a a-f2.| 

i _ir i I 

.“• _ (a+2Xa+4) 2 La+2 a+4j 

_1_if"- 1 -- 11 

B »“(a+4Xa+6) 2 La+4 a+6j 


_1 r 1 _1 *1 

2 |_a+2(n-l) a-^2nj 
Adding and cancelling diagonally we get 

S *“ 2 [T - 5+2JiJ 

k* S 'n—0-}=± which ia finite 
n-.ee * TL« J 2a 

Hence the series is convergent:— 

§3. We have seen in the above example that in order to 

find out whether a series is convergent or divergent we have 

to take limit. So we must be fully conversant with the - 





Convergency & Divergency 

method of evaluating limits of functions of n when n tends to 
infinity. 

Properties of limits. 

Lt 


If 

n->oo 

1. Lt 

H->00 

2. Lt 
n->oo 

3. Lt 
n->co 

4. Lt 
n->oo 

5. Lt 

n—>oo 


/(n)==fl and $ (ti)=b then 

{/(»)“ 4>(n)}**a-b 
{kf(n))=ka t where A: is a constant 

k 

U(n)<Kn)}=ab 

Cf(n)) n 
b 


Lt 


s Lt 


6. If/(n)<<M) then *(") 

Note the sign of equality, 
i. e. suppose/(n)—and *^( n )— 

Iiere /(n) is less than £(n) 

Lt /Yu's_^t n-f7_Lt 

n-*co J ' n->oo ”3^ 


f |—>00 


Lt 

«->00 


n+U_Lt 
v ; «->oo 3 R 


Lt 
n->oo 


>■ «• ' /(«) 


_Lt 

n->oo 


C*+s]' 

K> 


fl —>00 

*(«) 

§4. Remember the following results. 


* 


4.1 If * < 1 x n «0 i. e. Lt (i)*«0 

and if *>1 *"*00 i. e. Lt (3 )"*=00 


4.2 Ifp is -five then ^ nPw*co 
* n-*co 



Algebra Made Easy 


and Lt 1=0 
n-*-co n p 


•• n-#-oo V*» n “> ** and so on =00 


, Lt 1 1 1 A 

and , - - a , -—=0 

n->oo n n » y n 


J.3 !r‘ i2« -» =0 


n—►oo n 

« 

Proof Put log # % n==r* and as n-» 00 , A also -*00 

A; 


Lt log_B__Lt A: _Lt 

A-* 00 n A->00 ( e t ~‘k-+ 00 


Lt 


T +1+ 2l + 3l + ' 

-iuo+i-)"- 


1 +*+ 2 ! + 3 ! +. 


00 ^ 


The power n is exactly the reciprocal of the 2nd term in 


the bracket — 
n 




t 


« £.04r-t-K>+4)T- 


IN* Lt 


n-aoo ( 1+ &/ " *ii->oq 


!(>+s)T” 


.'/a 







W) 
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u ci_ 3 -r= Lt j(i- 3 )—r-*- 

n-*co \ n / n-*co n / ) 

4.5. The most important ca^e is of evaluating the limits 
of the function of the form 

<Kn) 

(a) If /(h) and <f>{n) are of the same degree say k, 

then ^ /(”)^coefficient of n* in f(n) 

n-#»oo 0(n) coefficient ©* n* in $(n) 


Ex. 1. 


Lt n a +3n-f4 1 


n-»oo 3n*-f In+7 3 

bet ause on dividing numerator and denominator by n a , the 

4 


3 


above limit — 


Lt 
n-» oo 


1+ -f 

3 f 4 + 3 +°+° 3 

n n 


Ex. 2. 


Lt (2h+3)(4h-1-5)(h+4) 
h-*co (5n+7)(6n-t-lT)(3H+4) 


Here both numerator and denominator aie of third degree 
and hence above limit 


. coefficient of n* m_the numerator __2.4.1_4 

• coefficient of n a in the denominator 5". 6.3” 45 

* (b) If the degree of numerator /(n) is greater than 
that of the denominator 4(n), then 

Lt /W. c o 
n-» oo 0 (h) 


Ex 3 


Lt _n a 4-_2n+7 csi o 0 
n—> -C 3n+4 


Dividing numerator and denominator by highest degree 
term of n i.e. n 1 the above limit. 



m / 
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1+ 2 + l 

Lt i+ n n # 


« ' Lt n w a __l-f Q+Q_ 1 = 
fi-»oo 3.4 0+0 0 00 

—I—5 

n # rr 

(c) If (he degree of numerator f(n) is less than that 
of the denominator <£(n), then 

u /»-0 
n-»co 4>(n) 


« a Lt 3 ”+ 4 
n-»oo n*+Sn+4 

Dividing the numerator and denominator by highest 
degree term of n i.e. » 9 , the above limit 

l + 4 

= Lt n ' n* _ 0+0 Q 

n-» oo j 2 1+0+0 

n ~ n* 


4*6. If x<l, then 


n—»co 


nx n = 0. 


Proof. Because x<l ~ >1 

tends to infinity as n tends to oo 

Put ) =/• Then as n->co, t also -►oo 
Taking log of both sides, 

„ log )=log / A »=—7+\ 

n __ log/ 


Hence nx* 
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• nx . n — 

•• n -too co 


Lt log t 
*-»co —,1 - 

' K J 


*' 

But by 4'3 *°° ~ — 0 and 

J /—>oo / 


los ( x) 


remains constant when n and / change 




§5. Before proceeding to find out certain tests for the 
deteimination of con\ergency and divergency of series, we 
shall find the following theorems, to be of great help. (Read) 

(fi) {a+b+c+u 1 +u 9 +u i ...ti n ) where a, b, c are 


all finite quantitie9 = (u+^+r)+ 


n-»co 


=finite or infinite according as S„=finite or infinite. 

° n—+ co 

Hence the series a-\-b-\-c + u x +u 2 +u 9 .co is 

convergent or divergent according as Wx+aad-n*.co 

is convergent or divergent. 


n-> oo 


n-> oo 


n->co 


(tt»+t4* tt »»+a4‘.*0 

(«i+«a+.4-am+i+ttw+a.«») 

—. u m) 

Sn—(»i+« fl +“s.Km)=finite and infinite 


according as S n =finite or infinite 
° n —>co 

because u x +u 9 , . u m being the sum of some finite 

number of terms and hence equal to some constant. 
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* 

Hence the series u m+1 +tfi»+#+ ...«n+ —i* convergent 
or divergent according as 

4-+a a 4• • • a m +s«»+ x - 4 u m + 9 4*• • • u *4* • • 
is convergent or divergent. 

(e) n _^ t c0 Ka 1 -f Ka a +.. Ka n where K is any 


K Lt 

constants ' S„=finite or infinite 

according as S„ - finite or infinite. 

^ «->oo 

r 

Hence the series Ka l +Ku a +** Ka ft + • where K is any 
constant is convergent or divergent according as 
a 1 + a 8 .a n is convergent or divergent. 

The above three results can be summed up as follows. 


The nature of a series remains unaltered by the 
addition or removal of a finite number of terms or by 
the multiplication of each term by some constant. 


Note :—By definition we can test the convergent^ and 
divergency of a senes only by finding the sum of its first n 
terms and then taking its limit when n tends t»infinity. 
But it m8y happen that we may not be able to find the sum 
of first n terms. Therefore we shall give below certain tests, 
with the help of which we shall be able to investigate the 
Convergence and Divergency of a given series. 

^6. An infinite series in which the terms are alter- 
Tnsfely +ive and —-ive is convergent, if each term is 
numerically less than the preceeding term and if the 
terms decrease indefinitely. (Agra 29, Pb. 32, 43) 


i. e. if 
Proof. 


Lt n 

B-.CO “*” 0 

Let the series be 

- «a+—“*+" i “ ««• 
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where «->«„>«„> a,.and ^ k.^0 

1 * 8 * n->co 




Let us consider the sum of 2 n terms 

’ S 2n - (« t -« 9 )+(tt 8 - «4>+.1 ~»«»).(A) 

it can also be put in the form 

s *» “i ~(«a-«»)-(««*-«*)" .-««n. 

— «» ~l(«a - «»-+(«4 J «sH.+“««•].( B ) 

* 

Since (tij - « 2 ), ( u a - u t ) .and all such brackets are 

-five by the given conditions and hence from (A) we find 
that S 2n must be -five. With the support of this finding 
we conclude from (B) that S 2 „ is always less than ei x a finite 
quantity, because the terms within the brackets in (B) can¬ 
not be greater than u x for if they are, then S g „ will be — ive 
which will be contiary to our finding from the form (A). Now 

S gn being always less than u 1 .*. S a „-finite quantity 

ft*—* oo 

t 

Again S^n+j^S^n-f u 2n + x 


• m 


Lt n Lt g . Lt 

a «n+l — Hfn+i 


n-+ co 


But because 


Lt 

«-» 00 


M* = 0 


• • 


n->3o 

Lt 

n-»co 




as.S, 


Hence we find that S 2n + t tends to the same finite limit 

i. e. S„=tf finite quantity whether n is even 

or odd and therefore by definition the series is convergent. 

Note—The students should always certify whether 
Lt 


BV+OO 


tf»=0 or not. 


1. Test the convergency of the series 

" . 
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Vw 



numerically equal to 



v > Lt Lt 

n-> co 



The terms are alternately -f-ive and —iveand also each 
term is numerically less than the preceding term and hence 
the series is convergent. 

Ex. 2. 2-f+f-5+..*.... (Pb. 41, Agra 44) 

« 

The terms are alternately -five and - ive and also each 
term is numerically less ’than the preceding term 


But Lt 
W-* 00 


Lt n d“l Lt + 1 

->CO n 00 \ n J 

which is not zero. Therefore the series is not convergent. 


We can put the series as 

(1 +1) -(1 + »+(l +« - (1+«+. 

( 1 - 1 + 1 - 1 +..) 

ov 

—(0 or 1 according as n is even^odd^log* (l-f-1) 

n— >00 2 l+hjge^ 

according as n is even or odd. 


Hence by definition the given series is oscillating. 

Note—In all the examples to follow, the notation 

Lt u n shall stand for „ u n 

71 —>00 


EXERCISE No. 4 

Test the convergency of the following series 
1 , 1 . 1 . 1 








Convargency and Divergency 1SS? 

. 

we can write the given series as 

0-l)+(l-i)+(*-i)+(i-t)+. ' 

Combining even and odd brackets separately 

=(i-t+*-H-.)+tt-i+i-£+.) 

The series in each brackets are clearly convergent by Art. 
6 and hence the given series is also convergent. 

[For a simpler method see Ex. 2 # of Art 10] 

2 1 "£ i+ 5'*~4* + 5 i ~6 i+ .’• (Convergent) 


Proceed exactly as in solved example 1 Page 163. 

3 ‘ 1 -v2 f V3 _ V4 + . (C ° nVergent) 

Proceed as above. (Andhra 37, L.C.S. 43) 

4. + .(Convergent) 

u n is numerically equal to (i)""” 1 

Lt u n —0 Hence as before the series is convergent 

5. — — ! -+—ir-r-.>-+.* and a being 4-ive 

x x+a x+2a x+3a r p ^ 


6. 


Proceed as above 
1 1 


4* 


(Convergent) 

1 


xy (x + lX^+l) 1 (*+2X7+2) (*+3X7+3) 


(Con.) 


u n is numerically equal to 


(x+n- l X.'V+n — 1) 


Lt «»—0, hence as hefore the series is convergent. 











Algebra Made Easy 

7. 1— 2*-f _ 3* i —4*®+.where x is less than 1. 

(Con) 

* 

u n is numencally equal to nx n ~~ v 

Lt u A =Lt nx n ~~ x =x Lt ax n =0 by 4 - 6 Page 160 

Hence as before the series is convergent 

8> 1 -2^2 + 393~!74 + .[Convergent] 

9. ...'...[Convergent] 

iSi/ Show that the series (Pb 43) 

1 — l — 6 + “. 

in which the first term is -H ve » the next two — ive, the 

> 

next four +ive, the next eight — ive etc, is not 
convergent. 

If the series be convergent, then the series obtained by 
grouping the terms should also be convergent i. e. 

1— (4+$)+(£+i+i + 3)-(i+£~K..)+*~i9 convergent 
*+§>*+* i.e. >2.ior >* 

Similarly i+£+i-f 7>4 . $ i. e 

Thus every term of the grouped series is greater then 
Hence the above series even though having its terms alterna¬ 
tely -five & —ive but its nth term does hot tend to zero & 
as such it is not convergent and hence the given series is 
also not convergent. 

§7 (a) A scries is convergent, if from and after 
certain fixed term, all its terms are less than the 
corresponding terms of a second series which is known 
to be convergent. [Result] 

Proof Let the two series be 
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tt i+**a+ tf a*f"“4+Pft4*.. 

and Pi+o a "H i; 3“l" l, *”f -,7 5+.&*+•. 

where the later series is known to be convergent. 

Now let us suppose that from and after the 3rd term each 
term of the series is less than the corresponding term of 
the second series 

+ + +.#» < »a+ p 4+°8+. On 

*. Lt (u 3 4- « 4 4- «* 4-.H«) Lt (a 8 4- P* 4- -f. o») 

Now if v v 4- t, a 4*o 8 +.p»4’—is convergent 

then hv $5 (b) P. 161 p 3 4-»4 4'P54-.0*4-—is also 

convergent and hence Lt (*> 3 4" J> 4+°5 +—is finite 

Lt (« 9 4-“4+“6 +. u n) < finite quantity i. e. 

- some finite quantity. 

Hence by definition « 3 4-fi44-®a4-—«»4”—is convergent 
Therefore by §5 (b) P. 161 « 1 4»,+» s 4« 4 + «»+-..«»+... 
is also convergent. 

Meaning of “from and after certain fixed term” we 

have lead in article 5 that the nature of a series is unaltered 

» 

by the addition or removal of finite number of terms or by 
multiplication of each term by a constant. 

Hence if we find that a certain condition laid down for 


the convergency and divergency of a series does not hold in 
the first finite number of terms then we can very easily leave 
those terms without affecting the nature of the series. 

7. (b) Similarly a series is divergent if from and 
after certain fixed term ail its terms are greater than 
the corresponding terms of a series which is known 
to be divergent. (Result) 

Rx. 1. Show that the series 


-i—j—L4.__— 

1 1.2 1.2.3 


+ 


1 

1.2.3.4 


+ 




is convergent. 
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L.2.3.4 1.2.2.2 


or < 


2 * 


Hence we find that from and after the 3rd term each term 
of the given series is less than the corresponding terms of 
the series 

1 -1. JL 4 - JL 4- __ 4- Jl 4. 

But later series being a G. P. whose common ratio | 
is less than 1 and hence convergent. [ace Page 155J 

The given series by §7 (a) is also convergent. 

*Ex. 2. Test the convergency of the* series 

, , 4 , 4* 4 s , 4 4 , 4* , 4 6 ' 4 7 _ 

1+ 2i + 3l + 4! + 5l + 6! + 7! + 8! + - e ° 


4 5 4 6 

- 


4 8 


6! 6.5! 5 5! 

4® 4 # 4 e 

71 ^ 776.5 ! < 5*.5! 


4 7 


4 7 


4 7 


8! 8.7.6.5 ! 5 s .5! 

< 


4» 4« , 4 7 , 

6! + 7 ! + 8 ! + ' 


4 * 4- 4_ ,A 7 _ 4. .. 

I 1-0 1 - |T ca e | 1 .. 


5.5 ! 5 a .5! 5 8 .5! 

a 

But the later series being a G. P. whose common ratio f 
is less than 1 and hence convergent. 

4 5 4® 4 7 

Therefore . 19 a ^ 90 convergent by §5 (a) 

Hence the given series is also convergent by §5 (b) 

Ex. 3. Show that the series 

«+£ . (fl+xX2fl+*) . (a+#X 2 «+*X 3fl +*) . 

b+x “*"(*+ x){2b+x) " r (Z>+*)(2A+x)(3^+*) . 

is ssnveigent if a , b, and x are all -f-ive and a < b 
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For all integral values of r we have with the- given con* 
dition a<b. 


ra+jx a-\-jc 
jb\x ^-f*x 

The terms of the given series from and after the 
second term are less than the corresponding terms of the 
series 


, (a-h^ , (a+x)® 


The later series is a G. P. whose Common ratio is 


a+x 

b+x 


which is less than one because a<b and hence it is cover- 
gent. 

Therefore the given series is also cohvergeut. 


# Ex. 4. If the series « 1 s H-a a a -f-«a a H". * 8 conver¬ 
gent and »i*-l-o a 2 4-» a a +. is also convergent, then 

will «, 0 a -f « 3 0 3 -J-.be also convergent. 

Now X «n a and X v n 2 is convergent. («»*+»»*) 


is also convergent. 


2 




4"^a 


is convergent. 


Hence u l » 1 4-tt a fl a + « a vf'.* s a ^ so convergent. 

«i® x < ^and so on 


i.e. every term of .the second series is less than the cones* 
ponding term of the first series which is convergent. Hence 
the second series is also convergent. 

§ 8. A series in which all the terms are of the same 
sign is divergent if each term is greater than some 
finite fixed quantity however small. [Result] 

S»^u l +a a +« 8 +.«»• 

.*• S»>na, when each term is greater than a finite 
quantity a (say). 
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4 

'Now by choosing n sufficiently large we can make S* 
exceed any finite quantity and hence by our definition the 
series is divergent. 

Ex. 1. Show that the series given below is divergent 
1+3+5+7+9+. 

In the given series all the terms are -five and each term 
is greater than unity and hence by art. 8 the series is diver¬ 
gent. 

Ex. 2. 2+|+#+5 +. 

All the terms being -five and each term being greater 
than 1, the series is divergent. 

§ 8*1. In the above article (a) must be -five and fixed 
that is independent of n and each term is to be greater than 
a for divergency. 

*Hence a series of positive terms is divergent if 

Lt «n>0. (Remember) 

CO 1 

*§ 9. The infinite series 2 


it 1+ 1 + 1 +. 1 

l * \p Z* nP 


+ 


is convergent if p is -five and greater than 1 and diver¬ 
gent if p is less than or equal to 1. (Proof) 

(Agra 38, 54, Rajputana 50, Pb. 33, 41, 45, 48) 
Case 1. *Tf p is -five and greater .than l. 

2 


3*>2* 

{ 5P>4*0 

6 *> 4 p V 

7*>4*j 


a 

m a 


W 

& 2p 


1 J. 1 ■! 

2p" i "3~*» < 2> + 2* 01 < 2 * 


U 1 

5* 4* 


6 p < 4 p 


74 P 


• • 


i+I -f I -f 1 < 4 

4* 5p~6p~7* 4* 
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m 

» 

Similarly (1+^+^+.is,)<|,' and 80 on - 

Hence the given series 

1» + j> + 3?.] + [i + 5* + 6> H»] 

+ [^•+97+.I5r] + . 

is less then J,+|,+^+^+--v 


But the later series is a G. P. whose common ratio _ 

• 2p 

1 

*■ e * 2 p— x ^ ess than 1 when p is -five and greater than 1. 

We know that a G. P. whose common ratio is less than 1 is 
always convergent (Seep. 155) and hence later series L 
convergent and the given series being less than it must 
therefore also be convergent. 

Case II Let p=l 


3<4 i+ 4 > 4 -f *4 or >f or >4 


f 5<8 l 

• i>4 

6^8 V 

L7<8j 

*>4 

j 

$>b 


*• i+l+f-H>4-fi4-4+4 or >$ or >4 

Similarly (Hl*o+i A f+.or >4 

Hence the given series 

i+4+(4+i)+a+i-H+4) 
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■A)+. 


is greater than 

H *+*+!+*+. 

The later series by art 8 is divergent and the given series 
being greater than it must therefore also be divergent. §7.b 

Case HI. p is less than 1, or —ive. 

€ 

(• • 2 l / a <2 
In this case 2*<2 | * 2“*<2 


• * 



Similarly 3? >i 

>1 and so on 
4p 4 

. Hence the given series 

L —hi 4- .is such that from and after the 

Ip 2p 3p 4* 

first term all its terms are greater than the corresponding 

terms of 1-h }+$ + ! +. • 

which in Case II we have proved to be divergent. 

Therefore the given series by art 7.,(b) is also divergent. 

Test the convergcncy and divergency of the 
following series. 

Ex. 1. +.. 

convergent V p-= 2 i. e. >1 

Ex. 2. . 1 +. 

n 

Divergent V p~ 1 
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Ex - 3 - T+V 1 2 + ^3 + V4+' 


Divergent V p-h i. e. < 1 


Ex. 4. 


!_+_! + 1. . 
fe—1 ' 1 ' Qife—x ' ,,, n Jb—1 ^' 


1 k-t ' 2*- 1 1 3 *— 1 

Herp the given series is convergent if A: — 1 > 1 i. e. if 
k > 2 and divergent if k — 1 ^ ,1 i. e. k ^ 2. 

Ex. 5. *^’2.2 1,100 ^~3.3 l /^~^4.41/100 “f". 

convergent V />=l-f^o i. e. > 1 


„ , , , 2^.00 31/ino 41/100 

tx.6. 1+ . 2 -+_-+-_ + 


divergent V 1-^ *• e - < 1 


* Ex. 7. Prove that in order that an infinite series 
may be convergent, ic is necessary but not sufficient 
that the limit of its nth term be zero when n tends to 
infinity. (Agfa 45) 

We have proved in Art. 8*1 Page 170 that a series is 
dixcigent if Lt a« > 0. Hence it follows that for every 
convergent series Lt u n =0. The converse of it is not true 
because if we consider a series. 


1+ V2 + 93 + V _ 4 + . + V~n + ’ 


which is clearly divergent as p—- \ even though 

1 


Lt «-=Lt 


yjn 


:0 


Hence for convergent series Lt is the condition 

which is necessary but not sufficient. 









Algebra Made Easy 


m * \ 

4iO. If the 


,§10. If there are two series in each of which all the 
teftns are positive and if the ratio of the corresponding 
terms in the two series is always finite, the two series 
are either both convei gent or both divergent. (Proof) 

i. e. If Lt U|> —finite then and 2v n are either 
▼n 

both convergent or both divergent. 

(Agra 30, 32, 39 Pb. 33) 

Proof Let the two series be 

r 

.«»+. 

and » 1 +» a 4-. -Vn+ . 


Since 


8 are all finite 


Let **— has the greatest value say x anougst the dbo^e 


4 

fractions 


then - l 

a. 


< x 


U % —V x X 


«8 < V*X 


Similarly u 8 < p 9 x and so on 

A (»,+»,+.) < (»i+®,+.)* 

(».+».+.) K 

Again let — 8 has the least value say y amongst the 
°a • 

above fractions. 


• u% > y • « > a. y 

.. ^ 

«. > »,y 

v % 

?-=r 

and so on 
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/. (« X + #8+“# +. )>A V l+ V » K +.) 

i. e. .B 

Hence by A and B we can say that the value of the 

fraction - l i~^ 9 ~r' lies between the greatest and 

0,+0a+ p 8 +. 


least of the fractions * l , Ui , ..and is 

0 S p a p ? 

therefore a finite quantity L say 

« t +M 2 +M 3 +.“L(0 1 +0s+0s+.) 

Now if o series is convergent then 0 1 +0a+0 s +.is 

finite LC 0 t + 02 + 0 j +.) ia finite and hiuce 

ai+«a"h ,tt s4'.finite i. e. u series is convergent 

Similarly if 0 scries is divergent then u series is also 
divergent ;— 

Note :—The application of this principle is very import¬ 
ant. for by means of it, we can compare a given series with 
an auxilliary series whose convergency or divergency has 


already been established. The series 



will be generally 


found useful as an auxiliary series. The only thing that we 
have to observe in the application of above article is that 

Lt - n =finite . 

Vn ! 

Method of finding the auxiliary series :— 

Take u n the nth term of the given series. Find its 

approximate value by taking n large. Out of the approximate 

value of u„, retain only the highest power of n and denote 

that by v n which will be the nth term of the auxiliary series 

and also Lt — will be finite because n* and v n are of the 
0 » 

same degree (4*5). 
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f » ^ 

^ 4 *Ex. 1. Find whether the series whose general 
term n is convergent or divergent. 

(Nagpur 31) 

Let us find thq appoximate value of a* when n is large 
/ 1 swa 

“» s =\l+-8j -* 


[ 1+ 3n* '. 1 1 | 3n* 

Retaining only the highest powers of n we get our 
auxiliary aeries whote general term »n= “ a . 

Ll / ?'**' 8 finite q ” amity 

a 

Hence both series are either convergent or divergent 

m 

But S 3»=S * s convergent, as p=2 i. e. >1 


'Hence thriven series is also convergent. 

Ex. 2. Show that the series (Pb 42) 

& + 2* + 3A + . to convcr 8 eDt 


_ 1 1 
ttw "~n(fi+l) n s *f n 

« 

Retaining *>nly the highest powers of n we get the general 
term of our anxiliarly series as o«=^ a 

Lt -*=Lt =l=a finite quantity. 

v H »*+« 

/. Both the series either converge or diverge. 

But auxiliary series is convergent as/>>l and hence the 
given series is also convergent. 





Convergency and Divergency 
EXERCISE No, 5 



Find whether the series whose general terms ate 
given below are convergent or divergent. 

*1. u n — V(n 9 4-l) — (Agra 39, 45, 47 Supp., Nag. 
59, Sagar 48, Madras 39, 40, Luck. 42, 43 Supp,, 
Travancore 45, Bombay 26, IJb. 44) 

s n ~l/2n approx. Proceed as§in solved Fx. 1 ppge 176. 

[Divergent] 

*2. «^V(n 4 +l)-V(* 4 ~l) 

(Pb. 35, Patna 48, Travancore 41) 

a 

Proceed as in solved Ex. 1 page 176. [Convergent] 
a 2 3 4 

l 8 ” r 27’ t ". [Convergent! 



— apppiv/Aiuiaiuj miv/u n xa xaig^i 

Hence proceeding as before by compaiison with auxiliary 
series we find that the series is convergent. 

a 


*4 , __<«+!)* 

* [»‘+(»+2)‘] 


L \ * / J when n is large 
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Choose a*— 


Lt ^5=J=a finite quantity 

v n 


But the auxiliary series is convergent or divergent accor¬ 
ding as A—3> or ^11 

i.e. lt> or ^4. 

Hence the given series is convergent if £>4 

and divergent if 

S: (a) «,=V(«+1)-V(»-1) (b) 

71 

(Pb. 38) 


(a) Here 


«!„=?---and hence as before series is divergent 

V B * 


(b) fin-^etc. [Convergent] 

« 

. _ 2n(n+3) 

ll * - (»+lXn+4X3B+5) [Divergent] 

2 

Here «*= approximately when n is large. Hence 

Off 

proceed as before (Divergent) 

„ -e'(2n*-l) 

“* _ ^(3ri 8 +2n+5) 




2 l i »„ n a /a 

* *PP roximatel y when 


n is large 
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w 


2 1 /* 1 __ 2 l/ * 1 
3^/i • B a/4^ii8”3i/4 * n i/»i • 


Take 


*„= 


1 _ 

n x i l * 


n *!:= 2 **- 


—== ,.. -a finite quantity 
a- 3 1/4 n 


But the auxilliary series is divergent because p—~& i. e. 
< 1 . Hence the given series is aiso divergent. 


8 . 


1 


3 - +-- 5 4- 

a i o a r* I ••• 


1.2.3 2.3.4'3.4.5 


(Sagar 49) 


2H—1 2 

Here “" = »(*+ix-.+2) = »*' a PP ro!dma * e, y when » is 


large. Hence proceed as before 


#9 —+ 3 4 . 4 +-^4- 
1p^2p^3p^4P + ‘ 


[Convergent] 
(Agra 45,50) 


n +1 



n p^.i when n is large 


Hence proceeding as in Q. 4 series is convergent when 
p > 2 and divergent when ^ < 2 . 

*10. l+ 2 i+|,+| t +| s +. (Divergent) 

(Nagpur 37, Aligarh 47) 

If we neglect the first term which will not affect the 
nature of the series and hence 


n* _ «* 
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(n+l)(l + i)“ 

11 

: (ir j-l)"f a PP roximatel y because when n is large 
^1+^ —t approximately 


Take — 
n 


x tt|| W 1 1 . r • 

Lt-—, — . t v ~ ~ i. e* a finite quantity 

v n («-4-l)« 9 2.718 1 1 

But the auxilliary series is divergent because p - 1 
Hence the given series is also divergent. 


*10 (b) 2- n 4f,V 


(Agra 44) 


1 u 1 . «» 1 1 

“* _ n r + ,a Ch "~‘n '■ v n n.n' l *' n ~~n' lm 

Lt =Lt B rji=l V If^=n'/» then lo& P=^ n lo 6 " 
or Lt log ^=Lt ~ log n— 0 (4*3) Page 158 

p-*l and hence Lt *1, a finite quantity 

Hence the two. series converge and diverge together, 
(Art. 10) but since v n =~~ 

v series is divergent (Art. 9) 
and so will be the given series 
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V2» + >/3» + V? + . . [Divergent] 

" ,== V[(»"+!?] = +w] == ) »' 

when n in large 

*12. Un— V( w ®+1)*“ V n ® (Convergent) 

""it'+L .)- i l 


=fi 3,a . 0 * 3 approximately when n is large 

w Tl * 

_ 1 _ ~ _ } 

2 n 3 - 3,a 2« 8,a 

Hence by companion with auxiliary series we find that 
it is convergent. 


1 


*13. u n -sin^-) 


(Agra 42, Delhi 49) 


1 V-K 1 


n 3 !n 8 ' 5 !»* 


.= _L_ approximately when nis large. Take v n = 


Lt — =l=a finite quantity 


v n 


But the auxiliary series is divergent because p—l. 
Hence the given series is also divergent. 

Similarly prove that when cos -i- then series 

(Allahabad 51) 
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.V-.H 


is convergentJ”cos 0=1—.J 


*14. 1 . A +v : ^ —r+. (Divergent) 


«»« 


1+V2 1+2V3 T 1+3V4 

n n 


•l+aV(«+l) " 1 +a- ^ 1 + .I). 

approxmately-^snearly 
15. log (Convergent) 

= |-log (l+l) 

=4-(i-2^+.) 

= neatly 

By comparison as before series is convergent 

* 16 » + » + *+. 

la ~ 2« ~ 3« ' . 

p and q being +ive numbers, 
approximately when n is large. 


n«-P 

Hence as in Q. 4 before, 

17. Show that the series 
1 + 4 Sii+§^.+Igr(»+—- J » convergent 


[Convergent if q > p-j-1] 
[Divergent if q ^ p+1] 


«*> 


Hence convergent by comparison. 
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1.1 

18. «„= — sin — 

n n 


[Convergent] 


1 / 1 1 , \ 

* nvn ~3!n» + .) 


approximately when n is large 


19. B»--sin* 1 J 1 _ JL + .V 

n \ n 6\rr * J 


— n % approximately etc. 
20 «,=tan'“ 1 ^ 


(Convergent] 


n [Divergent] 

By Gregory’s series «.-=( J “3^+5^-.) 


= — approximately etc. 


21. « tt -cot~ l («)— tan”* 1 ^ ^ ^ 

and hence by question no. 20, is divergent 

22. !i n — — tan ( ^ ^ 

n y/n \ n J [C< 

1 / i 1 1 \ 

= V»^ + 3 ' n*. ) 

approximately when n is large 


[Convergent] 


1.1 1 

(x - df +(x - 2 d) 8+ (x - 3d)*’ 

Um ’ m {x^nd) t 


(Agra 32) 


Retaining highest powers of n we get the auxiliary 
series whose general term 
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Lt 5t= Lt 


nr 


(x - nd )* n a d* — 2 nxd 


^=-^ s a finite quantity 

But auxiliary series is convergent because p=2 i. e. >1. 
Hence the given series is convergent. 

24 ' 7+*-ri+*i-l+^2+ii2 + . [Convergent] 

Neglecting the first q?rm and then grouping the terms 
taking two terms in one group we obtain a new series 


2x 


2x 


«n= a 

r 


* a -l a+ * a -2 a +* a -3 1 ' 
2x 


+■. 


n 


Now proceed as in Q. 23. 


25. If a,=.(l+* 

find whether the series whose nth term is a„ — 1, 


is convergent or divergent. 


(Raj. 56) 


-o+fX 1 -:-*. 1 , .) 

- «■-(>-?+£-.) 

«»= fl|» 1 = — 2 n * etc * 

use § 10 P. 1"4, the series is convergent. 

^§11. Ratio Test or D’ Alembert’s Test. (Proof) 

(a) An infinite series of positive terms is convergent 
’ if from and after certain fixed term the ratio of each 

term to the preceding term is numerically less than 
some quantity which is itself numerically less than 
unity. (Agra 28, Pb. 32, 44) 

(b) The above series is divergent if the above ratio 
it greater than or equal to unity. 
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Proof. 

(a) Let the series beginning from the fixed term be deno¬ 
ted by « 1 +« a 4« a +. 

and let <r, *** <r, °* <r. and so on 
u 1 u a «a 

Where r < 1, then 
«iH-«a+ tt 8+. 

= u '[ l+u u a + u i+u+ . 1 

L “i «i “t J 

_« 1 ri +- a +“ 8 . “*+- 4 — 8 *+. 1 

L «i «« «i “s «a u x J 

<u 1 [l+r+r a -fr 8 +.] 

or < T Ul which is finite. 

1—r 

( V Sum of an infinite G.P. whose common "1 
1 ratio is <r is a - J 

Hence the given series is convergent. 

(b) In this case we are given that 

u -*^l -?>1 “*^1 

u x t/ a u s 

«2>“i »8^“a>«i 

and so on. 

Hence «!+«,+“ 3 4-. u H ^nu x 

i.e. . 

Now by taking n larger and larger we can make S n exceed 
any finite quantity and hence by definition the series is diver¬ 
gent. 

Note :—In the practical application of these two tests, to 
avoid having to ascertain the particular terra after which 
each term is greater or less than the preceding terms it is 

convenient to find the limit of U - +T I. e. limit of the ratio of 
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'M 

i 

a general term to it? preceding term when n is definitely 
increased. Let Jhe limit be A. 

/ie. Lt “S +1 =A 

1 «n 

If A<1 the series is convergent (11 a) 

If A > 1 the series is divergent. 

If A = 1 the series is either convergent or divergent. 

A further test will be required. 

« 

1. Lt *^-^<1 then convergent 
«» 

2. Lt > 1 then divergent 
«» 

3. Lt **"--**1. Test fails and a further test is required 

Taking the reciprocal of 1, 2 and 3 and hence changing 
the sign of inequality we get the condition of oonvergeucy 
and divergency as follows. 

1. Lt -- n >1.(C) i. e. convergent 

“*+i 

C. 2. Lt <1.(D) i. e. divergent 

3. Lt — »1. Test fails and a further test is required 

“»+i 

Remember that we shall in all the problems to fol¬ 
low use the result (C) for determining the convergency 
and divergency of series. 




Test the convergency and divergency of the follow¬ 
ing series. 

.. X , X* . xP , X* . 


4 t *■_**. i* 4 , 

Ex. 1. S 


(2n —1)2» 


x n+l 

! (2«+l)(2V+2} 
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ft «H , (2fi+l)(2rt-f2) ] _ 1. 

«, +l (2n —l)(2n) * x * 

>1.C i. e. x<l.C 

x>l...D 

x 


If x 1, then «„ - 2 ^ 2rJ _ ^ 4^(1- £n) 4n a a PP r0X * 

Choose ,\ Lt. ^=| =« finite quantity 

•\ Series is convergent because auxiliary series is conver¬ 
gent in which p—2 i. e. >1. 

. **2, l+f+*’4+..Jjj. 

(Andhra 41, Benares 41, Utkal 48) 


On neglecting first term 

__ x* x*+' 

* “* + i"‘(n+l) a +I 

Lt -5s =Lt."-+?"+? . 1= 1 

u n+x n*+l x x 

.\ ~ > 1 C i. e. *<1C 

— <1 Di.'e.*>l D 

X 


If x=l, then u n = - a ^_ ^ which is convergent as is clear 

on comparing with the convergent series 

/ » 

jflflJ. Cauchy's Radical Test or root Test. (Proof) 

An infinite series « x +a a +« 8 *f.(Agra 37, Pb.41) 

is convergent or divergent according as 

Lt^/K)<l or >1. 
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Let us compare the given series with an infinite G. P. 

r+r a 4* fS +.which we know is convergent if r<l 

and divergent if r>l. 

u 

Then if Lt be finite then both the series are either 
r* 


convergent or both divergent, (Art 10) 


Let then u n ^kr^ 

* 

vX"*)”*’ 1 " ■ T 

Or Lt v/(»«)=r. V Lt —=0 Lt 

ft 

But if r< 1 the auxilliary series is convergent and hence 
given series is also convergent. If r>l the auxilliary series 
is divergent and hence the given series is also divergent. 

Note:—If however Lt 1 

then test fails and a further test will be required. 

, / 1 \« a 

*Ex. 1. «»=^1 — -j (Convergent; 


... 

Lt («.)'/-=Lt (l - ’ 


2 

f. 




2*718 


i. e. <1 . 


Hence the given series is convergent:— 

*Bx. 2. Show that the series whose general term is 


1 

“•“(r+i/ny 


is convergent 


(Bombay 28, Agra 37) 
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18$ 


Note :—Now we shall give in the following exer¬ 
cise such questions in which the working rule will 
be as follows. 

N/l. Either Or 

Lt > 1.C Lt ;/(».) < 1.C ■ 

«»+, 

< 1.D > 1.D 

s 

2. If in the above the Limit comes out to he unity then 
v&p «lnll choose any of the following. 

(a) Either method of comparison *( Art. 10) 

(h) Or Lt u n > 0 then the series is divergent (Art. 8*1) 
(e) Oi Judge convergency and divergency by definition. 
•EXERCISE No. 3. 

[Before doing these questions look to art. 4*4 and 
4 5 for limits] 

1. (a) 2*+-* a + £f +. (n n t~*"+. (Patna 50) 

Ans. x < l...(C), x > l...(D) and when x—1 then ' 
« n = approximately and hence convergent by Art. 10. 


(b) Test the series whose general term is 


«+1 


.x n 


Ans. x < l...(C), x > l...(D) and when x = l, Diver¬ 
gent Art. 10. * 

*^2. Show that the series . 

is convergent for all values of p. 

(Agra 33, Rajputana 48, Patna 40) 


Lt 


5S-.U <»+P ! . 


«P 




•Lt 


n l 
n-f 1 


0 + \-f 


(«+l)p 

=co i. e. > 1 for all values of p 


and hence convergent. 
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3 * * -fi* a -fA'* 8 +if* 4 4*.'Vri**+. 

Ant. x < l...(C), x > l...(D) and when x —1 then 

Lt «»=Lt — a —-^ = 1 i. e. > 0 divergent §8*1 

4. l+3x+5x*+7x 8 +9x‘+... * < l...(C), * >1...(D> 
Ant. If *=1 the series becomes 
l+34-5+7-f-94'..‘.v..and hence divergent by Art. 8. 

X x a v» 

*• *+l+,+2+^3+. 


Lt —-=Lt 

x-f-n+1 

1 _ 1 


«• + ! 

x-f n 

X X , 


If - 1 - > 1, 

X 

.(C) 

la C. X ^ lttt 

-(C) 

1 < !, 
X 

.(D) 

X > 1... 

...(D) 


• But if xs=*l 


«*»=and hence on comparison with v n 

the series is divergent. 

t v 1 , x* , x* . x 6 

6(a) 2V1 + 3V2 + 4V3 + 5V4 


1 

n 


_ X*»"“* 

"”~(»+l)Vn 
Lt M * ^ (>>+2) 

«»+i »+l 

if 4- > i 

x* 


(Agra 48, Rarjputana 48, Pb. 50) 

__ x a " 

“" +1 “((H-2)V(»+1) 



(C) i. e. *• < 1.(C) 


i < i.W 

Bm 


* a > 1.(D) 
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which is convergent by comparison test. 


n ijM approximately 


*6. (b) 


* I XT. 

1 d 3p’ t " 5 p 1 "' 


V 1 1 


(Agra 41) 


' (2«+l)P 

Ans. x<Cl C, x>l D and when x = 1 , then convergent 
if />>1 and divergent if 1 , 

7. 2 + lx + $x*+*x*+ .* 

•* 

Ans. x<l C, x> 1 D and when x**l then D by Art. 8 . 

neglecting the first term. 

/n-f-ly» 

U *~~\n f 2/ * 


Lt (w„) l/n -Lt *=* 


a a 


If* 

U+2; (l+ 2 )" 


x<l C, >1 J) 

1 


Lt u n — -y 


« ~ 2 - 7 l 8 *' e * ** ence divergent (81) 

9. 1*+2*x+3V+4V+. (Andhra 37) 

Ans. x<l C, x>l D and when x=l, the series becomes 
l a -f 2 a -f3 a +.which is divergent by Art. 8 . 


10 - 1 +2! + 3!+I ! +' 


(Dacca 46) 


1 

* n! ’ 


«»+i= 


_2n+l 


(« f 1 )! 


l,i Jt._ U • £-“4-Lt (5^X 2 4rJ) =0 . 

», +1 «! 2n j-X (2.4-n 


(2«+l) 









Mi^vuia x.iauv utas 7 


11 . 


1 . e 
1 




>1 

2 


Series is convergent. 


i+r i*f2 ,T i+2® 


+i-Ah+. 


u __ _n+1 , 

n 1+2"’ l+2"+ 1 ' . 

Lt J?S- = L t * . 

n+1 1+2 W 


u 


»+i 


ft T 2^ +1 
Lt (J+l XLt 1 ,1 

2* l+1 '2 

- lx dJr 2Le - >1 - 

The series is convergent. 

12 3 

T+F^ + T+”2- a+ T+2-» + . (Andhra 48) 


* 12 . 




n 


n.2* 


1+2- • 2*+l 


«*+t 


_(«+l)2»+ 1 

2»+ 1 +l 


r* _r* n 2 * 2»+ l +l 

U u n+x ^+1 • 2"+ 1 * "2M.T 


n+1 * 2 n + l * 2"+l 

i + .A 

_ It B 1 1 + 2 »+* 

b+X ■ 2 ' 1” Y 
2 + 2 »+» 

= 1 1 1 _l 

*T • T 


No result i.e. test fails. 






Conveigency 8nd divergency 


life 


«i»=Lt w • 2 »_ 4 _ i Lt n . Lt ifen 

= 1 . Lt n = oc i. e. >0 
The series is divergent (8.1) 


13. 


V2 + V- r > V17 + V65 + . 

2 »— 1 ■ 2 »— 1 


tf. 


V(4 n ~ l +1) V[2 2t ^- l, + l] 

2"- 1 , • 1 


2 n “ l '\/(l + 22(«-.i)) V( 1+ 2 -^i) 


Lt i/ n =1 i. e. r$*0 V Lt 
’ Series is divergent 


1 


2 *((•—»)' 


>0 




i«. i+f+ s +p+. 


neglecting the first term 
x n 


ttn==: (^+l)» * Lt (if#) 1,nss =Lt for all values 

of x and hence convergent (Art 12) 


is i + 2, + 3! + 4V 
*5. 1 +2! + 3! + 4! + ' 


(Agra 51) 


uJS--u ( i+|i! ^ 

«»+! n! (»+l) 

u* 

—Lt^-j-|^=co i. e. >1 and hence convergent 

(r:-n‘V(i-fr + (s- 3 ‘r + . 


(Allahabad 41) 








194. 
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„ Kn+1)"* 1 »+!)“" 

* ( n"+ l n ) 

-K-T'se^r-r 

Taking limit of both sides 

Lt {tt n ) x,n ^ (l+O)"" 1 !*—1}“' 

«(* _ 1 )-' -( 2*718 - 1)- 1 - ( 1 * 71 »)-' 


(Pb. 45, Nagpur 48) 


2 n+'+a 
2 *'+a 


1 • 

“ rm ’• < 

t * t Series is convergent. 

n 8 +a 
17. «i» 2"".fa 

(n +l) 8 -b fl 
“»+i 2»*+ l -f a 

i. “» —T,t - — 

Lt u7 + r (»+i) , + a 

, , t2 2 fl +?L 2 

=1.2.1*2 i. e. >1 
t * t Series is convergent 

Note Lt by Art. 4.5 (a) 

18. ♦ *+* **+H **+H **+••• (Annamalai 49) 

Here • ** an ^ h ence proceeding as usual if 


\ *. k , . 
O*' \ s 

, a 

l . ~ ‘ 

\ * ' 


l 


*<1C 



Convcrgency and divergency 


m r 

#>1...{D) and when x~l then Lt «»=»Lt r'i 5=s 'i'i- e >0 

4n+3 4 

» 

,*. Divergent by §8*1 
19. Teat the convergency of the aeries (Ag. 47) 

r\ ** n / • *\ (-l) ,, .X ,, 

(0 2—, (n) -jr~- 

n : n 


u 


{[) Lt - — =oo , .*, series'is divergent 


»+i 


• * 


(ii) Lt ~~ = — --= — numerically 


• • 


w *+i 

If - > 1.(C) i. e. x < 1.(C) numerically 

X 


< 1.(D) > 1.(D) 

If #=1, series becomes — — (1—1 + J — l°g 2 

In this case it is convergent. 

If*-1. Divergent V /--l 

JO. «»= "j (Pb. 32) 

fl" 


Lt - W "-=Lt - 
»!.+! n* 


(«4 : 1 )»+ 1 

(n+iyr 


=Lt (“~) , *~Lt (l+ i. e. > 1 


Hence series is convergent. 

§13. Comparison of ratios. 

If and v* are the general terms of two finite 
series in which all the terms are -five, then u series 
will be convergent when v is given to be cobvegent 
a °d at the same time from and after certain fixed term 
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“*•+1 ^ _*+i 

Un ^ V. 


(Pb. 34, 46) 


(b) u series will be divergent when ▼ series is 
given to be divergent and at the'same time, from and 
after certain fixed term , 


V B+1 


f ■*" i s _ v B + 1 


(Pb. 46) 


(a) Proof. Given v convergent. 


and 


«a 


ft. #3 i 

— < - and so on 


• w. 


« l +« 8 +« a +v=«i( 1 'f~- + “* +.) 

*«x(l + 3? -+ . - 3 - +.) 

X V u x u a u t ) 

< « t (l+| a - + ° 8 - • .) 

. ) 

V a, v x o, / 

< ** , -(»i+»*+»s+®4 +.) 


Or 

Or 


But o series is convergent /. u series is also convergent 
(b) Given u divergent and 


u„ 


u a V* . 

— > —- and so on 


u ^ u~ .) 

=« l ( 1 +“ 3 +- a . -“* +. ) 

l \ “a u i / 

> ^ + . ) 

^ »1 0 9 0 X J 
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u * 

or > r 1 ( l \+*'a+ l, 3 +.) 

l i 

« 

But v series is given to be divergent. 

Hence u series is also divergent. 

Note. Form X Form Y 


(a) o is convergent and 

w "_±i<£s±i 

«» v n 

then u is also convergent. 


o is convergent and 


or 


u. 


On 


*n+i °*+x 


then u is also convergent. 


(b) v is divergent and 

K n+i ^ °n+i 
M n V n 

then u is also divergent 
We will always take the form 


v i.s divergent and 

_ u n ^ v n 

or <- 

, u n+\ Vfi+i 

then u is also divergent. 

Y on the right hand side 


into consideration. 


Application 

With the help of this article we shall derive some more 
formula which will enable us to determine the converg’ency 
and divergency of series when 


M. 


Lt =1 
w »»+1 

Article 14 and 15 are both deduced by the help of art. 13. 

Raabi’a Test. (Pb. 36, 40) 

The aeries wfiose general term is u n is convergent 

or divergent according asLt|n^ U - — l^j>lor<l. 

Let us compare the given series with an auxiliary series 

who.se general term is v n = 


Case 1. 

Suppose o series is convergent and hence p is greater 
than 1 . Then by art. 13 (Y) u series is convergent. 
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It ^ —» is c« ^ i i* c* 1 

»«+, »,+, 1 \ n J 

(«+iy 

or > [ 1+ iT or>1+J, 4 + --2T i) -i- + ' 

or if fer 1 ]^ 


i 


or 


“+. 

A 

“'■[Sr 1 ]*' 

But p is itself greater than 1. 
u series is convergent if 

Case II. 

Suppose o is divergetat and hence p<\ or =1, then by 
art. 13 (Y) u series will be divergent. 

J_ 

ir ^ nP • ^7«4-l\ p 

“ii+t ®»+, 1 V n J 


*i»+i °n+i 

1 \P 


(»+!)* 

01 <( 1 + t)’ or <l+p i+^-- 1) .i i+ , 

01 if • 4 +•■. 

or if Lt n(— - 

But p is itself less than 1 or equal to 1. 

A u series is divergent if 

u KSr 1 )i <1 







» 
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Example 1. 

14-4 #4. ^-6 **4. 3*6 .9 1 3.6.9.12 *44. 

+ 7.10 + 7.10.13 + 7.10.13.16 

mf , . . 3.6.9.12... 3n ^ 

Neglect the first term 

__ 3.6.9.12.,3n(3rt+3) -4 . 1 

“* +1 ""7.10.13.^(3fi-K)(3^+7) * * 


Lt “i =Lt .-- 

u „ +1 3 n+i at * 

If 1 >1C 1 . e. *<1 C 

X 


3n+7 1 __ 1 


<1 D i. e. x>l D 


But if x=l the above limit becomes 1 and our test fails. 
u n __3n+7 


u 


*+1 


3n-f3 


on putting *=sl 


«n 1 _3«+_7 4 

u n+\ 3a-f“3 3n-j-3 


and hence convergent. 
x^lC and x>lD 

Note—The student should write down the general 
term very carefully. 

(a) All the factors in the numerator and denominator of 
any term are contained in the succeeding term and one factor 
each in numerator and denominator is multiplied. Thus 

3.6.9 

fourth term contains all the factors i. e. of the pre¬ 


ceding term and one factor 12 «n numerator and 16 in the 
denominator is multiplied. 
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(b) In order to calculate the last factor of denominator 
and numerator * of any term we observe that the numerators 
of 1st, 2nd, 3rd, 4th and so on tei ms have for their last 
factors the numbers 3, 6, 9, 12 

Hence the numerator of nth term will have the nth term 
> of the A. P. whose terms are 3, 6, 9, l2,...as its last factor. 

i. e. a-f(n- l)d 
= 34*(» —1)3=3n 

Similarly the last factor of the denominator of nth term 
of the given series is the nth term of A. P. whose terms are 

7, 10,'13,16. 

i. e. fl+(n — iy 

'7-Hn —1)3 

=3n-f-4 

t . 

, *££. The series whose general term is u n is conver- 
gent or divergent according as 

Lt n log—— > 1 or < 1 

^*»+i 

(Agra 34, Pb. 37, 49) 
Let us compare the given series with an auxiliary series 

whose general term a*** 

Case 1 

Suppose v series is convergent i. e. />,> 1, then u series 
by §13 (Y) Page 197 %ill be convergent. 

If -Si. > i. e 

«n+ t On+x 


° r > [ i+ 4T 

or iflo g; ^->^log [l+-J-j 
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k W* 


or 


>p [ • “S + i”.] 


or if -log ~>P'L + ^ 


u. 


or if Lt n log * >A 
u n +1 

But p itself is greater than 1. 

u senes will be convergent if 

Lt n log -^->1 

6 ««+i 

Case II. 

Suppose v series is divergent, i. e. />=1 or <Il, then 
u series by 13 (Y)»page 197 will be divergent. 

1 


u n 

If B 


u 


^ On . _. 

< i. e. < 


nP 


»+l ‘'n + l 


or 


_1 

(iT+l)l> 

0 + . L J 


- or < 




n+iy 

n 


J 


or if log * <p 


or 


!°g[l+4] 

if 1 1,1 T 

. <p L * 2»* + 3n* . J 


or if °H^<P-£+ 3 P n ,- 


or if Lt n log **-<£ 

S ««.+X 

But p is itself less than 1 or equal to I. 
u series is duergent if 

Lt n log — <1 

«*+l 
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Zi » 

♦♦Example. 

• , 2V , 3 s # 8 ,4 4 x* , 5 8 # 5 , 
* + '2T + '3r + 4r + 5!- + . 

(Agra 29, Rangoon 37, Alld. 37, Luck. 41, 42,45, 46, 
Delhi 47, U. P. C. S. 47, Pb. 49, Raj. 51) 

n»x* (n+ l) n + 1 *»+ l 

, i/» +1 = v x -- 


n! 


_«» _(« +!)! 
«»+! 


n 


=n+l. 


(a+1)! 

a 

, «* 1 
(^+i)»+ l * * 

n" 1 


(«-hl)(n+l)» * 

n n 1 1 


-OH) - ' OH)’ 

1 


Lt 


«» 


K »»+i ** 


If^lC i.c. *< - C 
ex e 

~-<l D i. e. x>— D 
ex e 


1 

x 


If however #=— then the above limit is equal to 1 and 
€ • 


hence our test fails. 

u n _ 


«»+1 

Un 


OH) 


« 1 

J—, on putting x^ ■■■ 


Jog^^Jog.-nlog (l + -i) 


n 


i , i 


1 
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• 9 


= 1 - 1 + 
2n 3n* + ' 




Lt n 1 m ^ i. e. <1 series is Divergent 

tt »+i 

Hence x< - C, - D 
e e 

Note :—In all the questions of pxercise no. 7 the work* 
irtg rule will be as follows. 

(a) Lt “-5- >1 C and <1 D 

«»+i 

a 

If Lt — i Test fails, then choose 

«l» + x 

Either 


(b) Lt 




>1 C 
<1 D 


T . T t» C 

Lt " Log S7 +1 <1 D 


EXERCISE No. 7 

[Before doing these questions, look to Art 4.4 and 
4*5 for limits]. 

All the questibns of this exercise are important. 

Test the convergency and divergency of the follo¬ 
wing series 

*1 (a) ^ + -g- • ’j+gl • j+gfjj • *r+ . 

(Nagpur 34, Mysore 38, Pb. 40 Allahabad 42, 

Agra 44, Rajputana 48 

_l!3.5.(2n-3) x*»- v 

* 5=3 2.4.6^.(2n—2) 2n-1 
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1.3.5.(2n-3X2n-l) **« +l 

B * +1— 24 . 6 . 1 ...2) . 2n 2n+l 

ti n ^ 2n 2it-f-l 1 
iii»+i 2n — I'2n—1 ac 9 

I, “» _i, 4n* +2n 1^1^ 

U «£7, 4n*-4n+l ‘ *“ *’ 

If —=>1 C i. e. x a <l C 

X* 


9 9 


- a <l Di. e. *?>1 D 

X * 

If * a =l 

«» _ 4n a -f2n 


tt n+1 4n a -4n+l 

“n -I _ 4n a -f- 2yi 6n—1 

* un+t 4n a -4n-fl “4n a -4n+l 

Hence the series is convergent when x‘— 1 
i. e. x*<1C,**>1D 

(b) Discuss the convergency of 2 • *» 

, ,2x, 3 9 # 9 _l4 8 # 8 ^5 4 x 4 , 

* 2 - 1 +2l + T! + 4! + 5T+-. 

(Agra 29, 40, 49 Calcutta 38, Rajputana 53) 

u n ^n*- r -j- , tt»+ t ==(«+l) n • ( - n _j:jy j 


«» 


n 


_ _(n-hl)l 1 

o» +l <»+!)* ’ nl x 
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* 




L, - B - =Lt 

Un+i r 1+ 1 t « j * 

i i i 

-=*- .1. (Art.4*4) 

e x ex ' 7 

it > i. e. x < * .((') 

€X £ 

« < 1 . w * > !.w 

lint if x= | the above limit is equal to 1 
and the test fails. Now apply 

I t n log i"- > i.(C) < 1.(D) 

“»+i 

«» i r,, 11 

«„ + rr + i^L I+ vJ- <on p um “g - 

# 

- r rr *- 1 

l 1+ ~n~] 


... » log B > r= „[log «-(n-l) log (l+ \ )] 

=n^l -(n-1). | —-2|? + ^ _ ”'| J 
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2 n 

=1 + !!_J_!ZJ. + 

^ 2n 3n a + 


v 13 

Lt « log = 14—o“ “ 2 *• c * > 1 Convergent 


when x=—- the series is convergent 


* < 




e 


, 1 

Convergent, x > — Divergent 

4 


Jf- 1 +-2-+-i r « , +ii**+^*‘+. 

(Agra 38, 42, AUd. 41, Lucknow 42, Utkal 49) 




(n — l)! *» 


_1 


and u n 4-, —— n -— . 
n+l («+!)" 


a 


«» 1 (”4-1)" 1 = J- n li ] 1 

u n + 1 n ! ' n n “ l * « ' n »*»- 1 "" * a 


Lt 

(Art. 4-4) 


if -- > 1.... 

X 

••(C) ]« e. x ^ £«•• 

...(C) 

* < 1.... 

X 

..(D) • x > «... 

...(D) 


If x =« the above limits 1, hence test fails. 
Apply logarithmic test. 










log 
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^r = [ 1+ iKT- t p u “ in g. < =« 

= « log £ 1 4* LJ _i 0 g 9 

-.ri-L+i- i x 

L n 2n a ^3n 8 J 1 


m 


**n 

tin+i 


-i- 1 + L _i 

2» 3n-< 1 

=_L + i • 

2n 3a 1 ' 


•v 


. 1 tin l | 1 

n log =-, +. 

«*+, ■ 


in 


Lt n log “ n - - — $ i. e. cl 

“»»+i 

x<e C ’ x>e D 

A 


* • 


series is divergent 


.#4 14 . 1 ** + ] - 3 -5 *‘,1.3.5.7.9 *• 

+ 2 4 + 2.4.6'8 *2 .4.6.8.10'12 


INeglecting the first terra 


+ « 


m 1 . 3.5.7.9 .(4 n - S)(4rt—3) x in 

2.4.6.8 . L0.....(4n^4)(4n-2)*4n 

1,3,5,7.9.(4« — 5)(4« — 3). (4n— l)(4n+ 1 ) 

n+1 2.4.6. 8.10.(4n-4)(4n -2) . 4»(4n-f2) _ 

**»+* 

• 4n 4-4 

Tt u n _*■ * 4n(4n+2) 4»+4 1 1 

« n+1 “ 1 (4n-ix4*+i) “4r * * a ~V 

If# a <l C, * a >l D and if **=1 then by Rabee’s 
Test (Art. 14) series is convergent. 

- & x + 3.4* + 3.4.5 .6 x + 3.4.5. 6 .7 .8 * 

+.(Agra 39) 

Neglecting the first term 

2 a .4 a .6 a .(2«) a 

3.4. 5 . 6 .7 .8 ..'( 2 »+l)( 2 n+ 2 ) - * 
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2*. 4*. 6*.(2»)*. (2»+2)V+ 4 

4.5.6.7.8 . (2n +1){2n 2 )( 2n -f 3)(2 h4-4 ) 

T , J» «t* (2«4-3X2n+4) 1 

«„+i (2«+2) a ** 

_ H 4n a +14n+12 1 _ 1 

4« ! ‘+4n+4 x i x a 

If **<1 C, * S >1 D and when # a =l then by Rabee’s 
Test (Art. 14) series is convergent. 


*6. (a) i^ 3 +2)+ .( A * ra 50 > 

Neglecting the first term 

_a(a+lX fl 4-2).(fl-fn—1) 

* 1.2.3.'.....» , 

lXa+2).(fl+n-lXa+n) 

“» +1 ^ 1.2.3. ~n(n+l) ' " 

Un _ W-f- l 

«»+1 n+0 

Lt-^- = l. Hence test fails. 

«i»+i 

Apply Rabee’s test. 

u n _!__«+_! -1= 1 ~ a 

«n +1 »+a «+a 


_il Lt 

L««.+x J »+<* 


L°«+x J »+<* 

JR, If 1—«>1 C i. e. fl<0 C i. e. a —ive C 
1 —a< 1 D a>0 D i. e. a -f-ive D 

But if 1—a=l i. e. a=0 then above limit=1 
and our test fails. In this case the series on putting a=0 
becomes 

1 *4"0 , 4*0“l - 04 , ^"l".. 

add hence clearly convergent because S A is always 1. 
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• • 


a^o c 


a>0 D 
a 


/t_v fl . a(a+2) , o(<i+ 2)(fl4-4) f , 

W tf-fo («+3)( fl +5) ^(fl+SXfl+SXa+T) ^. 


x^C, *>1 D (Agra 1935) 

1* , 1 a .5 2 , l^Q* ^l a .5 a 9*.13* ^ 

7 * 4* ' 4-‘.8 Ii ’4 a .8M2 a " + ' , 4 a .BM^ a .i b ai_ . 

* 1 (Aligarh 50) 

The series by Rabee’s Test is convergent. 

*3 <*+* i (fi+2*) a , (<2+3.*)® , 

8> ~I~* + 2!~ + d! + *. 

ft 

(Agra 43, 51, Allahabad 43, Benares 48, Sagar 48, 

Raj. 52) 

_(«+»*)" (fl-f(n4-1)*}"* 1 

n! '“■+>- (b+1)! 

t 

Un _(n+l) • ( a+ nx) n 

« n+1 n ! ~ * (a+(«+l)*}" +l 

a \ n 


w>" * xn O O 

( n +i)” +, *“ + ; l 1+ (»+i)x 


)»+* 




n" 


1 

a — • 




l( i+ =)"T 


* Un 1 1 

tt»+i e * e *' 9 


a a )<•+*> *jana/* 

1 + ( 5 +UiJ J 

Art (4.4^ 


1 
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/. If-->lCi. e. *<i C 
ex \ e 


-<1 D 
ex 


*> - D 
e 


If xs =— then limit in the above case is 1 and our test 
e 

fails. Apply logarithmic test. 

, (>+?)■ 


Un 

^#+1 


( 1+ i') ( 1+ 4i) 


.e. -€ 


^+\ on putting x=— 


in A. 


log 


«»+i 


|log e — n log 

+ j» '<* ( 1 +")~ ( ' +1) ,0g ( 1 + nfl)! 

1 f 1 1 I 1 > 

= i--n - - ;—.tin" * j 

\ n 2n a 3 b 8 / 

, r (a a «* « « 9 « 8 / / m ( « 

4 [ *l3T"» + 3a»"""‘i- ( " +1) |^+i _ :25+1)* 


+. 


a*t» 


3(»+iy ”. P 

Yi_.L+..) 

k2» 3» aT 2n T 3n», / 

_ / aV , aV \) 

is 2(n+r 3(n-fl) a . J) 


n log 


Mil 

**.+i 


/ 1 1 , \ a*>» «»«* naV 

l 2 3?i. ) 2 3» ' 2(»+l) 


na 8 * 8 


3(n+l> 


i\i+' 


a a e a i 


Lt fl log •?!—i-V-fV “1 i- e. <1 
«*+! 2 2 
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/ 

Series is divergent * 

Hence x < -i-.C and x ^ -- .D 

e e 

*9. *“(]og 2)«+**(log 3)«+x*(log 4)*+. 

(Agra 37; 41, Allahabad 40, Utkal 46, Raj. 49) * 

«»=*»+ , {log (n+l)}», u „ +l =*»+»{ log («+2)]« 

”»= <■+!>•_ 1 K^+v)}* 

“«+i x {log (n4-z)'v, x ^ 


S ‘°g.< i+ D! 

= 1 l l0g _" +l °" ( 1+ T)f • 

* |log n+log (l+~j|* 

=1 h n+ ~n r_i .r 

* * ^ j- . 

=2 1 1+ " l°g ”.j 

* i i+ 2 ^.i 


On expanding binomiallv 


=— }i+-r4-. j f 1+ _??_. }-' 

x C n log n ) ( ^nlog n ) 

= 2 ) ( 2 q 1 

x ( n log n ) ( n log n *** ) 

On expanding binomialIy 

= -L 5 i_i_? _ 2 

^ ( A Silogn iTlogii.J 

On multiplying the two factors 

=2. 1 

x l n log n J 
















m 
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u -s -v - 1 

«»+l ^ * 


• • 


If - > 1. 

X 


i. e. x < 1, 


< 1.D i. e. * > 1. 


.D 


If the above limit is 1, 
Apply Rabee’s Test. 


• • 


Test fails. 


Un -1 - q - On putting x«l. 
tt B+l n log n 

( ~g- 

\u n+1 J n log'fi 

Lt n(-±- -lVLt , -=0i. e. < 1 

n«i»+i • / log n 


The series is divergent. 

* < 1...C and r ^ 1...D. The result is in¬ 

dependent of the value of q and hence holds good for all 
values of q positive or negative. 


10 . ,-r- 




1 




1 




(log 2)P (log '6jp (log 4)P 

(Agra 46, Allahabad 40) 
proceed as in question No. 9. (Divergent) 

’ If 16. In our working rule we first evaluate the Lt —~ 

* «tt+i 

and the series is convergent or divergent according as the 
above limit is greater or less than I. In <ase the above limit 
comes out to be equal to l we say our test fails; then we 
evaluate either 

Lt n ( Un -1 J or Ltn log —— and the series is conver- 

/ M »+i 

gent or divergent according as the above limit is greater or 
less than 1. 
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a 


But if the later limit also comes to be equtd to 1, then 
these two tests will also not determine the hature of the 
series and we shall have to find out some other tests. In 
order to discover a further test we shall assume the following 
test called Cauchy’s Condensation test and is stated as 
under. 

If ^>(n) is -4-ive for all positive integral values of n and 
continually diminishes as n increases and if a be a positive 
integer greater than 1, then the two series 

*(l)+*(2)+*(3)+.0(»)+.(1) 

and ...fl"0(a ,, )4'..(2) 

are both convergent or both divergent. 

Note—In order to obtain the general term of series (2) from 
the general* term of series (1), we take ^(n) and in it 
instead of n we place a n and multiply by a n . 

Thus 3rd term of seiies (1) is 0 (3). 

3rd term of senes (2) will be o 8 ^(a s ). 

Example. 

Consider the series whose u n — - 


i. e. 


1 

1 



+ w + 



which we know is diveigent. 

Now taking «-=2, we get another series 

* 1 
term is «*—2*. 0 - 


whose general 


i. e. writing a n for n in general term of given series and 
multiplying by a n and here a=2. 

Giving n the values 1, 2, 3,. we obtain the second 

series as 

1 + 1+1 + 11 -. 

which is divergent clearly. 


Articles 16, 17 and 18 may be left. 
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$7. aerie. •l+ 2(1 i - 2> + 3 (Tog 1 3)P + -^)p 

4*.is convergent or diveigent according as p> 1 or 

P< 1. 

In order to determine the nature of the above series we 
shall apply Cauchy’s Condensation Test (Art. 16). 

^ n ^~n(log ny~~ Un 


4>(a n )= 


tl 


fl n (log a n )P 


X a»$(a n )=a" 


a"(log a n 'JP (n log a)P 
~(Iog of * nf V * 8fly * 

Now by article No. 16 the series whose general term is 
4>(n) i. e. i 0 ~" n ^ is convergent or divergent. 

So is the series whose general term is a*4>(a n ) 

J ^ 

1 C * (log a) p ‘ nP 

Now Vn—77--—\i t • A, 

(log a)P n* 


Let r'-— 


tiP 


then Lt finite, and hence 

by comparison test v n and v' n behave together (Art. 10) 
but the later series is convergent or divergent according as 
A>1 or < l (Art. 9) and hence the series whose general 
term is o m is convergent or divergent according as p>l or 
<1* 
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* 

» 

Therefore by ‘Cauchy’s condensation testT, the series 
whose general term is u n is convergent or divergent accord¬ 
ing as ^>1 or ^1. 

^|l8. D* Morgan's and Bertrand’s Test. 

* "frfalt series whose general term is u n is convergent 
or divergent according as 

Lt [S' , («“ + T~ 1 )" 1 i ‘ osn ] >:ior<1 

Lei us compare the given series with the auxiliary series 

whose general term v n ~ ----- 

n /Jog n)P 

Case I. 

Suppose v series h convergent then p>l (Art. 17), then 
« series hy (13Y) page 197 will be convergent if 

«*» ^ On . (n4-1)| log («-f-l»y 

1 e n(log «) p 


u n + ! °i»+l 


i. e. 


or 


Yi+iyl—Ji— *]\ 

\ « / t log n J 

Jlogn+log(l+A-) ] 


0 ^) 1 - 


log n 


t 


or 


or 


or 


or 


> 

> 


i J log B+ »+' 


v 

y 

m 

J 


( l+ n)\ -logT 

( 1+ T ')(} + nl'fh + ‘"'f 

> ( 1+ T)( 1+ » log~» + '") when * is Ur « e 

> l+ 4+4"»-. (A) 





m 

« 

or 

or 
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^grO^+sJ-. 


But p is itself greater than 1. 

ifLt Li<d , ;-x" 1 )- 1 ! iogo ] >i 

t then convergent. 

Case II. 

Suppose v series is divergent then />< 1 or =1. (Art. 17) 
then u series by (13Y)'will be divergent if 


— n < J>n_ an( j p roceec ii n g as j n ^50 j we g et 
«»+i *»+1 6 

But p is itself <1 or — 1. 

<1 then divergent. 

* Example 1. 

Prove that the aeries whose general term it u n is 

t 

divergent if n (—--1) is an algebraic function of n 

\«n+l / 

which tends to the limit 1 as n tender to infinity. 

Let 

\«*+i / ^(n) 


f( n \ 

Since Lt is to be 1. /. the highest degree terms 
in/(n) and <fr(n) should be the same § 4*5 and let us put 
therefore 


$(») ft* + ^ft*"* 1 + • •• 
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m ’ 


• . ( “» iV”*+< | i ||t ~ l + . / 

•• "U, +t / . 1 

Since the limit is 1, we shall have to apply art. 18 to 
determine the nature of the series 

J “» -1 . 

\«»»+ x / n*+^ t n* . 

Lt [{ n Cr + r 1 ) _1 i logn ] 


_t f 

“ nHM 1 " 1 


_T t 

log n 


log n 




jog 

n 


0 V Lt 


=0 (Art 4-3) 


Now 0 is <1. Hence by art 18 the series is divergent. 
^Example 2. 

is 1 9 a* liasci 

2 -.+ 2 ;^ *+*.4& *’+. (Allahabad 50) 

l*^*.(2a-1)* . j . 

* ' = 2 *. 4 *. 6 >...:.:( 2 » ) * *■ 

_1*.3 J .5*.„.^(2»-J)* (2a+1)* 

“* +1_ 2*.4*.6 j .(2n) a .(2a-f 2f~ ’ 

«»__(2M-2) a _1 JL 

u n +! (2fl+l)* * ** B » + i * 

Hence if ^ >1*C i. e. x<l C, ^ <1 D i. e *>1 D 
x x 


If x=l the above limit is 
«„ __4n a -f8n-f4 

«»+x "~4n a +4n-f-l 


1. apply Rabee’s Test 
putting x—1 


tin , 4» a -f 8n4-4 _ 4n-f-3 

4^4n+l^ 4n*+4n-hi 



4 » a -}-3n 

4«*+4n+l~ 











m 
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We can sa\ the test fails. But we find that 


»(- - 0 
Van +1 > 


is an algebraic function whose limit is 1 and hence hy (Ex. 1 
art 18) the series must he divergent. 

Or proceeding directly 

( ttn _t ^_i_ 4«*4-3n , —1 

J 4«*+4«+l 4«i*+4«+l 

L, i!->)-■!‘.■ i-k-jJsI’h "'" 

But zero being less than 1 .*. The series i*> divergent. 

2* 2?.4* 2VP.6* 

Ex. O. 1 -r^a~r2* 5« •“3« 5* 72 . 

(Agra 46, Allahabad 47) 

, t Divergent by §18. 

** #19. 1 he aeries whose general term is u* is conver- 
or divergent according as 

Let us compare the given series with a seii^s whose 
genet al term a .- A 


t fr -' 

&**& or 


n(log n)f 


Case 1. 


Suppose v series is convergent then p>l (Art 17) 
then a series by (13 Y) Page 197 will be convergent 


».+i »»+i »! lo 6 

Now proceeding exactly as in Case I Art. 18. 
we get the above condition as 


« “* >i+i+-/—. 

u n \ x « n log n 





or 


or 

or 

or 
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If log —— > log j 1-fY— + r~— 

6 tt» +t 6 ( x n n log »/) 

> ( l + »log») _ . expanding log. 

If n log — - > 1 + 

5 “n+i log n 

If Lt (n log —l^log n > J&......B 


But p is itself greater than 1. * 
Hence the given series is convergent 


If Lt fn log — 1 ^ log n > 1 • 

> **»+i / 

Case II. 

Suppose v series is divergent, then p —1 or < 1 

(Art. 17) 

then u series by (13 Y) Page 197 will be divergent if 
Un < ° n ~ and proceeding as above we get the 

°n+x 

condition if Lt (n log --* 1 -— 1) log n < 0 

But p is itself less than 1 or equal to 1 
The given series is divergent if 

Lt (n log — 1^ log n < 1 

Note :—In all the questions of Bxercise 8 the work¬ 
ing rule will be as follows. 

(a) Apply D’ Alembert’s Test 

Lt > l.C < 1.D 

a »+i 

If Lt —^5— =}, the test fails, then choose 
Vn+i 


Either 
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(i) Lt n log > 1.C < 1.D 

u n+i 

If Lt n( —^5-l') = l then Test (b) fails, then apply 

\ Uft f t / 

*• 

(d) D* Morgans and Bertrand’s Test. 

« 

u fK^ _1 )~ 1 i log# 3 > J . c < x . D 

i 

But without applying the Bertrand’s Test we can say the 

series to be divergent when nf —- 1) is an algebraic 

function tending to 1 as a tends to infinity as we have 
proved in Ex. 1 Art. 18. 

• « , 

If Lt n log - =1 then test (c) fails and apply. 

tf »+i 

„(e) Lt log ——1^ log n > 1.C < 1.D 

EXERCISE 8 

) (l+a)g( l-~a)(2-a) 

^ 1 8 .2* 

, (2+a)(l+aHL- «X2 - a)(Z-a), 

- 1*. 2*. 3* . '. 

Neglecting the first term 

(n-l-fa) • (2+fl)(I+fl)a(l 2 -a )(3 a) (a-a) 

l».2*.3".n* ' • ' 

1+«)- (2-f*«Xl+ a ) fl (l -fl)(2-aX3- c)... 

B »ft“ ' *(«— 

1* .2*. 3*7..... «*(n 4* 1)* 













# 
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u t 


(w+l) a _ n a +2n+l/ 


ttn+i (a-J-flXn+l — n) 

Lt -^-=1 • Test fails and now apply Rabee’s Test 

««+i 

Un |_ n a j~2n*f*l ^ __ h-|- 1 — a(l — a) 

tfn+i n a *f n+a(l-a) n a 4-n-f a^l— a) 

Un( 

\««+i / n a +»i-ffl(l—a) 

Test fails. Apply D’ Morgan’s and Bertrand’s Test. 

na(l -a) -a(\-a) 

Vw.i +1 / n a +n-Ha(l- a) 

, — n*a(l~a)~»fl(]-«) logji 

1 n*+n-fa(l — a) * n 

=0 because Lt —0(4*3) 


n 


0 being less than 1. lienee the series is divergent. 

i 

Note—Since n (~-~ -l) is an algebraic function tend- 

• ^ 

ing to 1 as n tends to so and series will be divergent by Ex. 
1 Art. 18 and we need not apply the test. 


* 2 . 


a , g(a-M) ,a( a-f , 

*"^(6+1)^W+1X6+2) ^ 


(Agra 40, 49) 


B - *(*-t-l) («4-2).(a+w-1) 

• b(b + })(b+2):..,;.(b+n~l) 

a(a4-^X tf +2).(a+a —1)(«+«) 

“" +1 ~ b(b+l)(b~+2) .(i+n-lXi+T 

tu b+n . n+b 
i. e. -j— 

“n+i «+# *+« 

Lt ^—=1 .5, Test fails. Apply Rabee’s Teat. 

w »+i 
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un\ n+6_ ^ b-a 
®i»+i \ a+a n+a 

L. / JS_- 

\««+j / a+a 


• • 


If£-a>l C and A—a<l D 
But if b — a— 1 the above limit is equal to 1 and our test 
fails. But in this case 

n( ——l'W —” on putting £ — a = 1 
\u n+1 J a+a r 

which is an algebraic function tending to 1 as a tends to so 
and hence the series must be divergent in this case. (Art. 
18 Ex. 1). 

b — a> 1 C and — a<l D. 
or Applying D’ Morgan’s and Bertrand’s Test. 

\« n+1 / a+a n+a 


= Lt —- fl - . l °L"_=o 
a+a a 

Zero being less than 1. 


lo S ”-i 


Lt ~2~l=s0 (4*3) 
a 


• • 


case. 


Series is divergent in this 

*3 l+®^r | ®( a + 1 )W+ 1 ),« 

S. (•) 1>2 v ( r+l) * 


YO'+l) 

_i_a(a+i)(tt+2)j3( ^+'iXP +2)_, 
1.2 3.Y<7+l)(Y+2) 


--**+. 


(Allahabad 27, 36, 39, Bombay 27, Utkal 46, Sagar 49) 
Neglecting the first term. 

_q(q+l ).(q+n-i) j8 (/?+}).(fl+n-i) ^ 




1.2.a.7(7+1).(7+a — 1) 


« . _a(q4-i).» (q+B -i)(a+w)jg(ig+i)...(r+a~iXig+a) 
* +1 1.2.a(a+l)7(7 + lj.(7+n"-l)(7+n) 

X* n+l 
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u. (n+l Xn+y) 1 _ +y)^y 

» n+l (n+a)("+0) * »“+n(a4-j8)-t ! a^ 
Lt If 1 ->1 C i. e. *<1 C 


<1D *>1D 


If # = I the above limit =1 and test fails 
and we shall apply Rabee’s Test. 

u n _ a 8 H-a(l-hy)-j-Y • » 

a . / - „v r Outwitting x =»1 

M„ + l n*•+-«(& v P)+ol(3 v n 


. tt » _ n a ~l~an 4-Y)4-Y 1 _ 

« n+l "'n a +*(a-f " 

_.«(!-♦* y ~a-j8)+(Y -aft) 

, »*+»(ot+£)+a/3 

u„ (-*■- O-Lt -V+’L-«z«+GL-«« 

/ n a -+-n(a+j8)+aj5 

-l+Y-a-jS 

. Ifl-fY - a-£>l C i.e. Y --a-jS>0C 

H-Y -a ~/5<] D i. c. Y ~<x~j8<0 D 
i. e. Y>7.4“/S C and Y<a+/3 D 
But if y=a+fl the above limit becomes 1, and 

■ |"i T l 

L«b+x j » -f «(a-H&)+a/J 

which is an algebraic function of n whose limit when n 
tends to oo is 1 

The series must be divergent in this case 

(Art. 18 Ex. 1) 

Results are x<l C and when x^l then 

«>1 D convergent if Y > a-f ft 

divergent if y^OL+P 

a , jx(a+l)l_ . a (a+l)*(a+2)* 

1 w 1+ l.s r 1.2.fi(fl+iV + 1.2.3.fi(fl+l)(fl+2i* 


Result *<1 Cx>l D 
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8nd when\x=l, then convergent if 0>2 a 

\ & divergent if / 5^2 CL (Pb 48 ) 

(c \ Q± fl X_l±i) , ( 2 ±«X 24 J>) . , (n+a)(n+*) 

1 . 2.3 ^ 2.3 4 +, “ i “n(n+lXn+ 2 r •” 

Lt _®i» _(n-f“a)(n 4 *£)(n-f- 3 ) 

B ”*°° « w+1 “^+a+lXa-HrfT) 

n 8 + n*(fl 4* ^ 4* ^ ) + n( a-f* J>+1)+1 
. . / « n n{n 8 +»(2fl+2^~ 1 )+ 3 <j^} 

Agamn («» +1 1 / = n 8 +n a (fl+fc+2)-|-n(fl^+a+/»+l)4-l 

Now Lt n - 1 ) is clearly 1 and hence by Ex 1 . 

P. 216 or by § 18 the aeries is divergent. 

(d) Test for convergency of the series 

*+*i+*+*i+W+* 1 +i+»+*4. 

(Bombay 27 , Luck. 38 , Suppl. Agra 34 ) 

u » — * _ —x— »/(i»+ 1 ) = l 

n+i) * A *’ 


• Lt =1 & hence no result 

«*+i 


.( 1 ) 


n log 


«n 

**n+i 


= n -(-„Ti) log *=»+-!• 106 1 


n+1 


Lt n log 


u 


tin 

r +1 ' 


Jl 

X 


If log —>1 C, <1 then D 


or If log —>log t C,& < log e then D 
x> 

i. e. i >e C, & <e then D, i.e. x<— C & > * D 
x t e 

In case log ~-=l i. e. x= then above limit is unity 

and our test fails 
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X . 


Putting jic= — - in the given series we get/rom 1 
6 

Urn /I \ /*+ l 

— = (—) sr « l /(" +1 ) and its limit is unity 

®»+i >■ e / 

<^r 1 ) = -" ( ‘ ,( '" +, )- 1 )= < 1 + ii + 2 r(W • 

- 1 ) 


+. 




n 


i + - 


n+l 2!(n+l)* 

Lt n ( — -1 )ss;l and hencd no result 

'^B+l ' * 

Hence by § 18 dr Ex. 1 P. 216 the series is divergent 

x < and x !$= ---.D 

e e 

a if J?*_ = ”*4-An* - 1 -fBn ^-fCn * - 8 + . 

•i tit _L -L *8 I 


u„+ 1 «*-fan fc ~* -f bn*— 2 -f.cn*” 8 -f . 

(Allahabad 43) 


Where k is a -five integer, show that the series 

u i+u*+.u*+.is convergent if A—a—1 is -five 

and divergent if A—a—1 is —ive or zero. 


From above wfc find that Lt —--sal, (Art. 4*5) 

M *+i 

Our test fails and we shall now apply Rabee’s Test. 

jw* . (A a)w *' fcl -f Bn^^ -f Cn fe ~ 8 -f. 

Un+x n^-fan^'-f An**" a -fen ,: —®-f. 



«» 

«a+i 



(A - a)w*«f Bw* — 1 -fCw*~ a -f... 

n k fan*— 1 bn*~* -f an*—*... 


—A—a (Art. 4*5) 

If A— a > 1...C i. e. A —a— X > 0 i. e. -five*..C 
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* 

A— a 1...D or A—a — l < 0 i. e. — ive...D 

But when A—a==l i. e. A—a —1*0 then the above limit 
becomes 1 and our test fails. But in this case on putting 
A-a=l. 


J ^ u _ n*4-Bw*- 1 -f Cn*“-* + . 

\a „ +1 ) n k +an k -'-\-bn*- a -\-cn i ' 1 - 9 -{-... 

which tends to limit 1 when,« tends to oo (Art. 4*5) 

and hence by (Art. 18. Ej. 1) the series flnust be divergent. 

A —a —1 > 0 i ; e. +ive then convergent 
A — a —1^0 i. e. — ive or equal to zero then 

divergent. 

*>• . 

(Benares 30, Lucknow 45, 50) 

neglecting the first term 


fl. 3.5.(2n~))\P 

* Un '~\ 2.4.6s.‘...2 n J 

/ 1.3.5 .(2n-l)(2w+l)\ p 

2 " 4.6......2n(2«+2) J 


u 


r 


- /2»+2\* , 
itn+x \2n+l/ 


1 +-M" 
-f 1 

L 1+ 2«J 


Un 


1. Hence no result 


Lt 

ttn+i 

Apply logarithimic test 


log t ^-^[log(l+ 1 n -)-log(l +2 1 -)] 

e=,, [(T'2 1 »* + a 5- -) - (a“T • 4i i+ '3 


1 

8n* 


t • 
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_ 1 ,.jl 

8bT 2 4n i 




3 

8n 



) 


Lt n log 


3 »_ = P 
«n+ t 2 


/.If ^ >1 C i. e. p>2 then C 
2 <1 D i. e. p <2 then D 

But if p=2 the above limits: 1 and test fails, we shall 
now apply test of Art. 19. 

* l0g «»"; =2 ( 2 ~L + 24»«~.) on P uttin ^= 2 

=l-‘?+ 7 _ 

4b I2n* 


/. n log 


“l» 


i 

4b t 12b* 


=0 v Lt - og n =0 (4-3) 

n x 7 

But 0 being less than 1 /. series is divergent. 

Hence^>2 C, /><2 D 

Note—The following examples are based on Cauchy’s con* 
densation test. 




1 


(log 2)p 

1 




(log B )P 


+. 

=*(») 


■(log «)» 


6. 
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Vn— a n • 




(log fl n )P 

By Cauchy’s condensation test n and v series are either 
both convergent or both divergent. 

1 __ a* 

(log cPf (b log of 
1 


Now consider v n =a n . 




n p ’ (log af 


°n+x — 


6«n r 


1 


(n-M)P (log of 

Vn _ /« + ■l\ p 1 

».»+! \ n / * fl 

• Lt ° n which is less than 1. 

o»+ t * 

Because in the above test a is supposed to be a -five 
integer greater than 1 (Art. lo) 

Since the limit is less than 1 v series is divergent 

and hjpbce u series is also divergent. 

^0og2)' .(log V (log «)* 

T. 2% -t- +. fl * r . 


(log l) a 

Taking the first term as ^ i. e. 0 we get 


(log n) a , 

-♦(«) 


(log «")* 

p*® 5 ®" • =a n< K'‘ n ) 


(a») 

By Cauchy’s condensation test u and p series are either 
both convergent or both divergt nt. 

(log a n ) % _(« log a) 3 


Consider ®*=a w . 


{any 


an 


%.(*°g a )* 


Example 0, 7, 8 may be left. 



*b + X““ 


Convetgency and divergency 

(«+ l) a 




(log fl)* 


. a 


3»..= J*_ 

»«+t («+l) s 

Lt —-==a which is greater than 1 

because in the above test a is supposed to be a -five 

t 

integer greater than 1 (Art 16) 


Since the limit is greater than 1 


v series is conver¬ 


gent and hence the given u series is* also convergent. 

1_ 


8.-U 1 +L+.L + . 

ip 1 '>p ‘ah 1 „v~ 


VP V> & 

u " </»(«) 


• ( a ny,~ an K an ) 


By Cauchy’s condensation test u and u series are ejther 
both convergent or both divergent. 

1 / 1 \» 

Now °»=(a"y- T= U-V 

and a is -five integer than 1, say—2 

••• -G^)' 

On putting n=1, 2, 3.we obtain the series 

•\ 0 t +0,-f»s+. 

= 2 M^H*-0‘+. 


which is a G. P. whose common ratio is 


2p^ 


By ex. of art 2 Page 155 we know that a G. P. is convex 
gent when its common ratio is less than 1 and divergent 
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when its common ratio is greater or equal to 1. 

2 ^> “ < 1 If P -1 > 0 i. e. p > 1 

• i» > 1 or =1 if^—1<0 or =0 i.e. p < or — 1 

Hence if p>l then v series is convergent 
and if p^. 1 than v series is divergent. 

.% u series will also be convergent if />>1 

•#nd divergent iip^\ 

Infinite products. . 

§20. with the help of convergency and divergency of 
series we shall be able to deteimine whether the product »f 
an infinite number of factors is finite or qot. 

Let the product be . 

Let p be the product of n factors then 

.Un. 

* log og «*-flog « a +.log ii». 

But log ii 1 +log iiaH".log u n is the S„ of a series 

whose general term say on log u n 

Now if we find that v series converges then S„ must be 
finite when n-*> co i. e. log p =finite when n-^co aud hence 
p— finite, when n-»oo 

Similarly if we find that v series is divergent then 
S n must be either + 02 or <-00 when n —*00 
i. e. log p~ -f -00 or —00 when n-*oo 
or p= - oc or aero when «->co 

Example 1. 

Show that the limit, when n 10 infinite of 

i , I*l • 4 • f • 2n~ " ~2n 18 

$20 and ita example may La left. 
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m 


The product consists of 2n factors ; denoting the succes¬ 
sive pairs by « lf « 2 .u n and the above product by p we get 


where 


P — . 

(2n —l)(2/!-f-l)_4n i —1 , 1 

2n . 2n 4 n % 1 4»* 


log p=\ >g f log u a +... . log u n 
Now consider a series whose general term 

O 



On comparing with o'n^^ (§9) 


o series is found to be convergent 

.*. log « t +log « a + .log « tt =finite when oo 

i. e. log p=finite limit when oo 
p is finite when n is infinite. 

Example 2. 

. 2 2 4 4 6 6 2n —2 2n-2 2n 

p ~ r ■* 3 * 3 * 5 • 5 * r***2fi-3 • 2it —1 * 2n-l 

The product consists of (ft — 1) group of factors each group 

2n 

containing product of 2 factors and one factor 0 -* 8 

separate. Denoting the groups by « 1T u g ...and so on. 

2n 

log p =*log tt^+log « a +.log B^+log 2 ^--J 


where 


_(2n~2X2»t-2) 


Now consider a series u 1 +0 a +.*o n _ 1 -f' 

=*log tt A +log u g +.log a*-,.*.... 


Pn-i^log 11,,-^log 


4n*-8»-f4 

4n*-8n+3 


• • 
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= 4f»-8n+ 3~.approximately 


choose v *»-!= 


Lt =Lt - a - d —*-»=— finite quantity 

4n*-8»-f3 4 

but v' series is convergent V p =2 i. e. > 1 

c 

v series is also convergent 

log ti^+log « 9 .-f .log «n—I is finite 

Hence log p =finite because, 

log 2^I =,0 s[ 1+ ^.y ^= *T. x -...approximately 

*=0 when n is large 

. p is finite. 

3. Show that the nth term tends to zero. 

_ 1 . 1.3 1.3.5 

1 “2 + 2.4 2.4.6 + . 

and hence prove that the aeries is convergent. 

Neglecting the first term 
Un is numerically equal to 

1 « 3 . 5 . .....( 2 n ~ 1 ) 

2.4.6i.iM.2fl 

log analog i+log 1.log —^ 

Consider a series . 

when a.=lo g H^. 1 -log(l-i ; )=^-. 

Choose 
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p 1 « 

then Lt =a finite. 

2 

v series is divergent because o' is divergent asp = 1. 

/. P x +a a +a a +.tf*-* infinity. 

But o n is —ive. 

.". a 1 +» 8 +a s +. 

i. e. log « n —* —co. 
a w -*0 

i. e. limit fi n =0. 

JNow in the above series the term? are alternately -five 
and — ive and each term is less than the preceding teem and 
Lt Kji=0. The series is convergent (Art. 6). 





CHAPTER V 


DETERMINANTS 

§ 1. Consider the following two equations 
a i x+b x y=0......(l) 

a a x+b a y=0 .(2) 

b x x • b % 

Eliminating x and y, we get - 5 =-^ 

or a x b a -b x a 9 =0. ; 

We shall express the above eliminant in the form 

a x b x ~0.(A) 

fl s 

i. e. Suppress the letters to be eliminated in the given equa- 
tions and enclose their coefficients as above in two parallel 
lines to give you the eliminant. 

(A) is called a Determinant of second # order and its 
value as we have seen is 

a x l 

\ / 

\/ 

/\ 

./ N 

-a* • 

§ 2 . Let us nuw eliminate x,y, z from the the following 

three equations. 

x+biy+c^O .( 1 ) 

y+ V** 0 —' 

a k *4*^s y+c^z-Q .(^) 
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Solving equations (2) and (3) by cross*mnltiplication, 

_*_=_ ? _ 

Substituting the values of z in (1), we get 

— fla <r a)+ c i( fl a^8 ~ fl s^a)] = ^* 

The eliminant is 

^i(^2^8 “^j) ^i( a a c a “ 1 “^3^a)”h f i( fl a^3 ~ a a^a) 

The eliminant shall be written in the form 

I <•> K «i I 

I t I 

| a % b % c a | —0 ... m .(A) 

i i 

I fl a *^a tf a I 

i. c. suppress the letters to be eliminated in the given 

* 

equations and enclose their coefficients as above in 
two parallel lines to give you the eliminant. 

A is called a determinant of 3rd order and its value as 
seen above is 


a \(b% c & — b & c 2 ) — b x (a t c a ~ tf aO c x( a *b 9 — o a b t ) = 0 


or a x 


b 9 f g 
b a Cq 



+ c i 


«a b % 


8 i *» 


§ 3. The value of a determinant is called its expansion. 
We find from above that a determinant of third order has 
three rows and three columns. It consists of 9 i. e. 3* 
letters which are called constituents and its expansion has 6 
i. e. 3! products of the foim a x b % e z , — b x a % e a and so on 
which are called elements of the determinant. 


Similarly a determinant of nth order shall have n 
columns, n rows, n a constituents and n! elements in it. 
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§ 4 Leading or principal term. 

In determinant (A) the element a x b % c 9 is called the princi¬ 
pal element or term. In this element the suffixes of the 
constituents occur in their natural order. 

Multiply the constituents diagonally starting from the 
left hand top coiner to right hand bottom corner. The term 
thus obtained will be the principal term. 


§ 5, Expan sion of a determinant—We have seen 


or a. 


I «t K 

a. K 


b, c, 
b, c t 


C 9 


c > 

\ 

+ c i(«A ~ a 8 b i) (A) 



a* 

c % 

1 b i 

+ *1 


*3 


1 *3 h 


The above is called expansion with l«t row, 

or ^(determinant obtained by removing the row and 

column intersecting at a t ) 

— ^(determinant obtained by removing the row and 

column intersecting at b ,) 

-{-^(determinant obtained by removing the row and 

column intersecting at c x ) 
Now by rearranging the terms of (A), we find that 

b x c x 

a % b % c % ^^lCVa" Vi) ” W 

+a t (b x c 9 -b 2 c x ) 


which is called expansion with 1st column. The expansion 
with 1st column is obtained in the same way as the expan¬ 
sion with 1st row explained before. 
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Similarly if we have got a determinant of fourth order 


a x b x c x d x 


a a K c 0 d D 


a a K c s d 3 


I a * b i c 4 d x , 
then following the same law of expansion 
with 1st row. 

a ' [b,i c * d * a * c * d *+c x a% b, d. 


we can write it as 


c s <4 a 3 c 3 d 3 

b 4 c A d A 


*8 b 3 d 3 


d i l a s b t c s 

\ a * b i h 

t I 

fl 4 b t d 4 ,a x b x c 4 


& A c A d A 

Or expanding with, 1st column the above determinant i 
f '<l % ual to 


is 
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Let a new determinant A' be formed by changing the 
rows into columns and columns into rows of A* 


A'» 


fl » a t 

K K h 


C\ c» c 


8 


= Ws - Va) - Wa “ Vi) 

Vi).B. 


Now after re-arranging the terms of B it can be put as 

Wa “* Va) “* b i( a * c a -p ’ ^ c a)"i“ c i( fl a^3 a a b *)' 
which is samejas A. /. A'== A 

§7 (a) If two adjace nt rows or columns of a deter¬ 
minant are interchanged, the sign of the determinant 
is changed, whereas its numerical value remains the 
sam£t > (Proof) 


Let 


«t K c x 


c i 


^8 b S ^8 


— fl j(Vs Va) b \( a z c a fl s c a) 

+ f iWs- fl A). A 


Let a new determinant A' be formed by interchanging 
the 1st and 2nd rows of A* 

<*« b o C 9 ) safl j(V8““ Vl)“ VA" Vl) 

+«a( fl A-«a*i).B 


A A'= 


‘s "a, ‘'a 

s 

Ug fcj fj 

■% 

Rearranging the terms of B, it can be put in the form 

*—{V*) b l{ a » C S ~~ fl 8 C s)"H C l( fl 8^8 “ fl s V} 
which is same as A except being of opposite sign 

•• A'** —A- 


(b) If any two rows ot two columns of a deter* 
mlnant are interchanged, the determinant retains it* 
absolute value but changes sign. 
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<l x b t c t 
®a b * 

«*a *a 


— a i( Vs — ^a V 


+*i(Vs-Va) 

.A 


Let a new determinant A' be formed by interchanging 
the first and third rows. 


I o 9 b B c 3 j ==ta i{b x c x ^i^a) ^a( a a 4 i a \ c 2.) 

A / == - j ij j "J*.® 

«i Cx 

Re-arranging the terms of B it can J>e put in the form 

- {V Vs - V*) ~ b i( a » c s ~ «s c a) + c i( Vs - Va) \ which is 
same as A except being of opposite sign A*= — A 

'V(f. jf_ any line of a determin ant be passed over 
three parallel lines, then the re sulting dete rminan t 
will be ( — 1)* of the original determinant. 

Lt A == <4 

«a *a 

•*» b S C & ^3 
a 4 f ^4 tf 4 ^4 

Let a new determinant A* he formed by making the 
fourth row of A the 1st row of A' L e. by making it cross 
three parallel lines, then we shall prove that A'—(—1)*A 

fl 4 ^4 c 4 ^4 I 

a x b x c t d x 

a z b 0 c B d B j 


a'= 




m 
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yy A<=(-i) 


By reapeated application of Art 7 (a) 


a, * 4 


d t 


or | 

I 


fl a 

flt 


A'=(-l ) 8 


<*x 

*8 

*4 


*8 

*1 


*4 

*8 

K 

b. 


“8 

<*X 


*4 

f s 






Generally if any line of a determinant be passed 
oyer v parallel lin es, the resulting determinant 

^A 

§9. We have done in article 5 (note) that a determinant 
can be expanded only with first row or first column, but now 
with the help of article 8 we shall be able to expand the 
determinant with any row or any column, but we shall have 
to take into consideration the number of movements of 
parallel lines which will make that row or cplumn, the first 
row or column. 


a- i 


a. 




If we want to expand it with 

/ 

3rd column, then we shall 


tf* bm Cm 
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make the third column take the position of 1st column for 
which we shall have to pass it over 2 columns and hence by 
article 3 A^C — l) 9 c x a x _ b x I 

c * a a b z 

b& ■ 

=( - - a a M-c a (tf A - a AH c a (a x b 2 - a % b x )] 

% 

•( - 1 ) a rflt( Va - Vs) - k( a % c s -JaC*)+Ci( a A “ a A)] 

=(-D 2 A 

Similarly expansion with 2nd column will be equal to 

.j * 

Hence we need not undergo the procedure to bring the 
row or column with which we want to expand, in the posi¬ 
tion of first row or column. We may expand with any row 
or column in accordance with the rules of article 5 but mul¬ 
tiply with ( — 1 )p where p is the number of crossings of lines 
which will make the expanding row or column 1st row or 
column. 


Thus 



c x | By expanding with 3rd 

row 


**( - i) 9 l W 3 - - a A)] 

where 2 is the number of crossings of lines which will make 
the third row take the position of 1st row. 


Above can also be written as 


i — lytACsgCa — — b a (a x c a a 8 c t ) -H s (a t Cg ~ UgC,)] 

*10. If any two rowa or two columns of a deter* 


minant are identical then the determinant vanishes. 
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Let a determinant A be such in which 2nd and 3rd 
columns are identical. 


A = 


*2 

d 3 


c a 

c„ 


Cl 

C* 

C 8 


Let a new determinant, ‘A' be formed by interchanging 
the identical columns. ' * 


A'==l a. 


i«» 

The value of A' by article no. 7 must be equal to — A* 
But actually we find that there is no difference between A* 

and A. A'-~-A but a' = — a (Art. 7) 

« 

Hence A = — A or 2 a —0 A ~-0. 




Minor. 


r r 


T he determinant that is left by cancelling the row 
and column intersecting at a p articul ar^ cohs tijtueni—is 
called the minor oLthat constituent,a nd is denoted by 
t >e correspondi ng capit al letter, ' 


A = 


* 

i 0 . 


K 

K 


C 


1 


C 


2 


C 


3 


i 


^"Minor of b 2 - B 2 - ! a x £, J 

! i 

I c i \ 
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Minor of c 3 =C 3 


i «. *. i 
i i 

i *> *i I 


Hoth the above forms can be put as 



b 2 

i-*. 

a 2 C 2 

+ tf 1 

* a K 


b 3 

l 

i 

a 3 ^3 


fl 3 . b 3 


b ‘i C 2 


b x c x 


K C X ! 

or a x 


“ fl 2 

% 

+a 3 

I 


b 3 C S 


fa 


b a £ a 


u4 


r*> 


o r a Jp 

where capital letters denote the minors of the correspon* 
ding small letters. 


A = if expanded with 2nd row or 3rd row. 


, r 





^=(-1 Y< “a 


-A, 


+ C 2 

l 

&3 <3 


fl 3 C 3* 


„ f .r 

b x c x 


a x c x 


Or[(-l) a -{ 




+ C 3 

L 

b t c z 


a » c % 



Both these can be put as. 

(lVC^ii A» b ffi> + fa^al 

or (- l)*[fl 3 A 3 - 6 8 B a + c 3 C 3 ] 

^3^8*“ A 

a i A x — <7 a A 3 + A 3 = A 


b l 

K 

K 

K 



Hence when the constituents of any row or coluiqn 
are multiplied with their corresponding minors and 
summed up with alternately plus and minus sign the 
result c*A or - A 




Algebra Made CaBy 


according as the row or colum whose minors are 
written is m4de the first row or column by even or 
odd crossings of rows or columns. 

l b . c. 


but 

fl a A, — 


i sr i 


‘*3 


‘'S 


=A 


‘'a 

‘2 

^8 


—0 (Art 10) 


Similarly 

<1^ A^” - “flj Aj 4* ^3^3 






--A 


but 


^Aj—6„A a +A® — 


b z b a 


= 0 (Art 10) 


Hence if the constituents of any row or column a/e 
multiplied with the minors of the constituents of some 
other row or column and summed up with alternately 
plu 3 «and minus signs the result=0 

b x C x ^a^'a+ b a C 9 sstO 
A t — figBj+ c 3 C,=0 

J A. Co-factot. 

The determinant that is left by cancelling the row and 
column intersecting at a particular constituent, when that 
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particular coustituent is brough t in the top left hand 
corn er of a determinant is called its, co-factor and is de . 
noted by corresponding capital letter. 


A- 


b 1 c t 


a a &a 


a 3 "3 


Co factor of c 2 : Now c a can h^-brought in top left hand 
corner by one movement of row and two movements of 
columns i. e. in all 3 movements. 


C a —co-factor of c 2 - ( - l) s 




I 


h 


= -l a 


K | 
h l 


= — (minor of c a ) 


B 2 =ssco-factor of (—l) a 


c x 


a 9 C 3 


— I fl. 


c, ' = minor of b 2 


C 3 


r-n.fa^nm a rts equal to minors in magrii - 
t ude but are of»same or of opposite sign according a s 
t he letter whose co-factor is being c alculat ed is brough t 
to top left ha nd j&orner b y even or o dd movements ^ 
lines^ 

|=a I A 1 -a,A,+a,A, 


r 

A - 


K h 
k, e, 
k 9 e 9 


in terms of minors 


=» Aj+A a -|-a s A s 
in terms of co-factors. 
Just like in article No. 11, it is quite clear that 
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+£ 8 B 3 =r A (Note) 

4" ^B s 4* c 8 C a =s A 

fl a A a +^*B a +f a C a s* A (Note) 

fl i^a “b ^jB a =0 

a s A x +^aB 1 +^ 3 C 1 =0 

Where capital letters depote the co-factors of correspond¬ 
ing small letters. * ( 


[ The expansion of a determinant in terms of minors 
and co-factors differ only in that in the former the 
terms are alternately plus and minus while in the 
latter all the terms are plus and that the determinant 
be expanded with any row or any column the result is 
either zero or -f a (and not — a as in minors). 

If each constituent in any row of in any 
cplumn be multiplied by the same factor, then the 
determinant is multiplied by that factor. 

LetA^f % K c x I = fl 1 A 1 -6 J B t -f-r 1 C 1 

a %b% c * 

flj ig 

I et a new determinant A' be formed by multiplying the 
elements of 1 st row by a constant m. ► 

AI ma. mb, me, I 


Now the miners of ma x , mb x and mc x in A* are the same 
as those of a lt b x and c x in A 

A'~ ma x k x —mb x B x +mc x C x 
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= ni(a l A 1 - fc l B 1 +c 1 C 1 )=mA 

which proves the proposition. 

Note 1—From above it is quite clear that A = A' 

Hence if in a given determinant A the constituents 
of any row or column be multiplied by a constant 
m and a determinant A f he formed, then 

A= 1 A' 

m 

B 

Note 2— From above it is quite clear that if in a determi* 
nant the constituents of any row or any column 
are £ times the corresponding constituents of any 
other row or column, then the determinant vanishes. 


1 *1 

h 

C X J j 

i i 

0i 

K 


1 =0 

1 ’• 

1 *2 

K 

*2 

K 

** 

[ 

[ 

1 

i *0J 

kb t 

i i 

kc t 1 1 

» 

K 

c x 

• 

[ 

Two rows are 

identical 






l£epch consti tuent in any row or column 
consists of two terms the n the determ inant can be ex* 
pressed as the sum of two determinants” (Proof; 


If A,, A a , and A 3 are the minors of a t , a a and a,, resp. in 



then 




«*+a 9 

fl 8 +a a 


*8 




C S 


- K-F 3-i)A* - (a a 4* a 2 )A a a 3 )A 8 

—(^iAj^—n a A a -f*^a)"I"(otjA* 4 *a 3 A a ) 
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flx ft Cl 

% 

+ 

a t 

ft c x 

®a ft ^2 


a a 

ft c 8 

°3 ft c 2 


a a 

ft *8 

Similarly | a x +CL x 

K+Pi 


| 

a a 4 a 8 

b a+Pa 

s 

C 8 

tf s4-a a 

' • ft4ft 

*8 


* *1 b x+Px c x 

» >* 1 

°* ftH-ft c 2 
Oq ft4ft ^8 


a a ft c % 


! °a ft c a j 


a, ft c a 

ft c a 


i. e. sum of four determinants. 


4* ft4ft c x 

ft4ft C a 

i 

^•a ft 4* ft c a 


— ° x b x c x -j- a x ft c x 


l a Pi c a 
®s Pa c 2 


4- ax ft c t 4 a t ft c x 

a» ft c a a a ft C M 


a s Pa H 


We can generalise above aa follows ■ 

If the constituents of th e t hree columns con si st of 
m, a, p terms reap., the determinants can be expressed 
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c orrespon ding constituents of one or more lines, the 
determinant remains unaltered. 

- ~ (Punjab 1934, 37,44, 46, 51) 


Let A = 


a t b 1 e x 


a a c a 


^8 ^3 ^3 


Let another determinant A' he £>;*med by adding p times 
and subtracting q times the constituents of 2nd and third 
column respectively from the corresponding constituents of 
the first column. 


A' = 


a l+P b x — 4 € x ^1 C 1 
a 2 +pb 2 -qc a b 9 c % 

a 9 +pba-q c s b a c a 

By § 14 it can be broken into three determinants 


«i K 


pb i 

fl, 6, «, 

+ 

pb a b 9 c a 

* 

b s c 3 


pb a b s e a 


q c i b x c x 
qc 9 b a c 9 
qc a b s c a 

Now by §13, the last two determinants vanish. 
a x b x c x 


A'’ 


*8 ^8 ^8 


*a ^a *§ 


A 


a 

• t 
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In practice generally we can alter several lines of the 
determinant without altering its value 

a x b x c x j. o x +pb x -\-qc x b x -\-sc x c x 

a i c * — a 2 ~\ m Pb i -\-qc i b x -{-sc 2 c % 

^3 b$ c 2 I a a4-/ , ^8+ 9^3 b a -\-sc d tg 

< 

We can split the determinant in the R. H. S. into 3x2 
determinants all of which shall vanish except 


a l b x c x 


^2 ^2 


^^§16. If any fth line has been altered by means of 
rth and I th parallel lines then rth and tth cannot 
themselves be altered by means of that rth line, but 
we can use the rth line to alter all other parallel lines 
except rth and rth. 


*i K c x 
a, b 2 e % 

®3 b 2 fj 

a x+P b i+ 9 c t b t + ra x +sc x c x 

Let A'= 

a »+P b 2 + <l c 9 b a +ra 2 +sc 2 c % 
a a'\"pb^qc i b 2 -\-ra a -\-sc a c a \ 

A* can he splitted into 3x3=9 determinants. Out of 
those nine, only seven determinants shall be easily seen to 
.be vanishing and the remaining two will be 


If A* 
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JstM, 


a x 

K 

Cl 


P b x 

ra x 

c x * 

«a 

K 

c* 

+ 

pby 

ra a 

'a 

*3 

K 

C d 


*h 

ra a 

*8 


=A -pr A~-A (!-/>') 

At* A' because in altering the first column, the 
second column has been used and again contrary to our 
article above in altering the second column, the first has 
Jjeen used and hence 


But 

a l+p c x 


> 

11 

«a +PC* 



<*d+pc* 

*a+7*s c 3 


A' can be broken into 2x2 i. e. 4 determinants all of 
which will vanish except 

j | 

a a c a • 

a 3 b 3 c a i 

•% A'=A 

Here the 2nd column has not been used in altering the 
first column, though the 2nd has been altered by means of 
first. * 

£ V §17. If those constituents of a determinant which 
involve x, arc polynomials in x and if A - 0 when a 
be substituted for x then x—a is a factor of the deter¬ 
minant. 

Now since the constituents of A involving x are polyno¬ 
mials in x, then the expansion of A will also be a polyno¬ 
mial in x and hence let A when expanded. 
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i. e. A=p 9 x n +p l x*-'+p a x*“ i + . +pn-. t x+p n 

but 0=*p 0 a n '+p x a n - x +p i a» - *+. +p 1t ~ 1 a+p n (given) 

Subtracting 

A =Po(* n -« II )+A(**"” 1 -a"“ a )+A»(x»- a -a"- a )+. 

+Pn-i(*~<*) 

which shows that x — a is a factor of A* 


Similarly if the constituents of a determinant are in 
terms of a , b and c, and by putting a=b t determinant 
vanishes i. e. (any of the two parallel lines become identical) 
then a — b will be a factor of the determinant. 




* Example 1. Factorize 


v 


1 

OF 

fl* 


1 

1 1 

1 

b 

b * 

or 

a 

b' c 

1 

c 

* 

f* 


a % 

b 8 c a 


(Nagpur 30) 


• Here if we put a = b then the first and second rows be¬ 
come identical and hence (a — b) is a factor. Similarly it is 
easily seen that (b -e ), (< c~a) are also its factors.. 

(a — b) (b—c) (e-a) is a factor of the determinant. 
Now the determinant being of 3rd degree'as is judged from 
diagonal term, and the factors that we have found are also of 
3rd degree. Hence there can be no other factof in terms of 
of a, b and c. But a constant can be a factor. 


• • 


1 I 1 
a b c 


»K(a - byjb — c\c — a) .A 


a* b * c* 


Now in order to find K, we give a t b and e such small 
values so that on putting them in the determinant its expan* 
sion becomes easier. But care is to be taken in choosing the 
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values, lest the determinant may become zero and the expre 
s*ion on the right also vanishes. * 

Let a — 0, b—\ y c= —1 
111 

o 1-1 =K (°- 1 X 1 +1X—1) 

i o 1 i 

2--2K K=1 


1 1 1 

Hence a b c 
a “ b * c % 


=(d—b){b—c){c~a) 


The set of values, a=0, £*=1, c —1 

is not applicable because both L. H. S. as well 
R. H. S. vanish. 


Note :—Above is the general method of finding the constant 
factor. The constant factor in the above example 
could however be found by oomparing the co’effi 
cients of bc % (diagonal term) in both sides of A, and 
v 'you will find that K— 1. 

^Example 2. Factorize (Agra 46, Pb. 50) 

| i* i i i 

& = 

Just tike in Ex. 1 (a - b)(b-c)(c-a) is Easily seen to be 
a factor of above Now A is of 4th degree as is clear from 
diagonal term and hence we have to search for another factor 
of first degree because the factors found are of 3rd degree. 
But A is symmetrical and the factors found are symmetrical 
The remaining factor must also be symmetrical and pf first 

The rusults of Ex. 1 & 2 should be committed to memory. 


I a , b c & find its value when 
I a® b* c* o+i+csaO 
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degree'. But a symmetrical factor of first degree in terms of 
0 , b and c can only be a-f b+c. 



1 1 1 

a b c = K(a - b){b — c)(c - a)(a-}-b-j-c) 
a 8 6* c 8 


Now the set of values, a b e given in previous 


0 1 -i 

question is not applicable because R. H. S. vanishes by sub- 
tituting these values. 

Choosing another set of values as a b c 


0 1 2 


111 . 

0 1 2 =K^0-lXl-2)(2-0X0+1+2) 

0 1 8 

. 6=6K K=i 

111 

=(a— b)(b— cX c “ fl X a "H+ c ) 

Hence a b c 

a* 6 s c 8 ' 

Note :—In case a+b+c~ 0, then clearly A =0 
Ex. 3. Prove that (Pb. 45) 

x l m 1 

t 

a x n 1 

a = . =(#~a)(*— P){x—y) 

a p x l 

a j8 r i 

Putting x=« in & we find that column no. 1 & 4 
become identical and hence £ »■ 0 
X x-a is a factor. 

Again putting x=j& in A we get 
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A= p / m 1 

CL P n 1 

CL P P 1 

cl p y l 

Subtract a and p times column four from column 1 and 
2 respectively. 

A=| P-CL l-P ml *' 

0 0 n 1 which is clearly zero 

0 0 p 1 

0 ' 0 7 1 

• x — P is a factor 

Similarly we can show that x — 7 is also a factor 
A * K(* - a)(*— p)(x - 7) 

The value of K can he easily shown to be unity by com¬ 
paring the coefficient of x 3 (the diagonal term). 

^£18. Multiplication of determinants. 

(Agra 36, 45, Pb. 40, 43, 46) 

Let A- K c i | <*i 0i y x 

o a c a ' and A /s=s CL a P t 7 a 

Oj ^8 ^3 Otg 08 ^3 

< 

Then A A /ss= & where D is the determinant below. 

a i<*x + b iPL+ c i y i «A+*»0a+^s a x&a+ b iP*+ c i y 9 

a a&i+^s0i+ tf * y i <*»cL a +b a p a +c a y a o a a 3 +b a Pi+c a y a 

a a,CL x m \ m b a p t ’l-c a 7 l o a CL a -l-b a P a -^‘e a y a OaCLa"{"b a p a -^c a y a 
Now by §14 the above determinant can be expressed as 
the sum of 27 determinants. A few of whic h will bq. 
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fl^Olg fljflg 

ft 


fl x ot t ftft c x y 9 


djCf-i c x 7 a ^ x ft 

d 8 0t-i ®gOlg d a Ct 8 


a a&-i ^aft 


d 2 0C t ^aft 

OqCL x flgOtg flgttg 

* 

fl S^l ^fift ^8^8 

1* 

flgCtj C 8 7 a ^ 8 ft 

(1) 


(2) 


(3) 


i^a^a, 


a, d, a, =0 V Identical lines 


a a 


2=a li B.y l 


3=aJ,p t 


«, V*» 


0^ 

a * b‘£ c 2 

m 

°B b a C a 

°i c i K 


=0LxP*y> & 


*>* 


&a fg b a 


-= 0tj7 a ft 


a x b x c x 


a a b % 


a 9 c b 


[On interchanging 2nd and 3rd column] = - OL^a^s ^ 
Similarly it can be seen that out of 27 component deter¬ 
minants of D, 21 will vanish whereas the rest 6 can be 

t 

written as 

a,ftY 8 a, - a x P* y 9 -a a ft y 8 a a ftv t a 
OaftVa A,-a 8 ftV x A 
Summing up these six determinants we get. 

0= A[a 1 A7i-ftVa)-a a (i3 1 7 8 -ft Y i)+a 8 A v a - A?*)] 
D«a| 0^ ft ?! N6XA' 

flg ft 
Ag ft 7 8 

In the same way we can multiply the deteiminant 
bf any order. 
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By multiplying a row' of A with a row of A # » we mean 
to multiply the corresponding constituents of two rows and 
adding them i. e. multiplying 1st row of A with 3rd row of 
A'. 

a x b x c x we get (^a^ + b jjSa + O'a 
a 8 P a 7g or £ a x CL s 

Hence our rule of multiplication it as follows :— ■ 

Take the first row of Cs and multiply it successive¬ 
ly with 1st, 2nd and 3rd rows of [sj as explained 
above. The three expressions thus obtained will be 
constituents of the 1st row (in order) of D. 

Then take up second row af A and multiply it suc¬ 
cessively with 1st, 2nd and 3rd rows,of [\ r as explained 
above. The tbre.e expressions thus obtained will be 
constituents of 2nd row (in order) of D. 

In a similar manner 3rd row of D is obtained. 

*£xample 4. Find the value of 

a* -f- A a ab+c\ ca—bk X A c —b ( 

* |. 

ab—ck bc-\-ak —c A a j 

ca+bk bc — ak c a -f*A a b — a A j 

(Agra 27, 47 Supp.) 

In accordance with the rule in the previous article, the 
constituents of the first row of the new determinant will be 

1st constituent * \(p£-\-T\*)+c(cb+cX) — b(ca--bk) 

“XC^+^+^+X 1 ) 

2nd constituent-— — c(a a -f-X“)+^(«^+^A)-4-«(ca - b\) 
=0 

3rd constituent =6(fl a +A a )—e(oA-f-tA)+X(ca — ^A)=0 

Similarly find the constituents of 2nd and 3rd rows. 

D= A(fl a +6 a +e*+A a ) 0 0 

o xc«*+6*-f* a +A*) 0 

0 A^+tf+^+A*) 


0 
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A*) 8 . 

Example '5. Express 



t> 

H 

o 

«*> 

h 

* as a 

determinant. 

c 0 

a 



b a 

0 



A--I 0 * 

i 

b 

x ! 

0 c b 

* •* 


! 

| 


c 0 

< 

a 

1 

i 

1 

i 

i 

c 0 a 

b a 

0 

1 

• 1 

ha 0 

• 

A- b*+e* 

ab 

ac 

i 

ab 

a*+c* 

be 


as 

be 

«*+** 


Solution of thfee equations of first degree in 


three unknown quantities. (Pb. 32, 36, 3£, Agra 39) 


Let the three equations be 
a»x-\-b 6 y+c b z=d a 


^ oW d t b x c i | . On substituting the values 
^ ^ c of d x , djj and d a , we get 

d 9 b 0 c 8 


«i*+*»J+V c x 
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a x x b x c x 


Ky K c x 


c x z b x c x 

$ 

= 

a^x b 2 c 2 

+ 

b % y b t c 2 

+ 

c 2 Z g a 


O^X Oj . fj 


b z y b a Cg 


cT 

o 

(O 

<■» 

w 


I a t h 

I . 

=■--*; «« h c t 

i 

°3 *3 63 

■* 

The last two determinants vanish. 



d x b x c x 

| a x b x e x | 

• x 

d g b 2 c 2 

• 

• 

.** b* C t 


■ d a b z Cq 


a 3 b 3 c Q 


o x 


a x b x c x 

Similarly jv = 

a 2 d t c 2 

— 

fl a bj e 2 


rfj fj 


b 3 c 3 i 


a x ^1 c i 
ff a 6 a C 9 

^3 ^3 I 

§20. Notation. 

We shall in the questions denote columns by C and rows 
by R. Thus C t , C a , C s stand for 1st, 2nd and^ 3rd columns 
respectively. Similarly R x , R a , R s stand for 1st 2nd and 3rd 
rows respectively. 

Sometimes it is required while solving the detelminants 
to alter rows and columns. 

Suppose we are required to add twice the constituents of 
second row and subtract thrice the constituents of third row 
from the corresponding constituents of first row we shall 


and 


K < 


b 2 

b* d*. 
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express it as R a +2R a —3R S . 

Similarly ' C a — aC a +6C a would mean. 

Subtract a times column no, 3 and add b times column 

* 

no. 1 to column no. 2. 

♦Example 6 Evaluate (Agra 50, 53) 

265 240 219 | 

240 225 198 
219 198*181 

If we expand here directly, the expansion will involve 
lengthy products and we are likely to commit mistakes. 
Hence efforts should always be made to reduce the numbers 
to lesser numbers and to bring in qp many- zeros as can be 
possible in any row or column and then expand with that 
row and column. 

Apply C l 4 "(^s'-' 2 C a which in accordance with our nota¬ 
tion above means that in the constituents of 1st column add 
* , 

the corresponding constituents of 3rd column and subtract 
twice the corresponding constituents of 2nd column. By the 
above application the first column of will change but 
there will be no change in the value of £ (.Art 15). 

265+219-2(240) 240 219 

.% A^= 240+198-2(225) 225 * 198 

•219+181-2(198) 198 181 



4 

240 

219 


-12 

225 

198 

i 

4 

198 

181 


, Here again we can make two zeros in column no. 1 by 
applying R a +3R a and R„-R 0 thus changing R a and R a of A* 
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•\ A- 


4 240 219 

$ 

-12+3(4) 225+3(240) 198+3(21**) 
4 — 4 198-240 181-219 


Now expand with Is 



4 

240 

219 


0 

945 

855 


0 

-42 

-38 * 


1 

945 

855 


4 ! 

1 

-42 

-38 : 


Here again constituents of K t sjnd R s has as common 
factor 45 and —2 ( resp. which can be taken out (Art. 13) 


A ~4(45)(—2) 21 19 


•0 


; 21 19 

Because C t and C g are identical (Art. 10). 

EXERCISE No.*9 

Note Before doing the questions, read Art. 20 
and Ex. 5 very throughly. 

1. Evaluate the following determinants. 


ty 


7.6+1 1 6 
7.4+7 7 4 

7 2+3* 3 2 

Break into sum of two determinants each of which will 
be zero because of identical lines A =0 

.a 


<•) 

43 1 6 

• 

A ~ 

35 1 4 

Now ^*5B 


17 3 2 



(b) A= 


1 W 
« «* 1 


Where « is a cube root of unity 


«a* 1 Ql 
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We know that if o> is a cube root of unity then 

x 

1+M-|- W a =0 and cu a = 1 and w 4 ^=:w 8 .(tf - to 

Apply c x +c 2 +c s an< ^ thus every constituent of c x becomes 

l+w+o^O /. A — 0 
(c) A = a—b b—c c—a 

b — c c—a a—b 

f 

c—a a—b b — c ! (Nagpur 33) 

Proceeding as in part (b) A = 0 

' *(d) a = 1 a b4-c Apply r 3 +c a and take out 
VS a+b-\-c and thus c 2 and c 3 of 

1 b ‘c+a the new determinant become 
identical A—0 

I 1 c a+b (Pb. 35) 

('e) a = a+2b a-\-ib c+6b Apply R 3 —R t and 

Rj—Rj and thus R a 
a+3b a±5b a-\~7b and R 3 of new new 
j determinant become 

I a-b4b a+6b a-\-8b identical A - 0 

,**(f) Evaluate 1 a a a — bc 

A = lb b % —ca ' 

1 c c % —ab 

A = 1 a a* 1 a be 

1 b b* - 1 b ca (Art. 15) 

1 e c % 1 c ab 

s= 1 a a* a a % abc 

(Art. 13 

1 b b % _ 1 b b* abc Note I) 

abc 

Ice * c (r abc 
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Now take abc common from c 9 of 2nd determinant and 
make c 3 pass over two columns and thus becoming column 
No. 1. Hence 2nd determinant becomes same as 1st. 


A=0. 


(g) Evaluate 1 

w 8 

to 2 

* 

. Put » 8 = 1 and 

A- 



apply and then 

a) 8 

1 * 

0) 

expand A = 3. ^ 

0) 2 

(1) 

« 

*1 

* 

(h) Evaluate j 3 

2 

1 

4 

A- 




15 

29 

2 

14 

16 

19 

3 

I 17 




(Pb. 40, 

33 

39 

8 

38 AIM. 47) 


Apply C, - 3C 3 , C a - 2C S , C 4 - 4C, 

and expand thus getting a determinant of 3rd order in 
which again apply R s — R t and R^ — Rj and exyand with 3rd 

row. A =6 

*(i) Evaluate i 21 17 7 10 

24 22 6 10 

6 8 2 3 

5 7 1 2 * (Benares 49) 

Apply R l — 7R 4 , R a —6R 4 , R a —2R 4 etc. ,\ A—0. 
(j) Evaluate A= 3 7 9 6 

8 4 5 8 

7 10 3 5 

6 2 9 8 (Agra 54) 
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Applying R a -R* we get 

3796 

2 2-4 0 

7 10 3 5 

6 2 9 8 | 

Again applying C a —C lt r 8 +2C t , we get 

A-r .3 4 15 6 

i 

2 0 0 0 , 

I 

7 3 17 5 

6 —4 21. 8 

Expanding with the help of 2nd row 

£k=J ~ 2 4 15 6 

3 17 5 

-4 21 8 
Adding R a to R*, we get 

4 15 6 

3 17 5 

0 36 14 

«v- 2(4(238 -180)—3(210—216)] 
ss - 2[232+18]= —500. 

*(k) Evaluate 1 a a* a*+bcd 

A= 

1 b b* b*+cda 

1 c f* cP-t-dab 

1 d d* ‘ &+abc 

(Agra 33, Patna 49, Rajpurana 53) 
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By multiplying a row of A with a row of A'» we mean 
to multiply the corresponding constituents of’two rows and 
adding them i. e. multiplying 1st row of A with 3rd row of 

a x b x c x we get «ias+*,/3a+*i*a 
a 9 j0 3 7„ or 2 a x a 8 

Hence our rule of multiplication ia as follows :— * 
Take the first row of A ami multiply it successive¬ 
ly with let, 2nd and 3rd fows of A* a® explained 
above. The three expressionstfaus obtained will be 
constituents of the 13t row (in order) of D. 

Then take up second row af A and multiply it suc¬ 
cessively with 1st, 2nd and 3rd rows.of A' as explained 
above. The three expressions thus obtained will be 
constituents of 2nd row (in order) of D. 

- In a similar manner 3rd row of D is obtained. 

^Example 4. Find the value of 


a 9 +A* 

ab-\-ck 

ca—b A 

1 x 

i 

A c 

—A 

ab — ck 

b* + A 9 

bc+ak 

1 

1 

— c A 

a 

ra+AA’ 

be — aA 

c a -f A 9 

J 

b —a 

A i 


(Agra 27, 47 Supp.) 

In accordance with the rule in the previous article, the 
constituents of the first row of the new determinant will be 

1st constituent s£ A(a 2 4-A*)+c(«£4* c A)—£(ra — 6A) 

*- \(a 2 +£ 9 -f-c 2 + X*) 

2nd constituent—— c(a 2 +X a )4-A(a6-fcA)Hrfl(ca-* b\) 
=>0 


. D 


3rd constituent=6(a 9 4-A 2 )—fl(a£-}-cA)+\(ai — bk)—0 
Similarly find the constituents of 2nd and 3rd rows. 

= A(a a +**+c 9 +A a ) 0 0 

0 X(* a +* a +« a +A a ) 0 

0 0 A (a 9 +A 9 ) 
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=AV4-i*+c*+A 9 )®. 
Example 3. Express 



b 

a 


as a determinant. 


b a 0 


A = 


0 

c 

b 



x ! o c 

c 0 

j b a 




A- 

6 a +c 3 

ab ac 

• 


ab 


be 



ac 

be 

a* * *** +b 


* § 19. Solution of three equations of first degtcc in 

three unknown quantities. (Pb. 32, 36, 3P, Agra 39) 
Let the three equations be 
a^+b l y-\ r c 1 z=d l 
a 2 x+b 3 y+c 3 z=d 3 

*** J tb 3 y+ c iZ~d 3 


Now 



On substituting the values 
of d x , d 2 and d 3 , we get 


K 

K 


€ 


1 


c* 


*a 


H 


a 9 x+b 3 yi-c 3 z 

a 3 x+b 3 y+c 9 z 
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v 


a,* 4, 


b x y 

b x c x 

c x z b x c x 

a 2 x b a c a 

+ 

h *y 

4. e t + 

> 

c a Z by c a 

' "»* ^3 f 3 


b *y 

b 3 ‘a 

£3 Z b 3 c 3 

1 

i 


c x 



1 

a a 


c i 



i 

1 „ 
°3 

K 





'.‘The last two determinants vanish. 

d i b x c i 1 a x b t r. x 

*** Xz= d * h c 2 -^r a 2 b % c % 

i *^a b 3 c a a 9 b 6 c 3 

a x d x c x «i b x c t 

Similarly y= a a d t c 3 4 a s b a c 2 

1 °8 d 8 C 3 , fl 3 b a C 3 | 

a i b x d x <*x b x c x 

and z— a a b t d 2 ~ a 2 6 a c a 

fl s b 3 d, i a 3 b a c 3 

§20. Notation. 

We shall in the questions denote columns by C and rows 
by R. Thus C lt C a , C a stand for 1st, 2nd and 3rd columns 
respectively. Similarly R t , R a , R a stand for 1st 2nd and 3rd 
rows respectively. « 

Sometimes it is required while solving the determinants 
to alter rows and columns. 

Suppose we are required to add twice the constituents of 
second row and subtract thrice the constituents of third row 
from the corresponding constituents of first row we shall 
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express it as R x -f-2H a — 3R S . 

Similarly * C a -oC a +bC x would mean. 

Subtract a times column no. 3 and add b times column 
no. 1 to column no. 2. 

^Example 6 Evaluate (Agra 50, 53) 

265 240 219 

A = 240 225 19£ 

219 198* *i.81 

If we expand here directly, the expansion will involve 
lengthy products and we are likely to commit mistakes. 
Hence efforts should always be made to reduce the numbers 
to lesser numbers and to bring in as many zeros as can be 
possible in any row or column and then expand with that 
row and column. 

Apply (^+0,-20, which in accordance with our nota¬ 
tion above means that in the constituents of 1st column add 
the corresponding constituents of 3rd column and subtract 
twice the corresponding constituents of 2nd column. By the 
above application the first column of A will change but 
there will be no change in the value of A (Art 15). 

265+219-2(240) 240 219 

A= 240+198-2(225) 225 *198 
219+181—2(198) 198 181 



4 

240 

219 

= 

-12 

225 

198 

4 

198 

181 


Here again we can make two zeros in column no. I by 
applying 1^+3^ and Ra-R t , thus changing R s and R a of A- 
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4 240 219 

= -12+3(4) 225+3(240) 198+3(219) 

4 — 4 198-240 181-219 

4 240 219 

— 0 945 855 Now expand with 1st column 

0 -42 -38 • 

, 945 855 

--4 : 

-42 -38 : 

Here again constituents of R t and R a has as common 
factor 45 and —2 resp. which can be taken out (Art. 13) 

B 

A =4(45)(-2) 21 19 -=0 

i 21 19 

Because C t and C a are identical (Art. 10). 

EXERCISE No. 9 

Note :—Before doing the questions, read Art. 20 
and Ex. 5 very throughly. 

1. Evaluate the following determinants. 


(a) 

43 1 6 


7.6+1 1 6 

A — 

35 7 *4 

Now A — 

7.4+7 7 4 


17 3 2 


7.2+3.3 2 | 


Break into sum of two determinants each of which will 
be zero because of identical lines & =0 

(b) 1 « 

« w* 1 Where u is a cube root of unity 

OJ® 1 W 
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We know that if cu is a cube root of unity then 

l-f-w+w 8 —1) and w # =l and a) 4 ^=a) 8 .o) -w 

Apply rj-f-Cj +^3 and thus every constituent of c x becomes 

1 ~i“ CO —<u a =0 A = 0 

(c) A = a—b b—c c—a 

b—c c—a a—b 

I i 

c—a a—b b—c ! (Nagpur 33) 

* *3 

Proceeding as in part ("b) ^=0 

♦(d) a = 1 a b-\-c Apply c 3 -\-c % and take out 

a-\-b-{-c and thus c T and c 3 of 
1 b m the new determinant become 

identical %\ A=0 

I 1 c a+b (Pb. 35) 

(e) A = a+2b a+43 a+6b Apply R a — R l and 

R 8 —R l and thus R 2 

fl+36 a-f-56 a-\-lb and R„ of new new 
, determinant become 

a+4£ a+6b a+8b identical A - 0 

♦(f) Evaluate 1 a a*—be 

A = 1 b b 9 — ca 

1 c c 9 —ab 

A = 1 a a* l a be 

1 'b b* - 1 b ca (Art. 15) 

Ice* 1 e ab 

a a % abc 

(Art. 13 
b b 9 abc Note I) 

' ! | abc 1 

' 1 c c 9 I I c c a abc 


1 a a 9 
1 b b 9 _ 1 
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Now take abc common from c s of 2nd determinant and 
make c s pass over two columns and thus bec6ming column 
No. 1. Hence 2nd determinant becomes same as 1st. 

A =0. 

(g) Evaluate 1 w 8 w a Put «> 8 = 1 and, 

A~ apply c x —c 2 and then 

to 8 1 expand A—3. 

* 

CO* 0) 1 • 

t 

(h) Evaluate 3 2 14 

A- 

15 29 2 14 

i» 

16 19 3 17 

(Pb. 40, 

33 39 8 38 Alld. 47) 

Apply C t - 3C 3 , C 2 -2C 8 , C 4 -4 C s 

and expand thus getting a determinant of 3rd order 
which again apply R a — R t and R 2 — R x and exyand with 3rd 
row. A—6 


*(i) Evaluate 21 17 7 10 

24 22 6 10 

6 8 2 3 

5 7 12 (Benares 49) 

Apply R l -7R 4 , R a -6R 4 , R S -2R 4 etc. A==^ 
(j) Evaluate A— 3 7 9 6 

8 4 5 8 

7 10 3 5 

6 2 9 8 (Agr» 56) 
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Applying R a - R f we get 
- A — I 3 


2 -4 


16 2 9 8 

Again applying C a -C lf C 8 +2C lt we get 

A-| 3 4 15 6 


' I 6 -4 21 .8 I 

Expanding with the help of 2nd row * 

22 4 15 6 

3 17 5 

-4 21 8 

Adding R t to R 9 , we get 

4 15 6 

P 

3 17 5 

0 36 14 

- -2(4(238-180)-3(210-216)] 

= *- 2[232+18]= -500. 

*(k) Evaluate 1 a a* < 2 * -f bed 

L A= 


b* b*+fda 

c* c*+dab 


1 d d* cP-\-abc | 

(Agrft 32, Patna 49, Rajputana 63) 
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A= 


1 

a * 

a 1 

a 8 

+ 

1 

a 

a 9 

bed 

1 

b 

b* 

b 8 


I 

b 

b 8 

1 

eda 

1 

c 

c* 

c 8 


1 

c 

c 9 

dab 

i 

i 

1 

d 

d % 

d 8 


1 

d • 

d 9 

abc 


265 

D+D x 


Multiply R„ R«, R 9 and R 4 of D x by a , b , c and d respee-' 
lively and hence divide the determinant by abed. 


D„ 


a 

a 9 

a 8 

abed 

I 

- 

a 

a 9 

fl 8 

1 

b 

b* 

b* 

t 

abed 

• 

6 

6 9 

b 9 

1 

c 

c* 

c 8 

abed 


c 

t 

* 9 

c 8 

1 

! d 

• d 9 

d 8 

abed 


d 

d 9 

d 8 

1 




a or 


a 8 


1 b b* b* 

Iff® r® 

1 d d 9 d 8 


— —D 


D-f D x --0 


Hence A=0. 

(1) (i) If w iff a cube-root of unity, prove that 
o-f fou-fftt) 3 it a factor of 


a 

b 


b 

e 


c 

a 


cab 

Hence evaluate the determinant. 

(ii) Find the value of I l 9 2* 3 9 4 9 

2* 3* 4* 5* 
3* 4 s . 5* 6* 
4* 5® 6* 7 1 


(Agra 54) 


(Dacca 46, Mysore 49, Agra 54) 
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<>) If 10 be a cube root of unity then «) 8 =1 and 
ui -j- w a = — 1 and to 4 =w 3 . u^ui 

Apply R 1 +.R a d'R» a °d the elements of 1st row in the 
transformed determinant are a-j-b+c, a+b-\-c , a-\ b+c 
showing that a-\-b-\-c is a factor. Again apply 
Rj-b^Ra+^Rs weg'et 1st row as 

d-c© 2 , A-f-cci) fla) 2 . c + a(o-\-b(» 2 , 

or a-f fcft + cw 8 , - (^ft)-j-cw a +^ b,3 )» («.■ + «»• + *«•) 

w a)" 4 

~ 1 ] 

or fl + 6<') + c“ 8 a (a-h6w-bcft) a ), ( fl +^ u, + c ‘ u ‘ 4 ) 

O) • fi) 

showing that a-fiM-f-cw 4 is a factor. 

Similarly we can show that a-\-b<**-\-aj) is also a factor 

bta~ c<&\— A 

Comparing coefficient of a 3 we get K - -- 1 

— \(a±b-\-c){a 4 -{-b*+c 2 ~ab --bc~ca) - A 
or — fa 3 -f 6 3 -f-£ 3 —3abc) ----- A 

(»i) A” * 4 9 16 ! Apply. c.,-Ac x 

4< 9 36 25 ' ^-yq 

! 9 r 16 25 3b S c 4 "10c l 

! 16 25 36 49 , and expand ■ 

A-" 1 - 7 -20 - 39 

-20 - 56 -103 

-39 -103 -207 

Now we have to expand but in ordvr to make smaller 
digits we apply c 3 —c 2 and c a — c x after taking minu* from 
each colu mn % 

A— — 7 13 19 

20 36 52 Again apply R.,-3R t 

39 69 99 

A - - - 7 13 19 | - 7 13 19 

- 1 - 3 — 5 1 3 5 

39 69 99 i 39 69 99 

Again apply c a - 3c, and c a —5c t we get 
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A - 


7-8 -16 ] 

1 0 0 | * 

39 -48 -96 ! 

-- —1(8x96 —16 x 48)=0 
Q. 2. Prove the following :— 
I abc, 1 y b q 

*w i ! 1 

■ x yz\~ 


P <l r 


x a p 
Z c X 


1 0 0 
7 8 ♦ 16 
39 48 96 


. i * ' Z 1 

s=\pqr 


'abc 

•(Agra 29 , Luck. 45 } 
To prove this you have to change rows into columns and 
snake some more movements of lines • (Art 6, 7) 

(b) 


a 

b 

c 

0 


— a 

b 

c 

0 

b 

a 

0 

c 

% 


b 

— a 

0 

c 

c 

0 

a 

b 


c 

0 

— a 

b 

0 

c 

b 

a 


o 

c 

b 

— a 


Multiply the first and fourth column by ( — i) and divide 
the determinant by ( —l) 9 i. e. by 1 

— abc 0 i Now take ( — 1) common 


.\ A — 


—5 a 0 —c 
—c 0 a —b 
.0 c b —a 


from R„ and R», 


(c) 

b+c c+a a+b 


abc 


q+r r+p p+q 

y+z z+x x+y 

— 2 

P q r * 

x y z i 


Apply on L. H. S. —c a d-f 8 and take 2 common 
b c+a a+b 


L. H. S.=2 


q r+p p+q 
y *+# x+y 
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Now break into four determinants all of which shall 
vanish except ‘one which shall be easily shown to be R. H. S. 


*(d) 

/SYS a a* a 8 


l a* a 8 a 4 

A = 

na p p* p s 

= 

1 /9* J3 8 fl 4 


dap y v 8 y 3 


l y* y 8 v 4 


a py s 8* 8 s 


1 1 8* S* 8* ! 


Proceed as for D t of^part (k) in Q. 1 P. 264. 

*(e) If u=^ax % -\-%bxy+cy* and u'=a'x t -\-2b , xy 

Prove that 


A«| 

y 

— XV X * 



I a 

b 

c 

= 


a r 

b' 

c' 



ax-\~by bx+cv 
a'*-\-b'y b'x-f c’y 


1 

y 


u 


u’ 


ax-\ by a’x + b'y i 

Multiply c x and c 8 by x and )> . «• <1 hence divide A 

by xy . 




xy 


1 

xy 


1 

09 

£ 

x*y 

« 

ax b 

V 

Apply c,H 
< 

a'x b• 

c'y < 


0 

-xy 

0 

ax-f 8? 

b 

bx+cy 

a'x+8'ji 

b • 

b'x -f c'y 


ax+by bx+cy 
a'x+b'y b'x+c’y 



Determinants 


• 269 


1 

y 

1 

y 


i 


l 

y 

l 


V 


ax-\-by 

bxy+cy * 

Now apply C a 4-*C l 

a'x+b'y b’xy+c*y % | 

* 


ax-\-by 

ax a -\-2bxy-\-cy i 


a'x-\-b f y 

a'x % 

+2 b’xy+c’y* 


ax+by 

u 

_ 1 

1 ax+by a f x+b'y i 

a'x-\-b’y 

u f • 


u 

«' 1 

U 

«' 

• 

% 

We have changed two 


.adjacent rows and heme 
ax-\-by a'x-{-b f y —ive sign. 


no * 


a b ax+by 

b c bx+cy 
ax+hy bxj-cy 0 


- — (ac b )(ax 2 
-f 2&xy-fc> i ) 

(Sagar49) 


Appl) R 8 —(#Rj-|-jR 2 ) and expand with 3rd row of new 
determinant thus obtaiued 

• a 

(g) If u=ax % -\-\bx*+bcx*+^dx-\-e 


u xx ~ax % +2b»-\-c 


u xi =bx*+2cx-\-d 

u Si =cx*+2dx-{‘e 


Prove A = 


'a b c u lx 


a b e 

b c d u x% 

= — u 

« 

b c i 

c d e u n 

l c * .* 



. ■* 

M u tt i* tt aa 9 


1 


Substitute the values of « llf « ja , and u aa in & 

Apply R 4 —(**R l -f-2xR i 4-R|.) thus getting thiee zeros in 

4th row of the new determinant thus obtained. 

* 



270 


Algebra Made Easy 


Prove that 


-a 2 

ab 

ac 

ab 

-b % 

be 

ac 

be 

— c 


is a perfect 

square. 


Agra 41) 

Take out a, b and c as common factors from c 19 c» and c a 
respectively and then in the new determinant thus obtained 
make two zeros. A =»4 <t 2 b*c*. 

. ( 1 * be e‘+ac ; p rocee(1 

■ 2 , , a , as in (h) 

a'l-ab b‘ ca patt . 

i. ab l, u -\-bc c 3 


l>TI V fJVI VO 

-A,i) Prove 


(j) Prove A = 


a b c 
a—b b-c c—a 


— '6abc 


A-fc c+c 

Applying we get 

A—(u-f^+OI \ b c 

0 b ~ c c — a 
2 c-fn 

V 0 can be written as 0(ac). 

Apply R s —2R l and expand with column No. 1. 

a a +£® 


(k)^rove 


b*+c* 

a 


f*+ a* 


I- K 


~-4abi 


\ 
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Multiply R t , R, and R 8 by c, a and b respectively and 
hence divide A by abc. t 





a*+b 2 c a c a 
a 8 5 a +c 8 a* 

6 8 5 8 c 8 +a a 


Now make one 
zero in column 
no. 2 by c 3 — c. 3 ' 
and then expand * 


*'(1) Prove A - a—b—c 2a 2 a 

t 

! 2b b — c—a 2b 

I • 


— -be) 3 


2c *2c c~ a — b 


(Rangoon 50, Allahabad 37) 


Apply i\ -<; 2 , < 

; _r 

'3 '■a* 

t 


a =(rt-f/H-^), 2 

1 

-1 0 

2a 

jNow applv Rj-j-R, 
and expand. 


1 -1- 

2b 

i 

0 1 

c — a — b 


■'(m) Prove | 

a-\-b + nc 

(n-l)fl 

a 

\n-l)b j 

1 

1 

i 

(n-l)c 

b-\-c-\-na 

(n-l)b 1 

t 

t 

(»- l)c 

(n — \)a 

i 

c-\*a + nb 

a 



■»n(a-f*£d-c) s 


Apply C x -1-C a 4-C 3 and take out rc(a-f^-bc) common 
from r x of the newdeterminant and then makeiwo zeros in 
the £, and expand. 


;1P(n) Prove 


l+ d i 

fl. 




=■ l“N t -*-** + *»+«* 


<*s ‘ 
<*a 

l+a 8 

a i 


«4 

*4 

*4 

]+a 4 

(Agra 1953) 
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Apply c x +c^+c a +c € and take out l+ fl x+*a+ fl s"M 4 
common from c x of the new determinant and then make 
three zeros in c x by applying R a —Rj, R 8 —R a and R 4 — R t 


w 


1+^1 

l+a e a a 

• • • 

• • • 

• • • 

o x a a & 


• •On 

a “3.1 “f-tfi* 


= l+a x +a 2 

+. On 


*(o) Prove 


(Agra 38) 
=x 3 (x-f 10) 


1+* 2* 3 4 

1 2+x 3 4 

1 ’ 2 3+x 4 

$ 2 3 4+x 

(Agra 39, Patna 41, Mysore 42, Luck. 49) 



x a a a 

i 

a x a a 


-(*+3fl)(x-<i) 3 


a a x a 
a a a x 


(Agra 43, Luck. 43 Supp. Delhi 47, Nag. 36) 


Proceed exactly as in part (n). 


#(p) Prove 


x» 3** 3* 1 

x % x*+2x 2x+l 1 
x 2x+l %+2 1 

13 3 1 


-(*-l)« 

i 



(Agra 41, Luck. 49) 
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Apply C l —C a 4-^8| x a -\-2x 2x-}-l 1 

we get j » 

^=:(#—*)» 2*-f-l x+2 1 

! 3 3 1 

Now make two zeros in c 3 and expand by it* 

I 0 x y z 


*(q) Prove 


! — X 


0 


c , b 

—y —c 0 fl 
— z —b —a 0 


(ax-byi-cz)* 


(Rajputana 52) 


A 


1 

a 


. a 


0 

ax 

y z ! 

1 

i A 

— X 

0 

c b 


-y 

~ac 

0 a 


—z 

— ab — 

a 0 


0 

ax-by+cx y 


— x 

0 

c 

b 

-y 

0 

0 

a 

i 

— Z 

0 

— a 

0 


Expanding with # C a and hence — ive sign. 


A-- 


ax - by+cz 


— x 

-y 


c 

0 


b 

a 



1 -« 

—a 0 1 


x c b 


_ax-by+ex 

y 0 a 

__ax— by+cz 

a 

«* 


© 

1 

N? 



ax ac ab 
y 0 a 
Z 


— a 0 


Apply Rj-ARa+rflaSte. 
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(r) Prove 


1 1+a 1 


1 


1 \+b 1 


tube 


1 ' 1 1 1 +c 

Mpker three zeros in e t and expand. 

1+a 1 1 1 \^abcd(l + *- + 

1 *i+b 1 1 


IHpKC IIUCI 

m Prove 


1 


1 1+* 


v + i+i) 


1 1 1 l + d I 

(I. A. A. S. 44, Calcutta 48/Pb. 48, Agra 
Divide Rj, R a , R 3 and R 4 by a, b t c and d respectively. 
A —bed' ’ ’ 


-- +1 

a 


1 

b 

1 

c 

1 

d 


1 
a 

+ 1 


1 

a 

1 

b 


1 

d 


+ 1 

f 

1 

~d 


1 
a 

1 

b 

c 

!.+i 


Now apply Rt+Ra+Ra +^4 anc * proceed as in part (n). 
*(c) Provej 




a*4yl ob ac ad 

ab **+l be bd 

ac be $*+l cd 

i 
i 

ad bd cd 

=.l+«*+'4?4 «*+«<* 


k*+l c a d % 


a 8 * 8 +l c* d* 


b * c 8 +l d* 


£ 8 d 8 +l 

(Allahabad 49) 
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Multiply e x . c af c 9 and c t by a, b , c and d respectively and 
hence dividing by abed , 

_1__ a(a*4*l) ab* ac* ad* 

abed 

a*b K^ a +1) be* bd* 

a*c b*c c(c a +l) ed* 

a*d b*d cd a d(d*+ 1) 

Now a, b y e and d can be taken out from K t , R a , H s and 
K 4 respectively. 

. A abed a *-|-1 6* c* d 8 

•• 

a * A*+l e* d' 

a' A* c*+l <i* 

o a A* f* rf*+l 

Now proceed as in part n. 


^i) Show that 


a a +A 

ab 

ac 

ab 

b*+\ 

be 

ac 

i 

be 

e*+A 

ad 

bd 

cd 


ad is divisible by X s 
and find the other 
bd factor. 

ed 

d*~ 1-A (Raj put ana 49) 


Proceeding exactly as in (t) part above, we find 
£=.(*+a a +6 i +< 8 +d*)A*. 


Hence it is divisible by \® and the other factor is V' 
A+a a +6 a H-c 9 +d* 


(v) A= 1 a a* 0 =l+o 4 -fa 8 

0 1 a a* 

a* 0 ,1 a 

a a* 0 1 [Dacca 43) 
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Apply Cg-f-c* and take out the common factor 

1-ffl+a 8 . ' 


£ =1H-a-fa J 


1 

1 


a 

1 

0 


a 


0 


1 o a 0 1 i 

Apply R a — R 1 , R s —R t and R 4 — R,. 


A = 1 -j-fl+u 3 


1—a 


a — a* 


1 —a a 


c a — a 
Apply Rj —R 9 +R s 
= H-a-f« 8 | —a 


— (l+a a -fl) l-j-a a —a 


- a 


a* - a 


1 -a 5 


— a J 


a 


Take out l-fa a -a common from R t . 

=f(l+a*5 s —a'i| l 1 -1 1 


— a 


a a —a 


1- a s 


-a a 1 

*,Now apply and c 3 — c, and then* expand. Vfc- 

‘X.' ^r) Prove 

^ \ l+a 2 -i a 2a* -2i 

2a6 l-a a +^ a 2a 

2b - 2a 1 —a a —6 a 

Apply Q—^Cg and C a +aCg and take out (l+a a 4-^ a ) 
each common from c t and c a of the new determinant thus 
obtained. \*\ v 


-(l+a a +6 a ) 8 


(Pb. 34) 
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A=-(3+fl*+5 9 ) 8 1 0 

0 1 


-2 6 

> 

2 a 

-a 1 -a*-6* 


Now 

expand. 




,/#\x) Prove 

; — a(6 a -f-c 8 — a a ) 25 s 2c 8 

i ■ 

! 2a 8 -b( c *+a*-5*) 2 c 3 

i * ‘ ! 

! 2 a 8 26 8 

ssa5c(a 3 4*^ 2 -f c s ) s 

Take a, 6. c common from c Jf c 2 and ( c g respectively. 


=zabc 

a*-**-,* 

26* 

2c* 

j 


2 a* 

6* — c 3 — 

•a 9 2c* j 


2a 3 

26* 

c*-a*-5a I 

Apply 

R e — R, and 

R 3 — Rj 

and take (a*-f 6*4-c 3 ) 


\ , • 4 

i-omnion from R a and Rj of the new determinant thus ob¬ 
tained and.then expand. 


\f (y) Prove 


abed 
—b a —d c 
— c» d a — b 


=(a*-h6*.fc a -l-,i*) a 


A- 1 - 

a 


a 

— ab 
—ac 


j -d -c 

9 


b c 
a —d 
d a 


d 

c 

b 


— ad —c b 
Apply C t +bC % +cC s +dC A 
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1 tfi+b*+ € *+d a i c d 

— \ 

a 

0 a — d c 

0 d a -b 

0 -c b a 

* a — d c Now expand. 

a ‘ 

» d a — b 

■ 

—c b a 


*(y) Prove a b 

c d 

i 

,=« 4 

o fl*fi 

«+6+« a+b+e+d 

a 2 a*f/& 

3a+2i+e 4a+34+2e+d 

1 

a 3a*f b 

4 

6fl-f"3^ t 10fl-f-6$^-3c^- d i 

Apply Rj-R^ R 8 -R l , 

• 

R 4 —R t 


A* 5 ® 8 1 fl+5 

a+b+c 


2 3a-f-2£ 

• 

4a+334-2f 


| 3 6a-f-33 

10a *}• 6b -|- 3 c 


Again apply R s - 2R 1 , and R 8 —3^ and then expand. 

*(z) Find the value of 


A* 111 

1 1 


12 3 

4 5 


13 6 

10 15 


1 4 10 

20 35 i 


1\5 15 

35 69 

(Agra 43) 
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Apply, C 5 -C 4 

A = 


A = 


1 

1 

1 

1 

1 

1 

1 

l 

1 

1 


1 

2 

3 

4 

5 


1 

3 

6 

10 

15 


0 0 
1 1 


2 

3 

4 


3 

6 


1 

4 

10 

20 

35 

0 

1 

4 

10 


10 20 


0 

l 

5 

15 

34 

0 

1 

• 

• 

15 

34 


Aagain apply in 
succession 
C 4 —Cg, C a —C a and 

Cg-C, 


i 1 1 1 1 

2 3 4 5 

3 * 6 10 15 

i 4 10 20 34 


Again apply in succession C 4 —C,, C s — C a and C a — C t 

A-/ 1 0 0 0 111! 

i 

2 1 1 1 - 3 4 5' 

I 

3 3 4 5 6 10 14 

: 

4 6 10 14 j 

Again apply in succession C,—C 8 and C,—C, 

AH 1 .0 0 11 

3 1 1=4 4 =4-4=0 

* » 

6 4 4 

Q. 3. Prove the following identities. 


*(a) 


X 

y 

z 


I 

1 

1 

X* 

y % 

z* 

= 

X* 

f 

Z % , 

yz 

zx 

xy 


X 8 


z' 1 


*(*—-«((«-*) 
(xy+yz+zx) 


(Delhi 40, Calcutta 46, Pb. 48, Luck. 49, Supp., 
Utkal 50) 
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^/Multiply c l9 c % and by x,_y and % respectively and hence 


divide the determinant by xyz. 
1 


A : 


xyz 


X* 

y 

z % 

;; xyz 

X 9 

y % 

z 9 

X* 

y 

£ 

xyz 

X 8 

y * 

z' 

xyz 

xyz 

xyz 


1 

l 

1 


= (-!)■ 

7 

JL. 

1 

4 

1 

(Art. 8) = 

4 

X 2 

y 2 

• 

2 a 



X? 

** 

£ 



111 "! 
*> y % c a 

X 3 J? £ 3 

Put x=y, we find c x —c a . /. determinant vanishes by 
art. 10 and hence x-^y is a factor. 

Similarly y—z and z— x are also the factors of above. 

(x— y)(y—zY^Z—x) is a third degree factor of the 
determinant which is of fifth degree a* is judged from diago¬ 
nal term y*z*. The remaining factor must be of 2nd 
degree. But the determinant is symmetrical and also the 
three factors found are symmetrical. 

.*• The remaining 2nd degree factor must als6 be sym¬ 
metrical. Let it be [L(x 9 -h/+s a )4 M(xjt+Jfc+**)] 

=(* -fiy - z )(z - *)[L(* a +/+s 2 ) 

+M(xy-hys-h2*)J 


L 1 1 

f* y* z 8 


x» f *» 

..putting x=aQ t y=*l and z » — 1 in both sides and simplify¬ 
ing we get —2s=2(2L-M) 2L—M = —1.(A) 

Again putting x=0,^=1, z~ 2, a different set of values, 

we get 4=2(5L+2M) .*. 5L+2M=2.(B) 

Solving (A) and (B) we find L=0 and M = l. 

Substituting the values of L and M, factors are found 
to be ~ *)(« -x'txy+yz+z*)- (Pb. 1932) 
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/ 

''*(»,) A= a b+c a* '=»-(<i+*+«X«-*) 

* ( b-c\c—a) 

b c-f-a b * 

£ o+A e* (Patna 23> 

Apply c % +c X i then A = -(a+A-^r) Inn* etc. 

from 

1 b b 8 Ex. 1 
* P. 252 

• 1 c c a 

(b) Simplify a 8 a 1 « 4- I a a a 1 or 

I D-i-D 1 

b* b 1 # | b* b 1 

c 1 l c* c 1 

Now by Ex. 1 and 2 of page 252 factors of D and D x are 
(a b)(b—c)(c—a)(a-{-b-rc) and (a — b)(b — c){c--a) respec¬ 
tively. D~D x =a+b+c. 

v (c) Factorize 



a 

b 

c 

~=abc 

1 

1 

1 


a* 

b* 

c % 


» 

a 

b 

e 

t 

a 8 

b 8 

* 


a* 

b % 

f* 


* =abc(a—b)(b- c)(c—a) by Ex. ] Art. IT Page 252 
f \s*{d) Prove’ that 

1111 Ma-b)(a-e){a~d) 
a bed | 
a* b* c a d * 

a 8 6 8 c 8 a 8 (Pb. 39,44) 

Putting a—b and so on we find the following factors 
(a - b)(a - c){a-d)(b-c)(b~(t)(c-d) 
of sixth degree of the given determinant which too is of the 
same degree. Hence if there can be any other factor that 
must be a constant say K, 
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1111 

t 


=K (a — b){a - c)(a — d){b - c)(b — d) 

( c-d ) 


d 1 5* c a d a 

a 8 i 8 c 3 d 3 


Comparing the coefficient of diagonal term 



bc 3 ri a we, find K=l. 

r 

« 

If x, y and z are all different and given that 

(Nagpur 30, Annamalai 3b) 


A* 


x r+x 8 
y y 8 1 4 :f 


z z 4 


1+* 8 


—0 Prove l-fx>’£—0 


A- 

X 

X 2 

1 


X 

x a 

X 8 


y 

/ 

i 

+ 

y 

f 

f 


z 

z % 

l 


z 

z* 

0 3 



1 X X* 


1 X X 2 


l y y* 

4” xyz 

i y y\ 


1 z z % 


i s e 


Hence by Ex. 1 art. 17 Page 252 
A =(x - jX y -*X* - *K 1 +W l - 0 
But because x,y and z are all different 
/. Neither of x — y t y—z and z —x is zero 
Hence l-fxy£=0 

if) If^band c are ajU different and given that 
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A = l « a 8 a* —1 1 = 0 then abcibc+ca+ab^d+b+c 
b b* b *-1 
! c e 3 c*-l 

Proceed as above and use Q. 3 (a) P. 278 and Ex. 2f 
Ait. 17 P. 252. 


Prove that 


\ ,1 bc+ad 6V+a a <i a , 

x ! .. 


A =l 1 ca-\-bd c 8 fl a +£ a d a .1 ~(a-b)(a-c)(a—d) 

(b-c))b-d)(c-d) 

1 ab+cd a*b*+c*d* | (Agra 29, Pb. 51) 
Put A, ca+bd^R and ab*+cd= C. 

Split into two determinants 
one of which will be zero be¬ 
cause of identical lines and the 
other by Ex. 1 Art. 17 P. 252 
will be (A — B)(B - C)(C—A). 
Now A— B —bc+ad— ca — bd 
=(e-d)(b — a) and soV)n.. 


A- 


1 A A a —2 abed 
1 B B a -2tfkd 
1 C C 8 -2 abed 


that 


*(h) 

A= 


a b c 
bad 
c d v 
d c b 


d 

c 

b 

a 


=(a+b+c+d)(a+d-b-c) 
(a-h c — b - d)(a-f b - c — d) 


Punjab 42, 46, Nagpur 50) 


Applying c^c^+Cq+c^, the new column number one 
shall give a+b+c+d as a factor of A- 

Similarly applying Ci+c 2 -c a - 


we find that a+ b-c — d will also bg a factor 

* 

Again applying <? x -f c 8 f 4 we get 

a+c~ b-rd as a 
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and by applying c x +Ci— — c a we get 
* a+d — b— c as a factor 

(fi-\-b-\-c-\-d)(a-\-b — c — d)(a-f c-b — d)(a-{-d — b — c) is a 
factor of fourth degree of A which is also of the same degree. 
He^ce any other factor may be some constant K whose value 
is found to be unity by comparing the coefficient of a 4 the 
diagonal teim. t 


Prove that 



yb+cf fl a 



b 2 (<+a) a 

c a c a - 


fi? 

* b* 
{a+b)» 


= 2abc(a+l + c)* 


(Calcutta 31, Agra 38, 42, 50, Patna 38, Pb. 41, 

Mysore 44, Aonamalai 47) 
Puttin g n=^we find g a and * 3 be cpme jdenlic.al 
a is a^factor. 

,Similarly b and c are the factors abc is a factor of A 
Applying and £ a — c a 

| (6+c) a -a a 0 a a I 



6*-(c+fl) a (c-f d) a —6 a b* 

0 r a -(<i + *) a (a+b)* 

(b+c+a)(b+c-a) (b f c+a)0 

(b+c+aXb — c —fl) (b+c+a)(c+a-b) 


d ■ 
3 a 


(£-H4-a)0 (b+c+a){c - a - b) (a+£)“ 


Now and c 9 each give (a-\-b+c) a factor 

{p-\.b-\-cy is a factor of fifth degree of a which, is of 
sixth degree. $ow A being symmetrical and the factor found 
are also symmetrical hence the remaining factor must also be a 
, symmetrical on«^nd of first degree. Hence it must be («+A-H) 
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abc(a-\-b+c)* is a factor. 

Let the constant factor if any be K then 
{b+c) % a 9 a 9 

b 1 (*+a) 9 b 9 =K abc(a+b+c )*.A 

| c* (a-fi) 9 

Putting a=l, b = — \, c=s=l in bo&i sides of A we find that 
K=2. Hence proved. 

Note:—We have not put a or b of l r equal to zero because in 
yi^^Mhat case R. H. 3. of A shall be zero. 

Prove that 

j (a+fe ) 9 ca be | ‘ 


A —! ca 


(fc-K) a ab i— 2abe(a-\-b+c)* 


■ be ab (c+e) 9 1 

Multiply R t , R„ and R a by r, a and b respectively and 
hence dividing the determinant by abc 

l c(a-f ^) a c 3 a € *b 
1 i 

*=abc\' a(b+c)* a'b 

I b*c * b*a 6(c-fa)* 

Take c , a and b common from C lf C 9 and C s respectively. 

.... - “> 


{a+bY 


{b+cf a 9 
b % (c+a) 9 


which is of the same form 

I 

as before in part (i). 


*(k) Prove that 

# 9 x*—{y—z) % yz 

y % y 9 -(s-#) 9 zx 

z' i‘-{x-yy xy 


(Agr» 45) 

=-{x~ffj—‘ sja-*x*+j’+ 
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Putting x=y, we finjjfthat R a and R a become identical. 
x—y is factor. 

Similarly (y—z) and ( 2 — x) are also factors. 

* 

* Again if we change column no. 2 by applying C a ~ 4C a 
it becomes 

/* a -(.y-K) a (*+y+z)(x-y- 2 ) 

y % — [(z-*) a -f 4:*] or y 2 — (p-|-*) a or (#-hy+*)(.y z-x) 

z*-[{x-yy+4xy) ^-{x+yf (*4 y+z)(z-x-y) 

which shows that is a factor of r 8 and hence of a . 

♦ 

Again if we change column No. 2 of the original deter¬ 
minant by applying c a -2*^—2c 3 , we find that it becomes 

-( x*+y*+z*) 

—(* a +y+2 a ) 

~(x*+y*+z*) 

which shows that x 2 +y 2 -\’Z l is a factor of c % and hence of A. 

• /. (x-y)(y-z\*-x)(x+y+z)(x*+y 2 +% 2 ) are the sixth 
degree factors of A which too is of the same degree. Hence 
the remaining factor if there be any, let it be k which can be 
easily shewn as usual to be unity. 

Alternative method. 


fsplit the given determinant into two, one of which shall 
vanish because of identical lines, we get 


A- 



-(y+* a )+2 \yz yz 


y* -(S a +* a )-f2s* zx 
Z* -(* a +.y a )+2x? xy 


Again sriit into two determinants 
one of whiew shall vanish /. A «= — 


x 2 

y ? 


f+z* yz 
z*+x* zx 


2 * y* xy 
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Applying c x +c % and take out common factor 

A = ~-(* 3 +>*+ i5a ) 1 .?*+£* yz » Now apply 

Rj —R t and 
1 z 9 - |-x a zx R 3 ~R t . 

1 x 9 +y 9 xy 

A = —(* fll f/-H a ) 1 y*+z 9 yz 

0 x 2 -_) a z(x-y) 

0 x 9 ’ mm 'z 9 y{x-z) 

# 

^•K* a +j' a -K a )(*-.y)(x-3) , l 1 y + s a vz > 


0 x -\-y z j 

k I 

♦ 0 *+s y i 

—(* a +y-!- 2 i )(*-J’X 2-x ) x-\~y z |Again apply c t +e s and 

[take out the com non 
x-\-z y [factor x-\-y~rz from c t 

- (* a +/+s a )(*-^)(z--*X* +y+z) l z 

’ l y 

r - (* a +>* +£ a )(* 4-^+aX* -J0( y -*X* - *) 

■ (l« x ) Show that 

v/ (^-j-c) 3 ** a j i= (n a “i”^ a ~h'f*)(fl”j“A-f“^) 

(a — b){b~ cXc — a) 

(e-f-a) 3 b 2 ca 

t 

(a •+•£)* c 3 ab (Agra 34) 

Proceed as above. , 

*(1) Prove that % % 

—2a a+^ «+■« «4(64-c)(cH-^(a+$* 

i 

b-\~a —2 b b+c 

c-\-d — 2c 

(Aild. 37, Patna 42, Luck. 46 Si^/p.. Utkal 48) 

* 
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2 

y = -(x+.y+ 2 )(x-f.y-*) 
{z+x-y)(y+z-x) 

y z 0 x 

z y x 0 | (Agra 33, Rajputana 52) 

Proceeding exactly L in p art (h) P. 282 we get 

A= 0 x .y s* -K(x+.y+ 2 ;)(.y+z-x) 

'(a+x-.y)(*+.?-<0.A 

x 0 z y * 

y z 0 x 

i 

| z y x 0 

It is easy to find K, by comparing the coefficients of x 4 
in both sides of A. 

Expanding A only for x. 

x z y* + two other determinants which shall 
not give x 4 

y Ox 

2x0 

s= — x[{x(0—x*)H-1—}]:=x 4 +other terms which shall 

not be of x 4 . 

« 

The coefficient of x 4 is unity where as it is — K on 
the R. H. S. of A, 

a 

K= — 1 Hence proved 

(A 0 1 1 1 «-(x+^+«)(x+^~*) 

> (z+x-y){y+z-x) 

,10 * f 



^Expand directly 
*(m)| 0 


x 0 z 


1 2 9 0 X* 
1 x* 0 


(Rajputana 49) 
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Applying c 8 - c A and f 4 — c % we get 


a- 0 

10 0 

= — 

1 ' s* y 

1 

[ 

0 z % y 2 


1 -a 2 X a -e 

1 

e -e * a -s a 

• 

1 x a —y 2 —y 2 

j 1 

y* x 3 —y a — y 2 

) 



Again apply R„ —R, and R a ~R t t 

2 Z * r+z*-x* -(/+*• -x*y 

— 4yV 

^*+g 8 — x* 2y 

—(y+a 2 — x a +2^)(y +z* — a 8 — 2yz) 



zf - 

x a } etc. as 

given 


(o) Prove that 1 

yz 

y+z 

1 X 

X* 

1 

zx 

Z+X ' = | 

l | 

1 1 y 

y * 

i i 

xy 

*+.? f 1 

1 a 

a* 


Apply R a —R t and R s —R t on L. H. S. and then on 
expanding, it comes out to be (x — y)(y-z)(z—x) which is 
equal to determinant on R. H. S. by ex. 1 Art. 17 Page 252. 

Q, 4. Prove that 


A, 

-B. 

Cx 


«1 

K 

*1 * 

-A. 

B. 

-C, 

= 




1 A. 


c. 

\ 

) 

*» 


h 


Where capital letters denote the minor of the 
corresponding small letters in the determinant on the 
right. 

Denote the two determinants on the left and right by D 
and D' respectively then 
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DD' = 


fl l A l -A 1 B l +c 1 C 1 ®|A l “ , J l B J ‘j-fiC l A t ~A 1 -f~<r 3 C 1 

Ag ■{“ jCjj ■'®jAj*f AjftjBj-f s 

a x Ag-^Bj+^Cg fl a A 8 -£ a B 8 +tf a ^a flaAg-fegBg+^a^a 
which by the result of article no, 11 Page 243. 

D' '0 0 (=D' a 
0 D' 0 
0 0 D' 

DD' = D' 8 
or D = D' a 

Similaily with the help of article no 12 we can prove 

A, B x (\ ! 1 " ** r ■ 8 


A a Bjj Cj, 


A S Bg C 8 


a x 3, 


Cn 


tf 3 ^8 £3 


(Pb. 31, Madras 38, Annamalai 38, Luck. 42 Supp., 

Agra 42, Dacca 45, Sagar 49 Aligarh 49) 

* 

Where capital letters denote the cofactora of the 
corresponding small letters of the determinant on the 
right, 

_ /)/* —m /*® Jth I I v» k * I® 


a % — bc 

b* — ca 

c a — ab 


a 

b 

c 

c % —ab 

a z - be 

b*—ca 

— 

c 

a 

b 

b*—ca 

c*-ab 

a * - be 


b 

c 

a 


(Agra 1936, Utkal 46: Benares 48) 

Determinant on L. H. S. is of cofactors of the correspon- 
% 

ding letters of determinant in the R. H. S 



Determinants 


291 


V 


*(c) Show that 


yz —x a 

zx-y % 

xy- z* 


V 

a* 

2 ' 
a 

i 

zx -y* 

3 

1 

19 

yz-x* 

— 

a* 

r 2 

a 2 

xy - a* 

j>e-* a 

zx-f 

• 

a 2 

a 2 

r* 


where r tt =x i -\-y i -\-z i and u*~yz+zx+xy 
Consider the determinant ^ 


x y z \ 

.1 

y z x 

Z x y 

Cofactor of x =yz — # a =X 

Cofactor —{y*—xz)=zx—y*=Y 

Cofactor of z~ xy~ £ a =Z 

The given determinant is 


X 

Y 

z 

j which is a determinant of cofactors of 

Y 

Z 

X 

\ x y z 

the letters of the • * 

z. 

X 

Y 

y z x 

determinant 




\ z x y 


and therefore by part 6= i x y z 


y Z x 

i 

Z x y i 

■* x y z x y z which on> multiplying is 

y z x x y z x 

z X y z X y 

= 2,x* 2,xy %xy r* u* a* 

Xxy %x* <y = a* r % a 2 

1 I # 

%xy %xy S# a 1 v* u* r* I 

i 

r 
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and 2 xy~ xy+yz 

* (d) If to is a cube root of unity then thow tbat 


^ctjuare of 



1 







1 

10 

e»* 

<0® 

a __ 

I 

1 

—2 

1 




( 








0) 

to* 

O) 8 

1 . 


1 

1 

1 

-2 


U) a 

t> 

t 

1 

<0 « 


-2 

1 

1 

1 


m 3 

1 

• 

Cl) 

to* 


1 - 

2 

l 

1 


(Allahabad 27, Travancore 43, Nagpur 50) 
and hence find the value of determinant on the L.H.S. 

Replace to® by 1 and remember 1 4-“ 4- *« a - 0 Let us 
denote the determinant in L. H. S. by A. 


A‘= 

1 to to* l 

X 

1 w to® 1 


• 

to < 0 * 1 1 


to to® 1 l 


o»* l 1 to 


to* 1 1 <0 


1 1 CO to* 


1 1 to to* 


First constituent of first row in product determinant 
s*l+ w *+wHl^l+w*+a.4-l =14 0-1. 

In a similar manner find the other constituent of first 
row and other rows and prove 

A a ~ 


1 

1 

-2 

» 


1 -2 1 
1 1 -2 

1 1 1 

-2 1 1 


Applying R # —R t , R 3 4-2 Ri 
and R 4 —r, and then ex 
panding we find that 
A*--27 
A =3V-3 


• a 
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*(0 Multiply j a b c 

X 

x y z 

\ '' 



b c a 


y z x 

cab 


• 

Z x y 


and show that product of two expressions of the 
L 3 +M 8 4-N 8 -3LMN is of the same form. 

Product ~ at+by+cz ay+bz+cx az-\-bx \-cy 
bx-\-cy-\-cz by^cz-\-ax bz-\-cx~\-ay 
ex+ay+bz cy+oz+bx cz+ax+by 

H x Y Z I 


Z X Y 
Y Z X 





form 
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X Y Z Where X=ax+by+cz 

• Y — aj/+bz+cx 

Y Z X ' Z =az+bx+y 

Z X Y 

Now a b c =^3abc —a®—A 8 — c° (by expansion) 
b c a ( 

I cab . . 

1 « 

Hence (3abc— a 8 —A? —* 8 -'-7 3 ~S 3 ) 

— —(3XYZ - X s - Y 8 - Z®) Or 

(a®+5®+c® — 3abcXx 8 +/* -fs 3 — 3x^) 

—(X®-j-Y®4-Z 3 — 3XYZ) 

i. e. The product of two expressions of the form 
L 8 4-M 8 +N 8 —3LMN is of the same form. 




Nagpur 37, Madras 39, Luck. 40, Agra 4*0, 47, Andhra 
41, Allahabad 42, Utkal 45, Travancore 45, 48, Pb. 50, 
Rajp. 51) 


L.H.S.= 

a b c 

a b c 


0 

b e a 

b c a 


cab 

i 

I cab 


If we multiply in the above form then the 1st constituent 
of the 1st ;ow of product determinant will be <**•+ b*-\-c* 
Whereas we want it to be 2bc- a* 

Re-arranging the terms of 2nd determinant we get 

« * 
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abcX— acb 

b c a b a c 

cab c b a 

— a b c i X —a c b 

• . 

b c a — 6 a c 

| i 

i cab —cb.a | 

- 2 be-a* c % b* . 

c- 2ca-b 8 a a 

A* , a* 2a*-c® ! 

but | a b c -(3 abc-a*-b*-(*y=*{a*+b'+c* 

! -3 abc)* 

. b c a 

\ c a b 

(b) If tx l 2 + by 1 *+cz l ,l =d^ax i 2 + by i *+cz 2 *=ax il *+by f *\ 

=ax x x a +by x y a +cz x z 3 

then prove (Pb. 33) 

ab'c x x y t z x | a =(</-/)W2/) 

A A A 

■* 

A >3 *8 I 


L.H.S. — abc 

A A A 

X 

A *i 


A A A 


*9 A *9 


A A ®a 


A A *8 


— OX & 


C2j 


A 

A 

A 1 


b% 

it 

it 



1 

«A 

tfJK a 


A 

A 

A * 

| 

ax 8 

*A 

«* 


A 

A 

*8 
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* 

x * 

On multiplying 


= 

S a*^ 5 ax x x a 2 ax x x z 

2S 

iff 


2 ax t x a 2 ax a 9 2 ax 9 x s 


f i f 

s 

a 

S ax 1 x s 2 ox 2 x a S ax 8 * 


f / d 1 



) Express 

A- 


Now proceed as in part (n) of Q. 2 page 270. 

(a- yf (a— zY 

ib-xy {b- y y (b-zY 

b-xy {c- y y (c-zY ! 

(Agra 32, 37, 49, 51, Andhra 38,1. A. A. S. 40) 
** product of two determinants and find its value. 

If we put x==y in A then c x =c a • ^=0. 

Hence x—y is a factor. 

Similarly ^C^are also factors of A* 


but (x -y)(y - z){z - x ) j 


1 

.7 


Ex. 1 Art. 17 
page 252 


x* Jr ar 

Again if we put a=5 in A then Rj—Rj , 

Hence (a — b) is a factor. 

Similarly (b—c), (c—a)rare also factors of . But 




a 


1 

5 

5* 


Ex. 1 Art. 17 
page 252 


A*K 


1 

i 

1 

i 

X 

1 

1 

1 

X 

.7 

* 


a* 

b * c 

» 

y 

a* 


a* 

b* 

«* i 


n 
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For some such suitable value of K so that cm multiplying 
the two determinants the resulting determinant is A* 


a=K 


X x #* 

i y f 

1 a z s 


1 a a* 
1 b b % 

1 •€ C % 


.(A) 


1 

-K 

x* x 1 

X 

1 • + 1 


y* y i 

1 

‘l 6 4* 


a* « 1 


l c V* 


interchan¬ 
ged two 
columns 


If we multiply we get 1st constituent of product determi¬ 
nant as # a -f ax-ha* whereas we want it to be x*—2ax+a*. 

K must be chosen=2 


A== 

** '-2x 1 

X 

X a a* 


-2 \j 1 


1 b b 2 


A* 

10 

1 

N3 

« 

t— ' 


lrc* 


is required form, because on multiplication it becomes equal* 
to a. 


The valoe of A — 2 

1 1 

1 

X 

X 

1 1 

•a 

x y 

z 


a 

b e 

* f 

x % f 

«* 


a* 

a* < 4 


(j) Express 


=s=2(x-jOO~s)(*-*X fl - W - “ a ) 


A- 


(1-hax)* (' +^)“ (1-faz)* 

(l+*x)» (1+W {l+bz)' 


U+«F aw 

®s product of two determinants and find its v* 
Proceed like (i) part and ^ 


(W 


(kgi.'jS) 
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A =?(A) form of (i) part when K=2 
and itA value is 2(x ~/)(y -z){z -x\a -b){b-c){c - a) 

« /yjfk) Find the condition in determinant form, in 
- "rtflef that the general expression of the second degree 
in two variables f{x, y)=ax 2j ir2hxy+by 2 -\-2gx+2fy-\-c 
may be resolved into two linear factors. 

Let thp two linear factors be 

/ 1 *+»n 1 ^-rn l and \x-^m i y+n 2 
then/(*, y)ll l x-£m,y+n x )(l 2 x+m 2 „r+n 3 ) 

Comparing the coefficients. 

(if rwjrr?o bf — f 

' 1 m a +/ 9 m l ==2/i, m x n 3 +m a u l = 2/, n^+n^^.2? 

Now we know that 


K 

h 

0 

=0 and 


K 

0 1 


m 2 

0 


m. 2 


o ! 

n \ 

n 2 

0 


n « 


0 1 


or 


=0 


m \ n *-+ '« 2 «, 

• 2n,fi a 


Multiply these two zero determinants we get 
« 

2/^/jj / x iw a ~f*/gOTj_ | 0 

2i» 1 m a 

n j**+Vi 
2a 2 h 2 g 

2 h 2b 2/ 

2g 2f 2 c 
a h g 

k b J 

/If * 

On expanding it becomes 

' abc+2fgh—af*~bg a -~ch**=0 


or 


: 0 is the required cnudition 
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i, e. the condition that general equation of second degree 
may represent two straight lines, • 

(1) Prove that 




a/?+n 


a+p+y-i s 2«x-t-/3X»+8) a/8(V+8)+n(a+0) 


I a(S+rs aP(/+8)+TS(a+/8)* 

9 

we know that! Oil f=«0 an 


2ajSY8 


t 0 

1 

1 

=0 and 111 

=0 






0 

7 + 8 

a+j8 

. 0a+<J 7+8 


0 

78 

CLP 

0 CLP 78 



<*n multiplying these two zero determinants we get A which 
theuefore is also equal to zero. 

1 '(m) Prove that (Agra 28, 44, Travancore 47) 

I a-\-tb c+id (X 1 a -ip 7-iS I 


— c+id a — ib 


a+*p 


can be written in the form A — iB C— »D 

—C - »D A+iB 

On multiplying, the first constituent of first row in 
pioduct determinant will be 

(e+ii>M-ifoH‘+'tyy -*S) 

s=aa+£/3-fe7-H*S —.*(<ij8-8a-f eS-dY} 

= A -f B' * 

Similarly 2nd constituent 

(*4 t^X—Y - i8)+(*+td)(<X-HjS) 
s= —aY f b$+ cg— dp — i(aS+by~cfl~dCL) 

- C " -i D j X" 
Similarly the constituents of 2nd row can be easily fougad 
out to be f 
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C -iD anl A+iB 


| a+i£ c-\-id 

X 

a-»p V—is 

= 

A-iB C-iD 

1 c+id a~ib 


-v-is a+i/5 


— L — iD A4~ilL. 


where A, B, C and D have the values written above. 

* 

Expanding these determinants we get 

(« , +4*+t»+(i*Xa*+/} , +Y*+S , )=A ,l +B 1 +C a +D a 
which shows that the product of two sums each of four 
squares can be Expressed tas the sum of four squares. 

Hence express 

(9 a 4-2®+3*+4 a )(5 a +6*+7 a +8 s ) 

as the sum of four squares. 

Let a— 9, £=2, c=3, d=4 and a -5, ft -6, 7=7, §=8. 
Then A=aa4- i/3+c7+Js«110. 

Similarly B=40, C=56 and D=48. 




(9 a +2*+3*+4»X5 a +6*+7 2 +8") 
=(T10*4-40 a 4-56 a 4-48 a ) 

n) Express as a determinant 

&=/ 0 e b 
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(pY Prove that 



2ax+xy 

2 ay-\-x* 


a x y \ 

2ax+xy 

n B 4- 2x % 

2ax + xy 


x a x 

2ay+x* 

2ax+>y 



y x a 


After multiplying 


a x y 

* 

x a x 4 


by itself we get deter¬ 
minant on L. H. S. 


Hence proved. 


(p) Prove that 


y * 

a >1 


2 b x -\-c x 

<\+3« t 

2a,+34, 

2 b,+c. 

^2 4" 

2a.,+34, 

2^3 -\-c 9 

r 3 +3ff 8 

2tf 3 +3£ a 


J 


is a multiple of the determinant. 

a • 

I « 

n x b x c x J and find the other factor. 


« 3 K e t 


°9 b 9 C S 


(Pb. 4fi) 


It is ea*y to s$e that 


A 

# i «i 

X 

0 2 1 I 


| fl » *4 


3 0 1 

1 

1 *a ‘a 1 

1 

2 3 0 1 

hence the other factor is 

0 2 1 



3 0 1 



2 3 0 


etc. 


\ 3 




t 
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Prove that 

i’+e’+l 

c a +l 

b % +1 

b+c 


«*+l , 

c a +a a 4*1 

1 

C+fl 


i*+l 

<t*-f 1 a 

*+* 9 +l o+b 


b+e ^ 

\ 

f+a 

a+b 

3 


i=i(bc+ca+aby (Rajputaoa 50) 

I 

By inspection we find that 


0 

b 

c 

1 

X 

a 

b 

c 

1 

a 

0 

c 

1 


a 

0 

c 

1 

a 

b 

0 

1. 


a 

b 

0 

1 

1 

1 

1 

0 


1 

1 

1 

0 




where a' is easily seen by applying C a — bC iy C a - tfC 4 and * 
expanding, to be equal to (bc-\-ca-{-ab) % 


Q. 5. Solve the equations. 

• t 

(a) a a x Put x**a and b and you 

find that A vanishes 
A m m tn —0 because of identical lines. 

Hence a and b are the roots 
b x b of A which* is of second 

degree in x. 


15—2* 11 10 

11 -3* 17 16 
♦- 

7~* 14 13 


Apply R.—2B„ and R a —3R a 
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Again apply C 8 -C a and then make two zeros in C s of 
the dt terminant and expanding we get x=4! 

(c) x—2 2x —3 3*—4 —0 

x —4 2x —9 3x—16 

» 

x-8 2x —27 3x—64 * (Agra 35, 51, Luck. 48) 
Apply R a - R x , and R 8 — R x , we get. 

A = x — 2 2x-3 3 a -'4 - 0 

-2 -6 - 12 ' 

a 

- 6 -24 -60 

x-2 2x —3 3x-4 

1 ° 3 6 

I 4 10 

\pply C a —2C X and t g — 3C X and then make two zeros 
in column A \u 2 of the new determinant and expand we get 
x 4. 

*(d) 4 * Ox+2 8x4-1 -=0 

6x4-2 9x4-3 12x 

| 8x4-1 12x 16x+2 (Agra 33, Luck. 50) 

Apply C a —|C x *nd C 8 —2C t 
A- 4x 2 1 -0 

4 

6x4-2 0 —4 Now expanding with third 

column 

f 8x4-1 —f 0 we find 

*(e) x4-2 2x4-3 3x4-4 *,0 

2x4-3 3x-f-4 4x + 5 

i 

3x4*5 5x4-8 10x4-17 (Pb. lA, 
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Apply R a —2R X , R a —3R a and then make one zero in 
column I of the qew determinant thus obtained and expand* 
we get x a*— 2, — 1, -1. 


•/a- 


Show that x=2 is a root of 
x —6 —1 i—O and solve it completely 


2—3* *—3 

u 

—3 2x x+& 


If we put x — 2 then 'R^Rg,. 
Hence *«2 is a root of A =0. 


• • 


(Agra 48, Ra). 48) 

A =0. 


Expanding we get A—~5x a +35x-30=0 or x a lx+6--0 
or (x —lX*+3)(*— 2)=0 other roots are 1 and —3. 


(g) .\ By art. No. 19, 

ax+by+cz —K 
a*x+b*j+c*z=* K a 


1 1 

1 


1 

1 

1 

a b 

c 


K 

b 

c 

a* 6* 

c * 


K 8 

b* 

< a 


*(o-*)(6-r)(c-a)=(K-fc)(6-rXtf~K)[Ex 1 § 17j 


. (K-iw--^-k)_(K-*x*-ko rpn ,„. 

’• (a-*)(*-*)(«-«) (a-iX<?-a)" K ’ 

—ic) Similarl y wr * te va ^ ues °ty and 

Z by symmetry. 

(b) ax-f-^y-|-f£—K 


a**dBy article no. 19. 
a 8 * +&y +=K s 


X. 

of b c 


K 6 < 

> 

i b • r* 

— 

K* b' c* 


ail *• c » 


K 8 P <* 


L 



4 
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* • 

or xabc(a — — c){e — a) «Kta(K—^X^ 

t (Ex. 1 Art. 17) 


. .J&iW&zl) 

a(a—b)(a-cf 


Similaily write the values of y and 


z by symmetry. 

(1) x+y+z+u =-1 t 

ax+by+cz+du*=K # 

o*x-{-b*y-{-c*z-\-d a u=z K 8 * By article 19. 

a 9 x -f b*y-\-c 8 z+d a tt~K* t * 


1111 

abed. 


1111 
a 6 c K 


By Q. 2 part 
K i) Page 280 





c* d a 
c 3 d 3 


a 3 c a K 4 
a 3 b* e 3 K 3 


or «(a - b)(a —c)(a—d){b~c)(b—d){c — d) 

=(« - 6X* - *)(<* “ KX* -c)^— K)(c —K) 

. m .(«-KX*-KXs-K) nr (K — a)(K —6)(K —<0 • 

’* (a-d\b-d){c-d) or ( d-a)(A~b%d-c) 

Similarly write down the values of and £ by symmetry 

(i) K. 

ax+by+cz+du— K a 
a*x+^-f ^+d f «—K® 
a 3 # *f b*y -{- c*z+d*u ® K 4 


Proceeding as above ~- C ~ 

(k) *+2.H-3s=*6 

2x-p4y-f i c*=a7 [*=_y»a=l] » 

3*-4-2?+9*® 14 1 

(l) If (f*-bc)x+{ch-fg)yMbg~-hf)z =0...i.(l 
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tbg-hf)x+(af-gh)y+(h % -ab)z=*0 .(3) 

then show that abc+2fgh —af * — bg* - cA 2 =0. 

In order that the three given equations may hold, then 
* by article no. 2 the eliminant 

/ a - be fih-jg bg—hf =0... (A) 

i 

& fg g*-ca af-gh 

i 

bg hf #f—gh k*—ab 

Consider a £ % g 

h b f 

g' f c 

Minor of a—A=bc -f*. Similarly B ^ac~ g 1 , C - ab • h a , 
F~af~gh, G—hf-bg, and H^ch—fg. 

Hence determinant A becomes 



- A 


H 

-G 

=^0 




H 

• 

-B 

F 





-G 


F 

-C 



• 

or 

A 


-H 

G 

-0 

or 

fry Q. 4 (a) 








P. 288 


-H 


B 

— F 





G 


-F 

C 


• 


a 

* h 

g 

•a 

-0 /. 

a 

h 

g =0 

h 

b 

i 



h 

b 

/ 

r 

f 

c 



g 

/ 

c 


Evpandtng abc+2fgh -af* ~bg*—'ch**aQ. 

ipx) F™ the condition that lx + my-{-nz=* 0 may be 
;fied ( fl r» bff c r ) where r=l, 2, 3 and show that it 
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is the same as the condition that the thtee equations 
a,x+b t y \-c t z=*0 may be satisfied by (l , m, n). 

Since (fl f9 b, y c r ) for r~l, ?, 3 satisfies 


aJ+^m+CiTi—Q 

aj+b a m+c a n=0 

o^l~\~b a fn~\-c a ii‘ == 0 | 

Eliminating /, m, n by article no. £ we g**t the required 
condition as * 


v x 

K 




H «* W 

Again *>ince a r A-\-b r y 0 where r=l, 2, 3 are satis¬ 

fied by /, m, n. 


aJ+b x m+e t n-= 0 
aj+b a m-)rc a n- 0 
a 3 l+b a m + c s n =0 

^gam eliminating /, m, n by article no. 2, we get the con¬ 
dition as* 

a \ c, — 0 

^2 b a fg 

fl 3 b a C a 

which is the same a9 condition (A) 

, (n) Find ^ when 

ax+by+g—0 

hx+dy+f— 0 

gx+fj>+c=* t 

A \ *>» 

or ax+hy+g-Q 

hx-\-by+f—Q 
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Eliminating x,y from above set of equations we get 
a h * | 4"0 =0 

h b /+0 

g f c-\ 

or a h g \ ah 0 =0 

h b / ’+ ,A q 0 

i f' c *1 & / ~A ! 

(ahc+2fgh -af 2 -bg* - ch 2 )- A(a*-A*)=0 

* * _abc+2fgh-af 9 - - c/i a 

•• 'aA-A 8 

(p) Find K where 

l x x+mty+n % z+p % ~ 0 

/ 8 *+>” 8 .y f n 8 a:+/> 8 * 0 
• • 

^4*4*W4J , “f' w 4‘24'A4 == 0 Proceed as above 


K-it 

m x 


A 


m 2 

A 


m* 

«■ 

A 

A *■ 

tn 0 

#w a 


m a 

"a 

A 

u 


*4 

u 

m t 

»4 

A 





*(<}) Eliminate a, b and c fiom 

a b c 

*»*— » » *■*—r 

o ~ c c—a a — 5 

/i 

f —ay—b+cy^O 
\ ««—^ —c»0 


(Pb. 36) 
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Eliminating a f b t c by article 2, we get 

1 — x x | = 0 Expanding we get 


-y -1 


l+*.7+J*+** ass 0 


z —z —1 
■ *(r) Having given the equations 
x—cy+bz, v~az-\-cx % z—bxAfay 
where x,y, z are not all ze*o, prove that 
a*-l-b' i +c i -[-2abc= i * 


„a 


1 -b 2 1 -V 


(Pb.45) 


Rewriting the above equations & eliminating x,y , z 'Ve 


get 


1 -c ~b 


- 1 


0 


b a -1 

Or n a + b*+c z +'2abc~\ (on expansion) I 
Again solving the first two equations by the method of 
Cross multiplication we get 


_ x _ __ y _ Z 

— ac — b —be—a 


1+7* S( i uarin 8 


flV+J , +2a*c’ a"+6V+2aic (1 -c 1 ) 1 
Using relation (1) we get 


Or 


Or 




L - a* ~ c a +a V 1 - b* -f*+4 V (1 - *»)« 
x* __ y 8 2 * 


a-fl’xi-c 8 ) (i-* B )(i-c*) (l-V) 9 

Cancel (l -c*) throughout from the denominator wo get 
the reqd. result. \ ) 



CHAPTER VI 


BINOMIAL THEOREM 

§1. Definition. VAn algebaric expression of two terms 
is called a binomial. Thus 3x-f4y, 7**—5y* } x -fa, are 
all binomials. ' , 

The formula * 

(x -fa)* ~x n -\- n c x x 1t ~ mX a -f a *"~ a a a -f n c r x n ~ r a r -f... -f a* 
where n is a-five integer is called the Binomial Theorem 
fof -five integral index. 

§2. Proof of Binomial Theorem. 

By actual multiplication we find that 

(x-f a^ssx^-f 2a#-f a*=x^-f \ax-f *c x a 9 

(*-f a)* — x* -f 3a* a -f 3 a a x -f a 8 =x a -f 9 c x ax* -f 8 c a a a x -f 8 c a a 3 

(* -f a )*=x 4 -f4a* 3 -f 6 a 2 x a -f 4a 8 x -f a 4 =* 4 + A c x a& 

■f 4 c f 4 c f 4 fifl^ 

t • • st i a 1 t 

In the light of above let us assume that 

(x+a) n ~x n + n c x x n - mX a+*c x x t *-*a*+ .-f n c r v*- r a r 

H".• "f n Cn& n 

Multiplying both sides by (x-fa) we get * 
(#-fa)"+ l =®(x+a)(x**-f"c l x»- l a-f»r a x*»-*a J ‘-f. 

«*»+*+(%+l)x».a-f(%-f%>»- l .fl a -f. 

*"f r+ ‘fl r -f. n C H a»+ x 

we know that " +x c r 

Putting r»3, 2. 3...... 

»c l -f%«%-fl= s,,+l q 
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and 

(*+a) w+1 = s A:" +l +* +1 c 1 Af B .fl+ n + 1 tf l Jt B - l .fl* 

+w+ i CfX »_ r+ i ar+ .+«+ l c n+1 a»+ l 

we find that the form of the above expansion is the same as 
that of (x-f-u)* which we assumed. Hence our assumption* 
is true for n — n + l. ! 

But we find that when n=* 2,*$, 4 and so on the above 
expansion is true. Hence it is, tru£ for all positive integral 
values of n. ’ 

i • 

§3. Some important features of Binomial expan* 
sion. 

(X ij) n ~x n + n c l x n - l a+ n c a x»—*a*+...+*c,x n - r a r +...+a n 

(a) T 2 = n c 1 x n - 1 .a T 3 = n c a x nJ ~ 2 a !1 

T 4 ~ n c a x A -°a* and so on. 

T r+t = n c f x n -* f a r which we shall call the general 
term of the binomial expansion. 

(b) We know that n c r —Put r= 1, 2, 3. 

i. e. •c x =*c m - x 

"c a — n ^#- 8 and so on * 

. n c r = n c n 

But we find that each group ("c 1T x ), (%, 

# .<*‘r, *Cn-r) 

contains the coefficients of terms equidistant from the begin¬ 
ning and *tlie end^and hence they are equal. 

The coefficients of terms equidistant from the 
beginning and the end are equal. 

(*+of ^x s -f-3x 1 fl-f-3xa a -Ha 8 , (x-fa) 4 =x 4 +4x 8 n-f 6x V* 

+4 xu*4-o 4 

(c> The number of terms is one mote than the 
index of the binomial. 

(d) Putting a— —a in the expansion of (x-fya)*,^ get 

(# 1 u+"c a x n ~V-.+ .J(- l>h’*- r a f ‘. 

■+* )*<!* 

K\ 
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We observe that the terms are alternately -five and 
—ive but numerically are the same as those in (x-f a) n 
§ 4. Binomial coefficients. 

(1 + X/» a. 1 -f %X -f%**-f. n CfX r +. "C n X n 

. c r x r + . c n x* .(A) 

V — l where c T means n c r . 

c 0 » c n c^.,,..,c n areWlled the binomial coefficients. 

Properties of binemi«l coefficients. 

(a) The sum of the binomial coefficients =- 2". 

In the above expansioi? (A) put x-=l and we get 

2 n =c 0 +f 1 +^ a + c 3 "f. c n which proves the theorem 

Also by taking c 0 i. e. 1 on the left hand side, we get 
2*»— c a -f e 8 +.c n . 

i 

(b) The sum of the odd coefficients is equal to the 
sum of even coefficients and each sum is equal to 2 n ~ 1 : 

In the above expansion (A) put x — — 1 and we get 
0^c 8 -r t +c a - c 8 -fc 4 - c t . 

, "f . -^e+fa'f c 4“l . 

(*) ( y ) 

t\ sum of all the binomial coefficients- 2 B by (a) 

or 2**2" x=y= ~ = 2«^ 1 , 


(c) Greatest binomial coefficient 

r 

Students must have read in the chapter of permutation 
and combination in intermediate that if a be even then n c, 

9 

is greatest when t ** and if a be odd then n e, is greatest 


when 



n-f 1 

2 ~~ 


Hence when n is given greatest binomial coefficient 
i* %i/ # Ve. <k/ s and when n is odd, then it is 

*' or + 1 )/ a bo » b equal. 
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Ex. 1. If ? 0 , c v c 3 .Cn denote the binomial 

coefficients in the expansion of (.1 *4* x)", prove that 

(i) c 1 +2c a +3c a +,..n. cn=n . 2"— 1 

(ii) c x -2c a 4-3f 3 +.+(-l)» n . f**0 

(hi) fo+2t l 4*3ff a 4-.+ (n+1 )£» — (** 4“2)2 1, '*“ l - 

(Mysore 32, Rangoon 50) 

(iv) *,-2^ + 3*,.+ (-1 ) m («-U)Ca=0 

% . (Patna 21) 

(i) UJA-.+2 . ”^)+3 . . 


=» [ i+(»- i)+ (n -f: —+ ] 


Put n— 1=N in the terra within brackets, 

-.j , + N + at i, +.j 

=»{N«„+Nc 1 +Nc 1 +.> 

=b . 2N by (4 . a)=n . 2*“ l 

• • 

(ii) Proceeding as above L.H.S.«fiLNc 0 — Nc x 4-Nc a —Nc # ...] 

=n . 0*0 by (§4;b) 

(iii) L.H.S.*[<;0-hr 1 -f*C2“h*.CnJ-4-[r x -|-2c a -f'3£ 8 +...n • 

s*2"+n . 2 n “ l (from *)*2"*~ l [2-f-«J 

(iv) Proceed*as above 

Ex. 2. §£§ 4 . 

* "* * * ^ 


Cq C x c 


L.H.S.=- y+ 2 . "1^+3 . fc 1 3 X»r 2 ) + . 

n " n(n — 1) 

l)-f*(n—2)4* •••••• ■l‘34 , 2*f 1 


-sum of n natural numbers- 


•(*+1) 
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Bx. 3. (i) c,+^+^+.-jT+1 (Delhi 5#) 


(«) «o“j+3„+"! - +1 


/iM h c _ (l x ” A ' | ( ' 1 - 1 )"( n — IX" ~ 2 ) , 

2 ( 2)! + 4.(3)! + "' 

— 1 fr., 1 'n iXh+Q h . (b+i).w( «-1) 


1 


4 


(«4-1) •«(** ~ lX n ~ 2) 

4! 


4"' 




Put n-f 1 N in the terms within brackets 

1 U, N(N-l).N(N-l)(N-2) 
„ + i| N +~fr + 3! 


, N(N-l)(N-2XN-3) 

+--+ 


■-'! 


== {Nc l 4’^ c 8 4"Nf a -HNc44“.} 

H-f* * 

es——. *2 n — 1} Nc 0 i. e. 1 is not present in the 

* bracket 

*=-U {2* +1 —1} V N=n+1 , 

«4-A 


(ii) Proceeding as above L.H.S.=—N^+Nf f —Nr 

•>-TI (§4 - b) 




2 n 


Ex. 4 . ]f+ 3 + 5 +- ~«+l 

rua.U «(«T V+*rJ&^*i£=*l+ 

LW>*H- 3 (2): 5(4)! ^ 
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1 Hn I i(«+1 )»(b- 1) . («+!).«(n-l)(n~2)(n-3) 
B+ .lU*+l)+ 3! " 5!' 


Put B-j-1=N in the terms within brackets. 

“;tfi (N * >+ n '‘ +Nc ‘ + .> 

„Tr K" 1 ! b ? § 4 - 6 =„i/< 2 "} " 

Ex. 5. (i) 

•’ (Allahabad 1904) 

(ii) —l)*t»'=0 

it ! 

or ( —j according as n is odd or even 

(iii) x -l-.^ ^ * 


0 nLnl 


(iv) «*+«*+ u ( f,"V+l)! 

(v) «A+V»+V*+.( n +2)U^T2)! 

(vi) c„<,+e t e r+1 ._ r) ,- <(B+r) 

(Madras 1904) 

(14-*)»«c 0 4-*i#+£ 9 * 8 4-.4*Cb— 

Putting x—lfx in both sides of above we get 
/,1V* * 1 , 1 . 1 

(l + ._) =<„+*,. .1-JP3 

Multiplying 1 and 2 we get 

[<?o-Hi*+«a**+.fii-i**- 1 + Cu* n ] 

r , 1 . 1 , 1 , 1 “I 

I *oT*i*~T*a*-“a+. 

-(!+*)». .3 
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* 

1. Clearly r 0 *-|-tf 1 a -4-f a *4*...H-c» 1, s=the term independent 
of x in L. H. Si of (3)=term independent of x in R.H.S. i.e. 

in -^(l+x) a » or the coefficient of x" in (14-#) aw which is 


clearly V 


(iii) We know Cn^-c^ Cn-n—Ci etc. and hence it is same 

L * 

as part 1. ' 

* % 

VI. Clearly c 0 c f °f * r * n 

L.H.S. of (3)=coefficient of if in K.H.S. i.e. in -„( l +*)’“ 

• * 

oi the coefficient of x w “ r in (l-f-x) 311 which is * n c n _, 

___ 

(n-r)L(rt-H)! 

IV and V Putting r=l and 2 in VI we get the required 
results. 

« • 

(ii) c 0 * — c t a +c a * — c 8 a ...*4"C — 3 ) n Cn a —term independent 
of x in the product of (I — x)“ ( 1+ or in (i 

or in \(1 -“#*)* or —coefficient of x w in (I — x*)* 
x , 

Now we have to find the term of x n in (I — x 9 )* 

Cate 1. .n ia odd. Since the expansion of(l-x*) n 
will involve only even powers and hence there will be no 
term of x n and as such its coefficient is zero. 

Case II. n even * B =(x a )' | f a and hence the required 
tbrm in the expansion of (I — a®)* is *£*/*(— x*) nl * 


(nj <L){ ,{nf2)\ 


( — l)** /a f x B and the coefficient is 
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0Wki 2)! " ‘ he " qUited 

Ex. 6. If n be an even integer, prove that 

1 _L 1 _1_ 1 _L_ 1 _2»- 1 

lf(n-1V.3! (n-S)!^! (n-5)r.(« —l)!"ll ~n\ * 

l r *1 »i / «i * 

L. H. s,= _- vv —. 

n! 1! (n — 1)! 3! (n - 3}! 5! (n — 5)! 

. (b-1)! 1! | 

_ 1 f « , li(rt — 1X«— 2) , “1 1 r , i , -i 

nlL n ^-'3!-H —J— ~j[<\+<,+*. + ...] 

► (§4*) 


§ 5. Proof of Binomial Theorem for any Index. 

(Agra 31, 33) 

We hive prove! tha» when n is a -five integer, then 

(l f x)"=l+„v-d) 
Now let n be -five, -ive, fractional or integral and 

f{n) stand for l-fn#H-^f" - '* 8 "^-" 3 !-**+ 

/(»)Am)=( 1 + ,u '+^^r-^*’+.) 

( l+mje+ ?iE-_l),. + .) 

' a 

= 1 + (w + ri)x -f — 1 ) + *w(»| — 1 ) -f 2 ffl«] -f. 

=l-f(«+a)i« -f — (*»+«)]+.••••• 

x* 

=sl4'(w+ ,J )* + . 
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= l+(w+tt)x+(m+w)(w+»-l)-^+...— 

Thus the product of the two series gives rise to another 
series in ascending powers of x which is exactly of the same 
•form as f(m) or /(«) and whose coefficients will not change 
in form for all values o£ m and n. Therefore to determine 
the form of these coefficients we may give any values to m 
and n that are most convenient to us and let such values be 
-f*ive integers, then in that case. 

/(»)=!*“+ .=(1+*)" from (1) 

/ p (jii)==l+»*flf+.=(1 -f x) m from (l) 

/(ffi)./(n)=( 1+*)».(1+*)" 

= i zl>,. + .' 

—ftm+n) because when m and n are +ive 
, integeis, hence m-f-n is also a -f“ive integer. 

Hence for all values of m and n,/(m) . /(n)=/ {m+n) 

Similarly/(m) -A”) •/(/>)=/('«+") • !{p)=f{m \ n+p) 

Case 1. -five fractional index. * 

Let n^pfq where p and q are -f-ive integers, then 

• Mg) ‘/(Pig )—to q factors=/(/>/$+]&/$+...$ times) 

=/(« • pfg)^f(p) 

i+p*+ . ^ 

Taking jth root of both sides, we get 

f(Ptg)* ss Q-+*) p,t 

Case II. Negative Index. 
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We have proved that f(m)xf(n)=f(m+n) for all values 
of m & n. Now put «= — n where n is +?ve 

/( - ») ■/(«)=-«f ») =/(0)=i 

/(-») -y^) = (i^y.=(!+*)-"•(« being -five; . 

f 

Now/( - n) ^ 1 +( ~n)x+(~- ^ **+. 

or (l+*)-«^l_ n *+ B ( B -tI) Ji_.( 2 ) 

L ; * * 

» 

which proves binomial theorem for any negative index. 
Note. Putting x - -x we get 

(l _*)--=] +b , + ^),. + < b ±1Ki±2V + . (3) 

n 

It is easy to observe that in the case when n is not posi¬ 
tive integral, then number of terms in the expansion of 
(1 -f- j<c)—* is infinite 

Putting n — 1 in (3) we get. 

(l-*)- l = l+*+* 8 +x 8 +.(4) . , 

If x - 2 we get from (4) 

— 3 —1+24-2*-f 2® +.which is clearly absurd. 

If *=+ we get from (4) 

O-t)' 




1+ £-+g-»+g5+. 


/ 1 1 

or 2 “J == \'I+ Summing an infinite G. P. 

or 2«2 which is true. * 


Hence the expansion of fla:#)* when n is any index 
other than +ive integer is true only when x is less than 
unity. 

It is easy to observe that T f |. t in the expansion of 
(1 -*)-» j fl - ” (n+ 1 X n4-2)., ^(n + r - 1 ) ^ 










320 


“ F 

Algebra Made Easy 



Also if (x-f a)* is to be expanded in the case when n is not 
a -five integer, it should always be put in the form (ldtx)*. 

Thus (x-ffl) n may he written x n (l-f a/*)" and its expan¬ 
sion will be valid only when alx < 1 i.e. a < x or x > a 

r J 

Or (x-f a) n may be put as tf"(l+*/a) B and its expansion 
will be valid only when xja < 1 i.e. x < a. 

§5. Some important expansions. 

(0 (i-*)- i =i+** i +*'+* 8 +.*'+. 

(l-fx)"“ l :=l —X-f # 8 —X 3 -f X 4 —. 


-1 +<-1)'#+(- l) a # a +(- l) 3 #*-f... +( - i)'#'-f... 

(ii) (X-x)~ t =l+2x+3x a 4*4x a +...-f(r-fl)* f 4'... 

(iii) (1-f #)~ a =l —2x-f 3# a -f 4x s -f...( — l) f (r-f ^x'-f... 

(i v) (1 - #)~ 8 =* 1 -f 3x -f6# 8 -f 10x 8 -f... -f ———# r 

1 • & 



(l+*)- 8 -W*+6# 8 -10# 8 -f 


+ 


+(-i y 


(r+l)(r-f2) 

1.2 


x r f 


Summation of series. 

t 

Ex. 1. Identifying as binomial expansion, show 


that 


3.6‘3.6.9 o.6.9.l^"* 


0*4 nearly. 


(Rajputana 49) 

We shall try to bring the above series in the form of the 
expansion of (1— x)r* i.e. 1 -fx 8 -f 

X#®-f»~— 



H. S.- 


1.3 ljJ.3.5 1 ^1.3.5.7 1 
1.2 * 3*"^1.2.3 * 3^1.2.3.4 * 3 4+ . 
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I. f 2* l . | 2 s , f . | 2 4 
2! ’ 3 2 * 1 " 3! ' 3® ‘ 4! ‘ 3 4 " 1 "' 

Put x = § and n = £. 

n(« 4 *l') 2 , n(« + ])(n4-2'i , , nrw+l)(n+2M«+3) -4J ^ 

-=~r x + — -* + .—- r - 

-(1 -0 +«*)=-(i - $)-» -(1+3. i) 

■■(S) - *— 3 = V3 — 3 = 1*732 -*1*33pearly «=0-4 nearly. 

Ex. 2. If >' = 3 + 3 6 + 3 - 6 . 9 +. 

prove that jy a -4-2j>—2 0. (Rajputana 54) 

\i 

From Ex. 1, jv «^(1 —1—(1 — ^)~ i — 1 

or (^4“J)=(i) - * —3*. Square both sides. 

_> ,a +2>'+l —3 orj’ 2 4-2^-2—0. 

Ex. 3. Sum the series to infinity 

2_l 5 ,5- 7 .5-7.*9 

2+ 2! . 3 + 3!. 3 a+ 4! . 3® + . 

(Rajputana 52, Allahabad 46) 

Sl 9 % i / 9 \ # 4 i * / 9 v» 

L. H. S.=2+|, . + V * (1) +^p-' • ) 

% 

+. 

= 2 + i iv-(l )+-3V- ? •(!) 

if • $ » 2 « f / 2 \ 4 

+ -4!-V. 37 +. 

Put #=f and n —f. 

L H. S=2+^- ) * , +^ 1 | , -ii ) «»+. 
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=2+[(l—*)—*—(l+n*)] 

-2+[l-*)-*i»-(!+*• 1)] 

=2+[(i)- , '*-2]=(3)»'*=(3*)*=V(27) 

„ „ „ . 1 ,1.3,1.3.5. 

Ex. 4. Prove that l=-r +3 — z + a ~—„+ 


44.64.6.8 




CO 


rj ri C __ } A _i_ l .3.5 _1 , 

K. n. o.— *, 1 o oa * 9 ° * *'*fl 1 


(Agra 41) 


4 ~2 .3*‘*c 2 a 2.3.4’ 2 a 

. !■ + .. 


1 1 £ 13 4 

1 2 • 2 is I 2 • 2 • * 


_ x |2 • 2 12 I 2 

" 4 + 3! * 1 + 4! 

1 a 1 a 1 a a 

— 2 IIS • 2 12 1 2„*.2 • 2 13 1 

"2!‘ + 3! + 4! . + . 

=2 [y. i.+^is+L. y_-. *!«+.:.] 


= - 2[^p •1* - * ( ^ *' ■ 1 s + 

K-iX-!)(-!), 


4! 


»t-l)U-2X i-3) 14 _ 1 

= -2[(1—*)*-(!— Jx)] where *=1 

=’—2[(1-1)‘—(1—i)]=-2[0-i] = l Proved 

. , , 2n , 2n(2n+2) , 2«(2n+2)(2n+4) 

Ex. 5. Prove the. 1 +3 + - + - A ~ Tr t T 


+■ 


.3 

(Rangoon 38) 







Binomial Theoretif 


323 


L. H. S.-(l-S)-*=(i)- n -3* 

R. 11. S.=s2"[(l-*)-»»]=2» . (3)—=2«(f)»=3» 

Exercise 


(Calcutta 1894) 


(D V8^i+|+^;|+|^+ 

(2) Prove that 7» jl+ " +”r~^+-” | 

> 


=4- {1+ -* +fti4” (n / 1 . X -t 2) + l 


2.4.6 


(S) 


(4) 


1 T+t-:-B+i.'a. ; i5 + . 


(Madras 48) 


^ 1 4- !_i 3 , 1 • 3 • 7 , _ 2 

L ~ 8 8.16 8 .16.24 + -V5 


Hint :—L. H. S.--=(l+i)- l,a etc. 

2 1 . 2.5 ] , 2^5 ._8 1 

' 3.6 * 2-^3 ; 6 . 9 * 2 ® 


/c\ i 1 ** a 1 *' • w 1 1 2.5.8 x | / 

\6) 1+ • 2 * t" o /: • oa"*~o"T/; n * "o»T'» v*# 


(Utkal 49) 


( 6 ) 


x +F + « :S + 8TH : .-^+. 4 < 2 > l “- 2 


(Annamalai 49) 




CHAPTER VJI 


EXPONENTIAL THEOREM 

and 

LOGARITHMIC SERIES 

§1. What do e and*a* stand for :—Prove that e lies 
between 2 and 3 and that it is irra ional 

(incommensurable) 

#- L * fl + —Y* and <*= L * ('l+ 1 -)“ 
n—>-oo V n / oo \ n / 

We know from Binomial Theorem that if 1 jn be < 1 then . 

( 1+ i i + ^-i).(i.)V^r 2) 

(!)’+. 

_. *■ 


= 1+1 + 


+— 


Now the above relation holds good for all values of n 

§' 1 

choosing n very large so that products of the form 

(l — —) . /l — etc. all tend to 1 as ~ 

will tend to zero. Hence taking limit of both sides of 1 
when n is infinite we get 

-•£.0+ n) “ 1+1+ 2 i ! + r! + ri + “® 

, 1 , 1 , 1 , 1 , 

1+ 1 ! + 2 ! + 3 ! + 4 !+•"“ 
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Similarly proceeding as above we can prove that 
Lt ( 14 .-L)” and also»(l + 


e*= 


«—>00 
X 


1+ 1 ! + 2 ! + ~3 ! + 4 ! + °°( 2 ) 


,oo (3) 


e lies between 2 & 3 f 

, , 1 , 1 , 1 . 1 , 

1+ 1! + 2! + 3 ! + 4.! + ‘V" 

4 

clearly e is greater than 2 and«£ince 

} -f_!_-f_l x i e - H_-—4- ^ - 4- 

2! 3! 4l . 1.2Tl.2.3^1.2.3.4 + 

is less than + vj 3 +. 


* . 2 * 
4 


■or less than . * (Summing an infinite G. P.) or <1, 

I ~ 3 

hence e is less than 1-f vy-f 1 t.e. less than 3 from (3) 

Therefore e is greater than 2 but less than 3. 
e is irrational. 

If possible suppose e = pjg where p Si q are -five integers, 
» 

**f.“( 1+ T! + 5T + 'n + '. 

+ 4 ! ) + (i+TT!+(ff2f! + . 

Now multiply both sides by q\ we get 

T * K 1+ h + 1 1 +. jr )* ! + r?l^T! 


then 


+ <S'+2Xf+l)f , .‘*’'. 

1 1 

or p. (?—!)!=An inte f^ r +^ + (^+2j^+T)+--(4) 
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Now 


9+1 .(9+ 2 )(9+l) 


is less than 


+ . 


9+1 ' (9+l) a 

1 


+•< 


.00 


or less then [Summing a G P.] or less than J 

1 _ r+i / . 9 

Alao 9 -+ 1 +( 9+ 2X ? *-fX)+. 19 cIearl 5' 8 rea,er lhau 

t 

?-fl Th " 8 S+X + (f+2)( ? +f) + . 

* 11 

is a fraction whose sum lies between — & , . and is thu*. 

q 2+1 

a proper fraction. Hence from (4) we get 

An integer=an integer + fraction, which is clearly 
absurd. Therefore t is irrational. 

• §2. Some important results 

(References are made to the following results in the 
solutions) 

la * = n_>oo( 1+ n ) ==1 "^1 J + 2! + 3f + 4! . 05 

and it lies between 2 and 3. , 


x , x* , x a , x* 


2. «*=H-T! + 2! + 3! + i! + ' 


.00 


_ t * I * x I x 

3. ,-*=1- i j + 2! T\ + ~4! ~ 
e m +e — x* , *« 

4 * ~2- 1+ 2f + lf + 

* _L*® , 

2! l! + 3! + . 


.00 


00 


.00 


Putting x=l in (2), (3), (4) and (5) we find that 


5 . 
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6 . 


7. 

or 


, , 1 , 1 , 1 , 1 , 

1+ 1 ! + 2 ! + 3 ! + 4 1+”* 50 

,-*=1-1+1- !+.!_ 

1 ! t 2 ! 3 ~ r 4 ! 


.oo 


.1 ^ 1 . 1 _ 
2 ! 3 r 4! 


.oo 


o *+•?_, , i.i .. L 

8 - 2 1+ 2"! + 4! + "", 


9. 


«* - ,-* 


1 ! + 3 ! + 5 !+•"*•*“ 


*Ex. 1. Find the sum to infinity of the series 

..co 


1+ ' 2 ’+ 3’+ 

iT 9 | t 3 }~a ! ' ' 


T* 


2 ! 3 ! 4 ! 

(Agra 46, 50, Utkal 48) 

n*__ n® (n—l)(n—2)-{-3n —2 
n ! _ (rT-i)f (n-T)! 

i 


rp i 3fl~_34*l_ _J__ , 1 

or -3) r >"-!) ! (n — 3) !' t " (n-2)! 


+ ._L_ 

(»-l) t 

Putting n=l, 2, 3, 4.and remembering that 

^ =0 and 0 !™1 

(-»)! 

T t =0+3.0+1 
T,=0+3 . l+£“f ' 

T.-i+S.l+ij ■ 

T 4 =l+3.1+^-j and so on 
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Algebra Made Easy 


Adding vertically we get 

Soo=( 1 +A+.) +3 (i +r 1 ,+ 2 1 - !+ .) 

, + ( 1+ 1 ! + 2 ! + 3 ! + .) 

* t 

— £ 3 € + € ss 5 1 

Ex. 2. Show that ^4-^,+^, + ...... = t — 1 


(Agra 43, Rangoon 37) 

2/i _2n+l-l 1 1 

(2/i-fl}! (2/i + l)! ~ (2n)l (2n+l)! 


• T-i-1 

*• 1- 2! 3! 

T~ i and so on 
* 4! 5 ! 


S “ = ’(fT3l + 4T!“r! + -“) =e ~ 1 (Re,ult 7) 

Ex. 3. Show that 3+^-.+J-j+^+.\....=Se 

, (Patna 38) 

_ 2b+1 _2(b-1)+3 

(n—1)! (b-1)! 

or T »=(S“2)i + (^r! e,c - Sco =5< 

( 1+ 2~! + 4! + 6* + .) =1+ ( 1+ 3! + Sl 


Ex. 4. 








Exponential %1ftoreqi and Logarithmic Series * 3Ss# 

.. f l- 

rue /«4 

L.H.S.=^----1- 


Result 8 


R. H. s.= i + (^'l)*=l+(?!±r^ 1 ^) 

=«it«^!±? - L. H. S. 

4 

Ex. 5. Sum the series 

1,1+3 , 1+3+5 _l+3+5+7 


11+ "5 * + “ 3!' V+^^-'--V+. .» 

(Nagpur 40) 

rji l-J-3+5+7-f. n terms M s a 12) 

4 -= 7 nl * * ~~Y n!.. 

jr" -1 ] 

= n " ,»-i = 

b! (»-l)’. («- l)r 

or T »= (B-Vay-*’ _l +(-n--iy! • * , ‘~ l ■ 

T^O+1 

T # ==*+-~j 

T * *"+*1 * 
s l 1 . 2! 

Tj=^+~j and so on 

s « = (* + r! + a +- ”) + ( 1+ n + i'! + f! + " , “) 

sx ( 1+ n + lt+-) + ( 1+ r!+?!+^+-“) 


*»+•- 


«sx«*-H*s=(x-f*l)a* 
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* • ' 

Ex. 6. Show that 

1+ ~2r* -3!~ + -4f- + . ~a^l 

„ X+a4-a*+o*+o‘4-.a terms _1 . (a>*-l) 

l * -a! ' (a-J) . a! 

-id Put,ing B=1 ’ 2> 3 . 



" s - “Grrr)[ S V. + b + 3\ . \- j Wi + 3! 


=( a _ T) [{(‘”-1) -(« l -1))>] (Note) ■ 

__ e a —e 
a - i 

Note. If we put a ®2, we get 

, , 14-2_ A _14-2+2 a J _l+2+2 a +2* , 

1+ ~TT + -3! + -4-+.“ -**- 


(Travancore 46, Rangoon 39, 50) 
2 4 3 4 4 4 

Ex. 7. Prove that .= 15* 

(Patna 37, Madras 40) 

T » 4 _ «* _(«“-IX»-2X»~3)4-6n a -lln+6 
1 "~"n! aS *(n -1)! (n -1)! 
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■ f 

_ 1 , 6n 9 —J.l«j+6 

(n —4;! (« — !)!- * • 

= _i a- 6 • («-lXw-2 )+1 8n-12-ll n + 6 
(n — 4)! -1) ! 

_ 1 , 6 , In —6 

(n -ijrfc-Sy. (^T)! 

- 1 , 6_ 7(n-l)+7-6 . 

(n—4)! (n—3)- 

= _J_ . 6 J7 1 ' 

(n —4): (»-3)! (n-2)! (w-1)! 

Now putting n— 1, 2, 3.and so on and adding we get 

Sco “<+6<+7«+»=15« 

Ex. Prove that 1+-, .» 

(Bombay 48) 

=(x s -j-6x 9 -|-7x-{-1)«* 

OS Q3 AS 

Let .:oo 

and hehce we have to find the value of 1 -|-S 

nl \ nl J 


^MrSu+s i 
(n — 1)! *^ + nl 

.(n- l)(n- ^+6a+l 1 

(n-1)! nl 

, _ \ _ _,6.(n-l)+7 1 

(n-3)!^+ ■(»-!)!—*^+If* 


=x». 


r n -3 


* n 4\ 


1 


(«— 3 )! (n — 2 )! T (»-l)! 


' x,+ 7f x * 


,»—» x n—* 


' (i»-3)! 


7+6 . X s 


\n- 2>! 


+7*. 


*» 


i—i 


x* 


(n — 1)! n! 
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Patting n=l, 2, 3.and then adding we get 

€ 

S=x s . e*+6x a . «*+7x • «*+(«*-1) (Note) 

/. l+S=(x 8 +6x“+7xfl)f* 

Ex. 9. By comparing two different expansions of 

(J- — 2 "' y* show that n B —»(n —2) w +— 2 ,—\«--4) tt —. 

...to (n+l) terms =2 1 l. n V 
’ t *- r“*\ B 


(e*-e~~*\ n 1 r * . »(#—1) 

\ 2 ) = 2»L* * * • * +_ 2! _ 


>(l»—*)« _ g — s *_ 


] 


«(»-*)*+.J ...A 

. 11/ \ i ( n ^) a I , , («#)", 

Now e n *=l-|-(nx)H-+.+ -f. 


n* 


i: e the coefficient of x n in the expansion of e M is --j 


Similarly 




99 99 


„ -««<»->)* is - 9- 


n I 




H 


»♦ »» »» »S 


n l n J_),(n-4)2 j s 


2! 


n(n —1) (n*—4) tt , ' ' 
-^ 2 ]— • .and so on 

Hence the coefficient of x H in A is 

1 f n* n(n-2)', n(n-l) (n-4)" 1 

2* [ n! — n! + 2!““ n! ("+ 1 ) terms J 

r-r^)‘-( ,'r+s+B+-~y 

- [■+(«+£+. )J 


(Result 5) 
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and clearly the coefficient of x n is unity. 

Equating the coefficients of x* obtained hrom R. H. S. and 
L. H. S. of (A) we get the required result. 

i 

Ex. 10. By means of the identity 

f + i +2 = ’(* + 7) 

or otherwise, show that . 1 

'1 1+ (r!? + (4* + (3!) i+ .i 

2’ 4» . 6’ 

- 1 +>TfVs + +( o rvs 


(I!) 3 1 (2!) 3 1 (3!) a 

^ 8 +^+ 2 * * a “a 
f x — e.e x .e* 


| 1+ ( *; ) + ( y + ( ^ + .| 

i 1+ n-(i) + 2i(p) ,+ .3 1 !(i) , +-.j. 

Clearly on multiplication the term independent of x is 
= e a 11+(3!^+ .j ......(A) 


. (*+*) | (*+t) ( x +r)* 

Again/ , = ]_!+ u~+—W~ 


*• 2 ! 
1 N* 


(•+t) + 




T 


3! J 

Now ^x+-^-) contains (2n+l) terms and its middle 

i. e. (n-f l)th will clearly be independent of x. 

T _2n c x 2n—n I =S»c n = - ~ -_=~ 

l»+i- •*« • n!. (2n—n) ! («!)* 

Putting n=l, 2, 3 and so on the term independent of x 







Algebra Made Easy 


in the expansions , ^#4.-^ and 

so on are respectively ~~ it A a and so on. 

Hence the term independent of x n in the expansion of 

/* + *) ii r 1+ i 2! + i 4! + j «+ 1 

L 1+ l!’(1!)* *2!'(2!y + 3!‘(2!j 1+ . J 

.(B) 

Equating (A) and (B) we get the required result. 

Exercise 

« • 

1. Expand in ascending powers of x. 


Ans. 2^ 1-4-— 


{2xY ,(2*)\ 
_ 2T + Tr + ' 


( 1 21 4! J (Result 4) 

1 1 ‘j- 2 ‘x 3S , , 

2 - 2i + ri + 4i + . co “ <_1 

^ -1 , 1+2 , 14*24 3 , 14*24*34"4j _3< 

a- A +-^r + 41 + . ~~2 

% 

(Rangoon 48, Poona 50) 

2* 3* 4 a 

4 - 1 +h + ri + h + .= 2 ‘ 


5 ± + 1 4 2 _ 2 +?_ 7 + l 6 + 

St ll + 2l + 3l + 4l + 5! + ' 


>6«-l 


Hint. 4, 11. 22, 37, 56.are such that the successive 

differences 7.11,15,19 etc. are in A. P. and hence 

m . 2» a + n +l . 

• I«—--.-etc. 

n! 

6. Prove that the coefficient of x* in the expansion of 

MWI+. 

.h^ (i+^ + . 

**£(«**+« ,# + 2 ) 












Exponential Theorem and Logarithmic Series 335 

(7) Show tha, 


17 

'“ 6 ‘ 


Him T„ - i!± 2 -± 3 ;t^“^ = »(!L±iX2a+l) =etc 

nl ti.nl 

(8) Show that the coefficient of X" in the series 

»+‘#*+ ( 'tr r +•• “-•r, («•«*• c. s. 47) 

i 

(9) By comparing two different expansions of f --y- - J 
. prove that 1. n a +n x n -2)*+^^-y^(n-4) a +...(«+!) 


terms =2 ". n 


Hint. See Ex. 9. 


(10) By comparing two different expansions of («*-1)*» 

prove that (Sagar 50) 

n n -n(n-*l)"+”^2 1 * ( n “2)*» -.,to n terms —n ! 

Hint. See Ex. 9. 

(11) Show that 

4 (Patna 50) 


Hint. Use Result (4) and remember that * =x etc. 
Logarithmic Series 

Note :-The base e is understood unless stated otherwise 
§3. Prove that if x < 1, then 

log.tl-M)®*- |-+ 3* ■£-+•••« 






3 


Afgeftra Made? Easy 


Also find an expansion for {log (l+*)} a 

(Agra 53, Bombay 28) 

We know that 0*=$^ a 

or av= l+(y log +. 

Now put <i=(l+x) in both sides 

y* 


f 


lbg (l+x)+^{log (I 4 *x)} 3 +yj • 

{log (l+x)J 8 +. 

Now as x is less than’unity we have by Binomial Theorem 


2 ! 


3! 


-t---- x t — 

=l+y log (!■+*)+^-jflog (l+x)] 2 +^,[log(l+x)] 3 +... 
Equating the coefficient of j in both sides of above we get 


x 2 , ** 


X* . X 5 


log (1+*)=* - - 2 -+- 3 - 4 +-3 -. 


1. 


Again the coefficient ofj>* in the R. H. S. is -7r>iJog(l+x)] a 

• «• 

and the coefficient of? 2 in L. H. S. is the coefficient of y in 
(y -!)_. , 1 (j’-1)(j’.,-2X.y-3 ) . 

2J‘ * 3! r-r * ... 


, . 1 x * 1 - 1-2 » 1 . 2 - 1 - 2 . 3 - f - 3.1 . 

and is equal to* H-“•- 


4! 


1 n /11 \na x * l-f-2 j , 1.2-f-2.3-J-3.1 4 

2 |P og ^ 1+ ^ = rs 1.273^ + 1.2T 37 4 

n * * (1+2). t 2+2.3+3.1) 

or [log(l+*>] -2j - 2 3 • i.2 + 4 * 1.2.3 
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*2 — (1 + |) .-jj+(l+t+$)"j— . j 

§ 4. Various results. 

(References are made to the following results in the, 
solutions) 


(1) log(l+x)=x- 2" + ~3“”’X + ~5— 


Putting x = —x we get, 


x 8 . x 4 




(2) log (i-x ) = s -x-- 2 ~ - V 

or -log (l-*)=(*+-| +Tf + ^- +^+.) 

Subtracting 1 & 2 we get 

(3) log (l+*)-log (l-*)=2(*+^+-‘+^+.) 


X 8 . X 6 I X 7 


01 i *°g i“= j( +''3 + ’3 + T + ' 


Putting 


l-fx^OT . _m—_n 


1—x n 


■■ ‘~.+. ^ 8 " 


<*> + <S) +.] 

, (Rangoon 50) 

Ex. 1. Prove that 2 log n—log (n+1)—log (a—1) 


_ 1 • .1 , 1 

n a ' 2n 4 on 8 ~^‘ 


(Agra 48) 


Put 


1 


a 


= ¥ • 

| A •• 


R.H.S.=*+^-+-y.+. 


= -log (1-*) (by result 2)--log(l- ) 

—l 0 *^- 

=log^“ 1 =log «*-log (n-lXn+1) 

*2 log n—log («—1)—log («+l) 
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Ex. 2. Prove that 2 log n -log (n+1) —log (a—1) 
=2 [ (2<i a - l) + 3(2n*^l) a+ 5(2» i -1)« + .} 


Put 


2n a -l 


=x 


X 8 . X 8 


R.H.S.=2j*+* 3 ~+ r 5-+' 


=l°g (Result 3)«= log x 


1- 


2n a — 1 


2n* 


=l°g in* ^2^°* n r - 1^ 10 ^ " a *“ lo 8 ("* 1 X»+ 1 ) 

.* 

= 2 log n— log (n —1)—log (n+l) 

Ex. 3, Prove that ^ j+g(^Tjt + ' 3 (, 1 f ] )»+. • 

_ 1 _J 4..I-. 

n 2n* ’ 3fi 8 (Agra 49) 

Putting x-^p L.H.S.==*4 --*-++ . 

= -log (1-*) (Result 2)=-- -log (17^) 

~ ~^( n ) ~.(Result 1) 

I _ JL4--I - 

n 2»*~on 8 


Ex. 4. If x is numetically less than unity, prove that 


i* a +§* 8 H- i*H f* 5 +.=j—x*Hog ^ 


(Agra 51) 






Exponential theorem & Logarithmic Series B39 

- $ •' 

L.H.S.=(1 -1)**+(1 - i>»+(1-i)*‘ 

H-Cl—i)*“+-.« 

=(*>+*»+**+*•+.)-(-**+-^3+-+^+...). 

Adding x in both the brackets we get 

= s (*+* a +* 8 +* 4 +* B +.) 

-(*+2 + “3 + ~4 +T + . ) 

i • 

X * 

SSS F-x +log (*“*) fe y (R e aulV 2) and sum of a G. P. 

Ex. 5. If log (1 —be expanded in ascending 

powers of x in the form fl l x4-a a x a ^a a x 8 -f.show 

that <z a + a 6 + fl 9 -f. 

= flog2 (Bombay 26, Rajputana'50) 

log (l-*+**)=log *q^-=l°g (l+*')-log (1+*) 

= |* a -4*«+§*“-i* u +(-l)" _1? 7+.| ‘ * 

(• x* , x 3 , . .... x" ) 

~\ x ~r + 'T~ .+(-!)"-'• v-.j 


=a 1 x+fl a 3c 2 4 -j 3 x s +.given. Hence a n is the coeffi¬ 

cient of x n . Hence a 8n is the coefficient of x 8 * in the above 
expansion'and is et[ual to 

(- 1 )”- 1 , 1 - (-l)"- 1 (-l) a ".(-l)" 

1 l> * 3n n . 3n 




n 


2 

3n 


V (-l) a "=l oi a gH 

Putting n=s*l, 2, 3. we get 

• b • b 0j_2 s § • }••«••• 

* »~h a 9"h a 9 , i m . -itl—i-hi — i-h .) 

«f log(l+l)=f log 2 
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Ex. 6. If log (14-x+x a +x*) be expanded in ascend* 
ing powers of x, show that the coefficient of x n is 1/n if 
n is odd or of the form 4m+2 and — 3/n if n is of the 
4 form 4 m. (Agra 29) 


log(l+x4x a -fx 8 )=log(l+x)(l+x a ):==log(l4-x)+log(l+x a ) 

= (*-2+- 3 -4 + “(- 1 ^ n+.) 

•+[* k — K* a )*+K# a ) 8 —H * 8 ) 4 

(— l )™/* - " 1 


+.+. 


n 


-(x 8 )*'* 


+ ••• 


Case I. When ji is odd then 2nd, bracket shall not 
give us the term of x B and as such from first bracket the 

coefficient of x B is v - ' but n being odd (w — 1) is 

even as such (— l)"~ l is -fl. Therefore the required 
coefficient is 1/a. 

Case II. When n is even*=4m+2. 


a 

a t 


n 

2 


—2ffi-f-l=odd. Then the coefficient of x" from second 


bracket is 


(-1)"' 1 _ 2(-1)° dd 1 2(-I) even 

nj2 n ~~ ‘ n 

12 1 

Hence the total coefficient is — 4-—=— 
* n n n 

— 1/n Leing the coefficient from the first bracket. 



CaseUI. When n is even=*4m n/2=2m=even 
and proceeding as above in Case II the required coefficient is 

_ 1 _ 2 

n n n 

Ex. 7 Prove that l+(4-+l ) \ +(t + t)'T 
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+ (1 + t) i+—T lo e 12 

(Rajputana 51, 53) 
L.H.S—[l + i . J.+4 . - 2 i+ *.. J+.] : 

+r± 'i+i j+l it 

L 2 ’ 2 ,t 4 • 2‘ T ‘6 ’ 2*J 

_ 2 r l + 1 !+ 1 *ii ’i i, n 

L 2 + 3 ‘ 2 3+ 5 • 2 *,‘ T ’ 2’ + .J 

+r> _i + i i,i i, i 

L 2 ■ 2 a 4* * 2* + 6 * 2*^"'J 

• « 

Lft* = i L.HS. = 2^*+*’+^+.J 

-] 


■+%+■ 


[ 


yd y5 

*+!+ 5+' 


+ f —+ - 

L 2^ 4 

M ,* a ,x 3 ,,*«, n 

* + l + l + l + l + '6+-J 


=i log }~-l°g (!-?)=! log ji|-log(l-J)-iiog*3 

-log i 

=| log 34-log 2 V log 1/*—log x l = —log X 
=|[log 3+2 log 2]=£[log 3+log 2 a ] V log m n =*n log m 
=£[log 3+log 4]=$ log 3X4=$ log 12 V log m 

+iog «=log mn 

Ex. 8. If a and 0 are the roots of ,ax*+bx+c=0 
show that 

log (a—&*+ r* a )=log c+(a+^)x— 

+<S!+Q*_. 


Now ft and £ are given to be the roots of ax*+bx+c ==0 
• (x+/9*=—6/a and <X/?=c/a. 


• • 
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log (a - Ax4*c* a ) JS =rog a[l — (bla)x+(cla)x*] 

==log fl[l+(dH-/5)>c+a/?x*]«=log fl(l+ax)(l4-/Sx) 

=log a+log (l+ax)+log (1+jBx) 

-H .+j „-!!£•+<«>• -«•*■+„J 

+j * J« 4 Sf-« + _. } 

1 « a + i9 9 o , a 3 + i? 3 a 

=log fl+(a+j8)*~ -y 1 * 8 —. 

Ex. 9. log(l+ - ) 

3T4(n-f-1 ) 3 .* (R™>goon 39) 

.H.S.=l-(l- 2 ) . 2 ) . 


R 


1 

(»+l ) s 

-ri-io _i _ 

V 3 4 / («+l) 8 - 


*_ ( 1 , 1 ' 1 ■ 1 _1 _ ) 
" .((n 4 -l) 2 * (n —l) a ■ 3 * («4-l ) 8 .J 


K • 


-4* — 
■ 


(* 4 - 1 ) 3 * (n+l) a 

Now put — 3 =* 


+. 




-{ x+ *i 


x a 

+ 3+ 


! + *-j*+I + *3+ 


.I ' 


=-j*+?+-3+.iMH 1- -i ) ]o ^- x) 

Substituting the value of x we get 

=[l-( B +l)][log(l-^ 1 )]=-n.log -"-j 

« + l 


= » log 


III log (14* ]/*)=* log (l+l/*) 1 











^xppnenential Theorem and ^oglritbmic .Series S3 

m 

Ex. 10. By meatfs of the -Xp^naioD of e* and log (1+*) 
prove that when n is large, (Agra 1954) 

. ) 

let K—^X+i-) log K=n tog + 

or log K=n^ n ~2-i a+ 3« s ~4n 4+ .i 

1 — Gn _ 3n a . 0 


• • 


K=* 


=«. e 


•_r 1 _ 1 4 . 1 _ 

\:U 3» a . \n a ' 


■) 


..HP 1 + l .|+i|ll + 

L (2n 3n* 4n 8 ) 2 !(2 n 3n* 

1 _ U * . 1 _ )* •> 

4« 3 ■") . 3 !(2n 3n a ~*~4n* 

• =, r i- ; 1 + l ,(4+i)-VU-UJ't 

i_ 2n 3 8 / n 8 \ 4 6 48/ 

+ .] 

• • _ fY 1 I 11 _17 , 1 

“'L 1 2n + 24/l* 16a* + .J 

Exercise 

1. Show that log 10^=3 log 2 f£-Ki)*+K})® -. 

(Madras 49) 
i 

2. Expand log 


l-x-x a +x s 


(Madras 48) 


3*--*'+9j-17|-+.+(-l)r-»(2'-l)^-K.: 
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_ i '** -ill # 8 —1 , 

3- lo g *“^I + 2 ' (*+I) i+ 3 ' (^+lj* + . 

(Rangoon 47, Poona 49) 

Hint. Split into two series 

4. log ( ~ )= 2 ( 2 *+ 1 + 3(2*+I)» + 5(2*+l) s+ ‘" ) 

(Travancore 45, Utkal 46) 

5. log (*+»)=log *+leg )+ lo g 

+ lo g ( 1 +2“^)+-- +log ( 1+ ,r=T+*) 

(Rangoon 38) 

Hint. Use log »r+log «+log P+ ."log m . n . p.~ 

6. If a and jff are the roots of # a —^jc J r<7=0, show that 

R 9 

log (l+/>*+^ a )=(a+/9)*-(a > +jS s )*-+(a > +/3*)^ • 

—. (Patna 37, Utkal 50) 

7. If x*y=2x—y and *<1, show that 


u I 


/ . 7 * . _o , * 3 _i _* 6 , ^ 
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Fully solved 1948—56. 

ALGEBRA 
19 4 8 


1. (a) Show that x—2 is a root of the equation 

i * —6 — 1 ‘ 

» 

2 —3* x-p 

— 3 2x *H-2 

and solve it completely. * • 

(b) Express 4s a sum of partial fractions 


(* + 2) a (*“+2) 

See question 5 (f) page 303 and question 10 (b) 
page 28 


2. Test the convergency of the series 


1 . *" . xr 


2yi + 3V2 + 4V3 + 5V4 + 


to op 


00 


X 1 x 3 1.3 *■ 1 .3.5 

T‘ft ■ o ' O A C '71 


2.4 


2.4.6 7 

’ -+•.to oo 

See question 6 page 190 and question 1 page 203. 

3. Prove that 

(l+xV+'U - *)'-* > 1, if x < 1, 
hence deduce that 

°* ' ** > L ""iT" J 

■ J V 

See § 14 page 114. 

4. (a) Prove that the difference in value between a 
simple continued fraction and its nth convergent lies 
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between - , . i 

j .« 1 J ' i 

Fh?» 7, * nd ?.(?.+!+?.) 

V 

(b) In the continued fraction 

*._L _± _i. 

k -j~ A*4« A“{- 

ahow that p,,=?„ +t 

See Prop 5*12 page 63 and question 7 (b) page 79. 

. 1 94 9 

i 

1. (a) Resolve into'partial fractions : 

x\- 3 *»-3x 9 + i 0 

" Oe-l)2(*-3) 

(b) If n is a positive integer and *<1, show that 
n-f 1 n 

See question 1 (b) page 22 and question 7 page 116. 

2. (a) If be the nth convergent to a continued 

fraction, then prove that 

Pn Qn-i ~ Qn Pn—\ — ( — 1 ) n 

Convert y/{\0) into a continued fraction. 

(b) Show that 

1, 1 , 1 , 
n’|I T 2(B+l) ,T 3(«-l-l) ,t . 

- 1 _ J +± . 

See §5 page 55, question 2 (c) P. 72 and Bx. 3 P. 338. 

3. Test the con verge ncy or divergency of the series : — 

W b ^ 6(6+1)6(6+l)(6+2V. W 

yi v , . 2x ,3- * a , 4^4.5^ , ^ 

(b) 1+ 2T+~3 -j + 4 ! + 5 ! + .* 

See question 2 page 221 and question 2 page 284. 
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4. Express 

(«-*>• (b-*y («-*)* 

(a-y)* (b-yf (c-yY 

(«-«)* (b-zY ( e-zY 

as a product of two determinants ; affd hence or otherwise,- 
iind its value. 

See question 4 (i) page 29$. 

195®' 

1. (a) Resolve into partial fractions 

2 **-11*4-5 
(*-3)(**+2*-5).. 

(b) Find the %um to infinity of the series 

1. 23 I 38 i 4 3 . 

1+ 2“! + 3l + X! + . 

See question 2 (b) page 22 and Ex. 1. P. 327 

2. (a) Find the value of • 



265 

240 

219 


240 

225 

198 

I 219 
(b) . Pfove that 

198 

181 


a* «* 

b % (c+a)* b* «2a6c(a-f6-H)* 

c % r* (a+6)* 

See Ex. 6 page 260 and question 3 (i) page 283. 

3. Find whether the following series are convergent or 
divergent :— 

(a) • 2/1*13/2*+4/3*+5/4*+. 
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(b) - 


See Q. 9, page 179 and Q. 6 (a), page 208. 
4 . (a) a and b are positive and a > b 
prove that a n —b n > n(« -b)'{aby n —' l >/* 

(b) In the continued fraction 


I _i_T Jl 1 . 

uH~ fi-f* o-\- a+ 


show that f 

a 

\*) Pn* Pn+i^^bn—iPn+i-^PnpH+t 

(ii) ^ 4 

Convert 0*37 into a continued fraction. 


See question 8 ?. 137 and question 7 page 79 and 
Ex. 1 (b) page 48. * 


19 5 1 

1 (a) Resolve into partial fractions : — 

x 4 

(b) If x<l, find the sum of the series 

1 >,3.4 I, 

2 * +"3* + 4 **+ 5 * 5 +.to im mty 

See Q. 8 (b) P. 27, and Ex. 4 P. 338. 

■ 

2 . (a) In the continued fraction 
l 1 1 1 

a dr ^4* a "j~ ^4* 

show that 

P»4- a -(afc+2)^»+^i»-a= s 0 and ^+ a -*(fl5d-2)^+?a-**0 
(b) If a , b 9 c are in H. P. and «>1» short* that 

a"+c">25 n . - 

See Q. 8 (b) page 81 and Q. 3 (c) page 130 
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8. Test the convetgency or divergency of the eerie} :— 

C\ \ s 2’i 3’id*’[ 

(>) H 2! + 5I + ii + . ' . 

*+*+ (*+ 2 *)* 4- ( fl + 3 *) a . 

w 11 T 2! ^ 3! . 

See Q. 15 P. 193 and Q. 8 P. 209. 

4 (a) Show that 

(a-x) a (a—jO* («-*) a (=*2 (b -c)(ff--a)(a —£)x 

, • 

{b- x y (b- y y {b-zY t 

' (*-x) a (c-yf (c - z)* 

(b) Solve the equation 

x—2 2x —3 3x—4 [iO 

* • 

x—4 2x—9 3x—16 

x —8 2x- 27 3x —64 
See Q. 4 (i) page 295 and Q. 5 (c) P. 302 


"/V '■ 

(.?-*)(«-*)(*-JO 


19 5 2 

1. (a). Express as a sum of paitial fractions 
9x 8 -24x a 4-48x 

* (x —2) 4 (x-4-l) 

(b) Show that 

<^+ 6 !±i 8 > L+1+ L 

oW a 6 c 
where a, 5, a are positive quantities. 

See Ex. 2 (a) P. 15 and question 3 (k) P. 133, 
7. (a) Show that the infinite series 

i +L+. 1 + +!+ 

1i. + 2» + 3v + + «I> + . 

is convergent if and only if p>l. 
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Ibe «of 

. l3.S.. J L(2n-l) , 

S 2.4.6.2(n+l)* ' 

* See §9 P. 170 and question 1(b) P.201, x<l (c) 

x > D. 

3. (a) Prove that the* difference m value between a 
simple continued fraation and its nth convergent lies 
between 

'1 a * n( f_ 1__ 

7* 7»+i * ) 

where the symbols have the usual meanings. 

(b) Express 7*63/396 as a continued fraction, and 
hence find the least value of # and y which satify 

396# —7651?—12. 

See § 5*12 Page 62 and question 4 (c) Page 75. 

9. Evaluate the determinants .— 

(1) 2 be —a*, c % m A a and (2) x p p p 

< a 2 ca — b* a a p x p p 

6* a* 2 ab—c % ' p p x p 

p p p x 

See question 4 (g) Page 293 and question 2 (n) 
Page 271. 

19 5 3 

1. (a) When x/_ \ find the sum of the infinite series 

1 , # a i 

(X - xXi - *») + (l - 

. 
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^ (b) If x <1, expadtt {kg 4^*^ » powers 

See Q. 4 (a) P, 34 and § 3 P. 336. 

2. (a) If S be the sum of n -f"* ve unequal quantities.' 

a, b , c,.show that 

S , S *, S ^ « a 
b-a b —a S«-c n — 1 

(b) If a , A, c are in H. P. and «^1, show that 
«"+e*>26". * 

(a) See Q. 6 P. 135. (b) See Q. 3 part (c) P. 130. 

* i 

6. (a) If is the nth convergent to a continued fraction 

t 

whose value is x, show that the difference between x and 

/ 

is less than and greater than 0 a - 

n+i 


• • 


(b) Show that if a n is the quotient corresponding to 


Pn 

‘In 


(0 A = 0,4 1 

Pn-x . 

(ii) J '- 


1 


o«-i4- On— a -h 

, , 1 1 
<7»-x + On-x+ 0«-a + 


*a+ °x 

1 1 

>M —* 

«,+ a, 

(a) See § 513 P. 63. (b) See Ex. 2JP. 54. 


4, (a) Evaluate 

265 

240 

219 


240 

227 

203 

• 

221 

201 

201 






1 . (a) If» is a cube foot of unity, prove that 
fl-4-ia>4-c« a .is a faqtor of a b c 

b c a 

I 

« 

cab 

Hence evaluate the determinant. 


(b) Find the value of 

1 * 

2 a 

3 a 

4 a 


2 J 

3 a 

4 a 

5 a 


* 3 a 

4 a 

5 3 

6 a 


4 a 

5 a 

6 * 

7* 


See Q. 1 (k) P. 264. 

2. (a) Find the least value of — + 

x y z 

for positive values of x, % which satisfy the condition 

(b) By means of the expansion of e* and log (1-j-x), 
prove that when n is large, 

. ) 

Show that e is given approximately by 2«=(l*i) 10 -f (0*9)“" l ° 
with an error of about 0 46 per cent. 

See page 131 Part e and Ex. 10 page 343. 
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yw 

>1 


3. (a) bhow that the series S n-* is cm'fvsgml 
and divergent if P<1. '**v , 

(b) Test the convergence or divergence of the series 

X n “~ 1 

..(*> 0 ) 


- -"H, .—j“b-| ~b t —+. 

1+x 1+jr l+x» ‘ 1+x" 


(a) See § 9 P. 70. 

(b) See P. 183 Q. 2 3 and 24. 

4. (a) If pjq* is the nth convergent of the continued 
fraction * 

1 1 _L i_ * * 

<*“1" 3+ <H- b-{- , 

Prove that p n —{ab+2)p**. a —^„_ 4 =0 

?«- («*+2)<?n- a - = °* 

157 

(b) Express as a simple continued fraction with an 

odd number of quotients and find the least values of x and 
y which satisfy the equation 68x—157y=l. 

(a) See Q. 8 part (c) P. 81. 

(b) See Q. 4 part (d) P. 75. 

1 9 5 5 

100%-of the questions set were from this book. 

1. (a) If o> is one of the cube roots of unity, show that 
1 


0) 


or 


* a 
0>* 


0) 


.3 


01* ft| 8 1 


or 


1 


tu 


or 


o) or 


1 
1 

-2 


1 -2 

1 1 

1 1 


i 

-2 

1 


1 - 2*1 


(b) Prove the identity 


y % 


=(y-z)(z- x )( x -y){*j+y z +zx). 


yz zx xy 
(a) Part (d) P. 291, (b) Q. 3 (a) P. 278. 
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2. T«t the convergence of the following series :— 
... , , 2 a ‘2* . 4* ,2* . 4 a . 6 a , 

gi~"‘”ga ga ' ga * ga “b. 00 


", I v® r® 

(ii'i — 4-_..- 4 . 

K } 2V1 3V2 4V3 5V4 + < 


(a) Ex. 3 P. 218. (b)‘ Q. 6 (a) P. 190. . 

3 (u) If a , b, c are unequal and positive quantities, 

« 

prove that . • 

be . ea . ab 

+~t 5 4*0* 

*>4-c c-ffi <*+® 


(b) Show that, 

» 

2 3 3® 4® • 

1+ 2! + 3'f f 4!.= 5 '- 

(a) Part w P. 127, (b) Fx. 1. P. 327. 

4 . (al If pjfjn be the nth convergent of a continued 

fraction, show that 
* ’ 

^n9n—J ^n-C” l) n * J 

(b) Express V? as a simple continued fraction. 

(a) § 4. P. 51, "(b) Q. 2 (b) P. 72. 


19 5 6 

c 

60% of the paper was set from this book. 

1 . If a, 6 , e c, d .are p positive integers, whose sum 

is equal to n, show that 

(a) the least value of a ! b ! c ! d !.is 

(q !)*-'[(</+1) n 

and (b) the gieatest value of the product abed .is 

**“'<*+iy. 


where n*=pq-\-r. 
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<* L .■ 

We have proved in*Q.2lP. 146 that 

• ' ‘It-*' ^ *’ 

• ! n ! < r! 

In a similiar manner we can prove that 

n ! (n+1)! < r ! (2»+l-r)i.(2) 


From (1) we find that the product of two equal 
factorials whose sum is constatit is least when they are 
replaced by equal factorials. From (£) we find that product 
of two unequal factorials whose sum is constant and odd 
will be least when they are replacetfby two factorials which 
differ by unity. * 


We have to find the least value of 

a ! b ! c hd l . .p factorials.(3) 

where a-\~b-\-c+d+ .=*. 

Now the value of (3) can be reduced by replacing any 

two unequal factorials by equal Ones and it will be least 

when all the factorials are equal. This case is not possible 

because if a=b — c . p numbers then their sum n should be " 

some multiple of p , but we are given that n-pq-\-r, i.e. n is 

not an exact multiple of p. 

% 

Hence we take the second choice i. e. any two of the 
factorials (3) should not difier by more than unity. 

Now n=pq+r~{p — f)< 7 +r($f+l) i. e. we should choose 
(p —r) factorials each equal to q ! and the remaining r 
factorials each equal to (#+l) l. 

Hence the least value of (3) is 
[5 ! q !. (/>—0 times] [(^-f-X)! (tf+l)!. t limes] 

0 *- f U*+l) !]' 

(b) We have proved in § 5. P. 96 that the greatest • 
value of the product abed . .p numbers whose sum is 
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"Of, - 

constanl'ibp R|t ^tSe quantities are equal, but 
as in part (a) tbit is not possible since re i9 not an exact 
multiple ofp. Again n^pq+r^p—ty+riq+l). 


Hence the value will be greatest if we choose p—r 
numbers each equal to and the rest r numbers each equal 
to q+l so that their sum i& the.given number re and value 
of the product in this case becomes 

[q . q . q..,,».(p~r) timesK^+l)- (?+l). f times] 

=?*-:(?+i) f . 

2. Investigate the convergency and divergency of the 

following series :—. * 

y.v . (2+aX2+^) *, 

w 1.2.3 ^ 2.3.4 + . 

(re-f-fl)(n+^ t 

re(re-+-l)(re+.2)‘ f ’. 

(ii) i+-|«+**+ **+. 

Pan C. P. 224, Q. 3 P. 206. 

3. In the case of a simple continued fraction, show that 

Pnqn—x ~ Qnpn—i —( 1 )"» 

where p n and q% have their usual meanings. 


Expressing, 


x*+x4-l 

x*+l 


as a simple continued fraction, find two polynomials A and 
B such that 

A(x* + *+l)-B(x*+l)~±l 
(a) § 5 Prop. I.P. 55. (a) Q. 4 (a) P. 74. 1 
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4. (a) Evaluate 




8 4 5 8 

7 10 3 5 

* 

6 2 .9 ■ 8 

(b) Prove that • 

a 8 « a —(6— c)* t ' be 

a 

6 a 6 8 —(c—a) 8 . 

c a c 8 —(a —ab 

=>(b— fl)(u-“£)(fl-h^4*GX« a +^*+« a )* 

(a) Part (j) P. 263. (b) Part k P. 284. 

5 (a) Give a rigorous proof of the Bionomial theoiem 
for an) index. 


§ 5. P! 317. 
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. 1 9 4 8 


Same as Agra University 1948. 

*1949 

1 . (a) Show that; if a, b; c, d be four positive unequal 

quantities, if s = then 

b)(s—c)(s — d)>8\abcd. 

(b) In the continued fraction 

A +-}-+- + l *f — + \ +—+. 

b a b a b a 

Odd order quotients'being c, prove that pn~<}n+\ and 
■ 1 * 

See Q. 1 (z) P. 128 and Q. 8 P. 80. 

2 . Test the convergency of the series— 

W A ' 2 i 3 I 4 ! ' . 

(ii) * , (log 2)«-fx 3 (log 3)°-fx 4 (log 4) a -f. 

See Q. 2 P. 189 and Q. 9 P. 211. 

x — 2 

3. (a) Break * n *° factions and 

show that the coefficiei t of x" in the Binomial expansion is 
• 4 / 1 \"+i 1 

~9\ 2J ~ 9 ( 3n + 7 ) 
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i 

(1>) Identifying as I Binomial expansion, a that 
3 '6 + JJ9 + 3X9.12 + .• =0 ' 4 neally ‘ 


See Q. 13 part (j) P. 34 and Ex. 1 P. 320. 
!. (a) Evaluate 

J 

0 111 * 

10 z l y* 

1 z* 0 a* 

1 y 2 x * 0 

(h) Show that 


a 8 4-^ 

ab 

(1C 

ad 

ab • 

b 2 r*A 

be 

bd 

ac 

be 

c*-HA 

cd 

ad 

bd 

cd 

d* + A 


is divisible by A 3 and find the other factor. 

See Q 3 (n) P. 28 and Q. 2 (t) P.274. 

19 5 0 

1. (a) Show that if a>b>c n then 

C£K5)‘ 

(b) Show that 

• 3 TU....JL4n-l) }f 3 \ 

5.9 13 • ...(4n+l) V\4fl-f3/ 

See Ex. 1 P. 113 and Q. 10 P. 138. . 

2. Assuming tne Binomial theorem for -Hive integral 
index, prove it for any rational index. 

If log/(l-- x-\~x 9 ) be expanded in ascending powers of 

in the form a x x+a i x a -\-a 3 x*+ .then will 

fl a+ a a+ fl 9+.“a log# 2. 

See § 5 P. 317 and Ex. 5 P. 339. 
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2p^" 3*^” 4f^". 

is always divergent except when p is positive and greater 
'than 1. 

(b) Test the convergency of the series 
(i) ** 1+i *4 +. 

( n ) y2^1 + V^ :J i + V4~l + . 

See § 9 P. 170 and Q. 3 (c) P. 224. 

4. (a) Find the va.lue of 

1 1 1_ 1 J _1_ 

3+2+ 1+3+2+ 1+. 

> 

(b) Shsw that 


$ a +c a +] 

< a +l 

$ a +l 

b+c 

c a +1 ( 

c 5 +a a +l 

a a +I 

C+0 

6 a +l * 

fl a +l 

fl a +* a +l 

a+b 

b+c 

c+a * 

fl+i 

3 


=s(bc+-ca+aby 

Proceed as in Ex. 2 P. 69 and Q. 4 (q) P. 301. 


19 5 1 

i 

1. (a) If x+^+s==l, show that the least value of 

is 9. 

x y z 

and that (1— aXl—.J'Xl—«)>8*?£. 

(b) In the continued fraction 
1 1 1 1 

fl+ a+ a+ a+. 

shdW that v 

Sec Q. 1 (1) P. 123, Q. 2 (e) P. 131 and Q. 7 (b) P. 79. 
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2. (a) ‘An infinite 
than the preceding term.’ 

Modify the above statement, illustrating your answer by 
considering the series 

1+2 . f+3(*)*4-4«) 8 +5(f)*+6(f)«+. 

(b) Find whether the series 

, 2V-3V , 4 4 ** , 5 6 ** 

*+ 2 f + H! + ; 4 ! +_ 5T + . 

is convergent or divergent. 

See § 11 P. 184 and Ex. P. 202. 

3. (a) Resolve into partial fractions—* 

x-2_ 

Qc+2X*-1) 

and find the coefficient of x n iu the expansion. 

(b) Shew that 

log, v(i2)*i+(i+m+a+i)(i/4 # ) 

+(i+Wl/4 # )+(8 1 +Wl/4*)+. 

Very simple and see Ex. 7 page 348. 

4. (a)‘Prove that 


(b+tf 


l=2afo(a-f 6+t) s 


{c+a)* 


(«+*)* 


(b) Express 

2 be-a* c* b* 

d 1 2 ac-b* «* 

b % a• 2ab-c* 

as the product of two determinants and find its value. 
Q. 3 (i) page 283 and Q. 4 (g) page 293. 
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1. (a) If any twocff a, b , c are together greater than the 


- « 


third, show that 


(b) If is the nth convergent to the continued fraction 

l_ lj 1 , 1 _ 1 

a-\- fl +. 

t 

shew that Q%n ~ = ^ = 

See question 1 (g) P. 121 and question 8 P- 80. 

2. (a) Show that the series 

1* - x 2 a — x 3 a —* n - * 

is convergent for all value® of #, except only when x is the 
square of an integer 

(b) Test for the convergeney of the series :— 
c+x _^(a+2xY^ (a + nx)" , 

l! + TT + . »T! +. 

Sec question 8 P. 209. 

3. (a) Resolve into partial fractions 

_* a 4*3_ 

(**+2X*-l) 9 


and find the coefficient of x n in the expansion. 
Sum the series to infinity 


2f 


2 


! . 3 t 3 ! . 3 ®^ 4 !. 3 ® + 


Proceed as in question 12 (c) P. 30 and Ex 3. P 221. 
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4. (a) Prove that i 

b 
a 


w 


0 

c 

b 

a 


c 

0 

a 

b 


0 

c 


c 

0 


-V 


(b) Show that 


0 x y * z 
— x 0 c • b 
—y —c p • a 
-Z 


t(ax—by+cz)*. 


•b —a # 0 | 

See Q. 3 (m) P. 287 and Q. 2 (q) P. 272. 

. • 1 9 5 3 •. 

1. (a) If a be a positive integer greater than 2, show 
that 2">l+nV2 n “’ 1 . 


(b) A lunar month consists of 29*53 days and a 
tropical year of 365*24 days. Show with the help of 
continued fraction that there are nearly «99 lunar months in. 
8 tropical vearj. • 

Q. 1 (u) page 126 & question 5 (e) page 77. 


2. (a) 



Resolve into partial fractions :— 
# 4 — 5je^-f 10x* — 8* — 1 

Test the convergency of the series 


l-h 


2x .S 1 .** 4*.** , 
2! + *3F + 4T~ + 




Q. I (a) page 21 and question 2 page 204. 
3. (a) Show that 


bg.vdsi-i+^H-})!+(.;+4) 

i (i , i\i 


l 

4* 


1 






1 

1 

1 

1 


determinant 
a 9 a*+bcd 
b 9 b 9 -\-cda 
e’ c 9 +dab 


a 

b 

c 

d 


d 8 d 9 +abc 


Ex. 7 page 340 & question I (g) page 263 

19 54 

1. (a) Show that if all the factors are positive. 

•\ 

a6c>(£-M — aX«+ fl ~^X a “M~ c ) 


b 


cb) if*=!-r r +-; + 


• •• 


and 


j- ?-+-f + ?-+. 

11 i 


Show that x —y=a — b. 

Q- 1 (g) page 121 and proceed as in Ex. 1. page 69. 
2. (a) Express as a sum of partial fractions 


{x+2)\x 9 +2) 

(b) Find whether the series 

,+* 1+i +, 1+i+i +* 1+i ' H+i+ 

is convergent or divergent. 

simple pyup question 3 (c) page 224. 

„ , v 1 ,1.3,1.3.5, 

3.(«) Ifj- /+ 3 .6+3767 9+. 

prove that j>*+2y — 2=*0 


+< 






as the square of a determinant and find its value. 

Ex. 2 page 321 & see'question 4 (n) page 299. 

19*5 5. 

■ 

100% of the questions We from this book. 

1. (a) Prove that 

s*+y\ 9+v ' 

<(-!*•) 

where x and y are positive quantities. 

. (b) Resolve the following into partial fractions :— 

7x a -12*-Ml/ 

(x-iyV-H) 

Expand the above in ascending ’powers of x, ( 1 ~&T) 
being less than 1) and hnd the coefficient of x r when r is an , 
even integer. 

* (a) § 16 page 115. See parts (d) and (e) page 31. 

2. Piove that the infinite series Sti„ of positive terms 
is convergent or divergent according as after some fixed term 

u n 1,m < k < 1 or s. 1 * > 1. 

• ^ ^ 
Test the following series for convergence or diver¬ 
gence :— 




A$e&I'Mad* £a»y 

3. ‘ (fie nth convergent to the 

continued fraction 


_1 JL J_ _1 

a-f* a-f b-\- 

then 


42n-—p2n+n b92n+\= z &Pgn-{~Qbp2n+ 1 and gtn~ x ~ ^ Pin 

(b) Shew that the infinite series 

, , 1 1.4 . 1.4.7 , 1 4.7.10 p 

+ 4 " 1 “4.8‘ t “4.8.12" 1 "4.8.12.16 + . 

and 

1 i 2 j 2 . 5,2.5.8, 2.5.8.11, 

6 " r 6.12" r 6.12.18 0..12. J8.24. 

are equal. 

Q. 8 page 80, Q. 5 page 523. 

4. (a) Prove that the product of two determinants of the 
same order is itself a determinant of the same order. 

(b) Prove that 


2 be-a* 

c* 

b % 

=■ a 

b 

c 

c a 

2 ac—b % 

a* 

b 

i 

a 

b 9 

a* 

2 ab—c* 

c 

a 

b 


=(a 8 -f- b z —3 abc) z 
(*) § 18 P. 25®, (b) Part (g) P. 293. 

19 5 6 

88% of the paper was set from this book. 

1. (a) Find the value of 

1 +* 1 1 1 

2 2 +* 2 2 

3 3 3-fx 3 

4 4 4 4+* 








y 

z 

X 


z 

x 

y 


2. (a) If s be the sum of n positive unequal quantities 
a. b y c, . prove that 

* + . ...>—\ 
a s—b s—c n -1 

• • 

(b) Prove that the error in taking p n lq n instead of the 

0* • j 

whole continued /laction is less than 


1 

355 * 

Hence prove that ^ is a very near approximation to 

3*14159. 

Q. 6 page 135. ^5*12 result D page 65, Bx. 2 page 66 

ti 

3. (a) Resolve into partial fractions :— 

x 2 -x+\ 

-1)X*~2X*»+1) 

0 

(b) If n people seat themselves at a round table, what is 

the chance that two named individuals be neighbours ? 

• < 

Q. 4. page 23 (Chapter not in the book.) 

4 . (a) If 


flu —^1+ ^ a/ * 

find whether the series, whose nth term is fl„_ 4 , is convergent 
or divergent. 














